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ALMOST MULTIPLICATIVE SETS

HYUNG TAE BAEK AND JUNG WOOK LIM*

ABSTRACT. Let R be a commutative ring with identity and let S be a
nonempty subset of R. We define S to be an almost multiplicative subset
of R if for each a,b € S, there exist integers m,n > 1 such that a™b™ € S.
In this article, we study some utilization of almost multiplicative subsets.
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1. Introduction

Let R be a commutative ring with identity and let S be a nonempty subset of
R. Recall that S is a multiplicative subset of R if for each a,b € S, ab € S; and a
multiplicative subset S of R is saturated if whenever a,b € R with ab € S, both
a and b belong to S. In commutative algebra, multiplicative sets have been very
useful to study many algebraic properties. Especially, multiplicative subsets are
related to prime ideals. For example, multiplicative subsets are used to construct
prime ideals and to express radical ideals by the intersection of prime ideals. The
simplest fact is that an ideal P of R is a prime ideal of R if and only if R\ P is
a multiplicative subset of R. Motivated by this result, Krull showed that if P is
an ideal of R maximal with respect to the exclusion of a multiplicative subset of
R, then P is a prime ideal of R [6, Theorem 1]. Also, multiplicative subsets are
very important tools to construct quotient rings. It is well known that if S is a
multiplicative subset of R, then Rg becomes a commutative ring with identity
which shares ideal structures with R. Another application of a multiplicative
subset is the study of S-Noetherian rings as a generalization of Noetherian rings.

The purpose of this article is to define a concept of almost multiplicative
subsets and to study some applications. (The definition of almost multiplicative
subsets will be introduced in the next section.) While our new notion is a
weaker version than multiplicative subsets, it plays similar roles as multiplicative
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subsets. In Section 2, we recover the Krull’s result by using almost multiplicative
subsets. We also construct quotient rings and compare ideal structures with the
base ring. Finally, we study S-Noetherian rings in terms of almost multiplicative
subset S.

2. Main results

Let R be a commutative ring with identity and let S be a nonempty subset of
R. We say that S is an almost multiplicative subset of R if for each a,b € S, there
exist integers m,n > 1 such that a™b™ € S. If we can always take m =n = 1,
then the concept of almost multiplicative subsets is precisely the same as that
of multiplicative subsets. Also, it is clear that every multiplicative subset of
R is an almost multiplicative subset of R but not vice versa. For example, if
S = {221 |n € Ny}, then S is an almost multiplicative subset of Z which is
not a multiplicative subset of Z, where Ny is the set of nonnegative integers and
Z is the ring of integers.

Our first result in this paper is a slight generalization of [6, Theorem 1].

Theorem 2.1. Let R be a commutative ring with identity and let S be an
almost multiplicative subset of R. If P is an ideal of R maximal with respect to
the exclusion of S, then P is a prime ideal of R.

Proof. Suppose to the contrary that P is not a prime ideal of R. Then there
exist a,b € R\ P such that ab € P. Note that P + (a) and P + (b) are ideals
of R properly containing P; so by the maximality of P, (P + (a)) NS # 0 and
(P+(b)NS #0. Let s7 € (P+(a))NS and s3 € (P + (b)) NS. Then
s1 = p1 + ax and s9 = py + by for some p1,ps € P and x,y € R. Since S is
an almost multiplicative subset of R, there exist positive integers m and n such
that si"sy € S. Also, we have

s1'sy = (p1 + ax)™ (p2 + by)"

= ((a:v)m - Zpi(aw)m‘i> (by)" + Zp‘é(by)"‘j

j=1

= A"y S (a) " (by)"

j=1
+ ) (oY) pi(az)™ Y 0 pipd(ax) ™ (by)"
i=1 i=1 j=1
e P.
Hence PN S # B, which is a contradiction to the choice of P. Thus P is a prime
ideal of R. O

Let R be a commutative ring with identity. For an almost multiplicative
subset S of R, (S) denotes the smallest multiplicative subset of R containing S.
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Remark 2.1. Let R be a commutative ring with identity and let S be an almost
multiplicative subset of R.

(1) Let P be a prime ideal of R which is maximal with respect to the exclusion
of S. If PN(S) # 0, then there exists an element a € PN(S). Write a = s1 -+ s,
for some si,...,8,, € S. Since P is a prime ideal of R, s; € P for some
i € {1,...,m}. Therefore P NS # (). This is absurd. Hence P N (S) = . Also,
let Q be a prime ideal of R such that P C Q and Q N {(S) = (. Since S C (),
QNS = 0; so P=Q by the maximality of P. Thus P is a prime ideal of R
which is maximal with respect to the exclusion of (S).

(2) Let P be a prime ideal of R which is maximal with respect to the exclusion
of (S). Then a similar argument as in (1) shows that P is a prime ideal of R
which is maximal with respect to the exclusion of S.

Let R be a commutative ring with identity and let .S be an almost multiplica-
tive subset of R. We say that S is saturated if whenever a,b € R with ab € S,
both a and b belong to S; and S is almost saturated if whenever a,b € R with
ab € S, there exist positive integers m and n (depending on a and b) such that
a™ € S and b"” € S. It is clear that every saturated almost multiplicative set is
almost saturated. However, the converse is not generally true. For example, if
R =179 %xZsand S = {(1,0),(1,1),(1,2)}, then S is an almost saturated almost
multiplicative subset of R which is not saturated. Also, it is easy to check that
{227t n € Ny} is an almost multiplicative subset of Z which is not almost
saturated.

Remark 2.2. Let R be a commutative ring with identity and let S be an almost
multiplicative subset of R.

(1) It is easy to see that if S is saturated, then S is a (saturated) multiplicative
subset of R. Hence S is a saturated almost multiplicative subset of R if and only
if the complement of S in R is a union of prime ideals of R [6, Theorem 2].

(2) The condition ‘saturated multiplicative’ in [6, Theorem 2| cannot be re-
placed by ‘almost saturated almost multiplicative’. For instance, let R = Zo X Zg
and S = {(1,0),(1,1),(1,2)}. Then S is an almost saturated almost multiplica-
tive subset of R. If R\ S is a union of prime ideals of R, then there exists a
prime ideal P of R such that PN S =0 and (1,4) € P;so (1,2) € PN S. This
is a contradiction. Hence the complement of S in R cannot be a union of prime
ideals of R.

Lemma 2.2. Let R be a commutative ring with identity and let S be an almost
multiplicative subset of R. Then the relation ~ defined on R x S by

(r1,81) ~ (r2, $2) if and only if t(r1s2 — resy) =0 for somet € S
is an equivalence relation.
Proof. Let (r1,s1), (r2,82),(r3,83) € R x S. Then it is obvious that (ry,s1) ~
(r1,s1). Also, it is easy to see that if (r1,s1) ~ (e, s2), then (rg, s2) ~ (11, 81)-

Suppose that (1, s1) ~ (r2, s2) and (r2, s2) ~ (73, s3). Then there exist t1,t3 € S
such that
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t1(’/’182 — 7‘251) =0 and tg(TgSg — ’I”3$2) = 0;

so by a routine calculation, t1to82(r183 — r3s1) = 0. Since S is an almost multi-
plicative subset of R, there exist positive integers £,m,n such that t{t5's} € S.
Therefore t{t5's% (r153 — r351) = 0. Hence (r1,51) ~ (r3,s3). Thus the relation
~ is an equivalence relation on R x S. (]

Let R be a commutative ring with identity and let S be an almost multiplica-
tive subset of R. Then the equivalence relation ~ defined in Lemma 2.2 gives
the partition of R x S into equivalence classes. For an element (r,s) € R x S,
~ denotes the equivalence class of (r,s) under ~; and Rg stands for the set of
equivalence classes in R x S under ~.

Remark 2.3. Let R be a commutative ring with identity and let S be an almost

multiplicative subset of R. If £ € Rg, then for any t € R with st € S, L = L&,

Let R be a commutative ring with identity and let S be an almost multi-

plicative subset of R. In order to make the set Rg be a ring, we need to define
addition and multiplication on Rg.

Lemma 2.3. Let R be a commutative ring with identity and let S be an almost
multiplicative subset of R. Define addition and multiplication on Rg by

m—1_n m  n—1 m—1_n—1
T To __ T189 Sy +1ra8y Sqy and T1iT2 T1T28, Sq

s1 sa s sl $1 82 B

for all %7 % € Rg, where m and n are positive integers satisfying si*s§ € S.

Then + and - are binary operations on Rg.

b1
t1

and ‘S’—; = b—s in Rg. Then there exist uy,us € S

Proof. Suppose that ;‘—i = 7

such that

ul(altl - blSl) =0 and U2(Q2t2 — b252) =0.

Let ¢1 and £, be positive integers such that u{'us? € S. Then we have

ufl ugz (a1ty —bysy) =0 and u?lu? (agta — basa) = 0.
Let mq,m2,n1,ne be positive integers satisfying s s52,t7't5? € S. Then we
have

mq—1 mq mo—1

mo ny—1,ng nq,ng—1
al1s s +ass s b1t to,“+bot, 1t
a1 az _ 418 2 25; Sy andlgi by _ b1ty 2 2ty "ty )

G RICP)
S1 782

ta ty T2

Let ki = s sl ¢ 71402 and ky = 87557145271, Then we have
uS ub? (ky(agty — byst) + ka(asts — basy)) = 0.

Hence & + 92 = b 4 lt’—; Note that

S1 S2 t1
mi—1 mg—1 ny—1,n9—1
aray _ 01025, S5 7 g biby  bibaty tp7
S1 S2 s1 tsy 2 t1 t2 tytey2

Since uflugz(altl —bys1) =0 and uilqu (agty — base) = 0, we have
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uflu? (alagtltz — b1b28182) =0.

—1 _ma—1m1—1ma—1
Let k = s sy 27 "7 t5?7 . Then we have

uituf (k(arastits — bibasisa)) = 0.

Hence 992 — b.%2  Thyg 4 and - are binary operations on Rg. O
S1 S2 t1 Lo

Proposition 2.4. Let R be a commutative ring with identity and let S be an
almost multiplicative subset of R. Then Rg is a commutative ring with identity
under binary operations defined in Lemma 2.3.

Proof. Tt is routine to check that Rg is a commutative ring with identity. (]

Theorem 2.5. Let R be a commutative ring with identity and let S be an almost
multiplicative subset of R. Then Rg is isomorphic to Rgy.

Proof. 1t is easy to show that the map ¢ : Rg — R(sy given by © +— = is a ring
isomorphism. O

Let R be a commutative ring with identity and let .S be an almost multiplica-
tive subset of R. For an ideal I of R, let IRg = {%|r € I and s € S}. Then it
is easy to see that I Rg is an ideal of Rg. For an element s € S, let ¢¥5 : R — Rg
be the map defined by r +— ~*. Then it is routine to check that ¢ is a ring
homomorphism and ¥; = ¥, for all s,¢ € S. From now on, ©g represents the

map ), for a fixed s € S.

Corollary 2.6. Let R be a commutative ring with identity and let S be an almost
multiplicative subset of R. Then the following assertions hold.

(1) If A is an ideal of Rg, then A =IRg for some ideal I of R.

(2) If P is a prime ideal of R with PNS =0, then PRg is a prime ideal of
Rs.

(3) If Q is a prime ideal of Rg, then Q = PRg for some prime ideal P of
R with PN S =0 and 15" (PRs) = P.

(4) There is a one-to-one order-preserving correspondence between the set of

prime ideals of R which are disjoint from S and the set of prime ideals
of Rg, given by P +— PRg.

Proof. Let ¢ : Rs — Rg) be the isomorphism given by ¢(%) = = for all £ € Rg.

(1) Let A be an ideal of Rs. Then ¢(A) is an ideal of Rgy; so ¢(A) = I Rs)
for some ideal I of R [5, Chapter III, Lemma 4.9(ii)]. Hence A = ¢~ '(IR(gy).
We now claim that TRg = ¢~ '(IRg)). Note that ¢(IRg) C IRsy; so IRs C
¢~ (IR(sy). For the reverse containment, let ¢ € ¢~(IRgsy). Then ¢(%) = %
for some ; € IR(sy. Since S is an almost multiplicative subset of R, we can

t

take an element x € R such that tz € S; so ¢ = % in R(gy. Therefore there

exists an element u € (S) such that u(atz — izs) = 0. Since S is an almost
multiplicative subset of R, there exists an element y € R such that uy € S; so
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uy(atr — izs) = 0. Hence ¢ = £ in Rg, which implies that ¢ € IRg. Thus
¢~'(IR(sy) C IRg. Consequently, A = IRg.

(2) Let P be a prime ideal of R with P NS = (. Then PN (S) = 0 by an
argument in Remark 2.1(1); so PRgy is a prime ideal of Rg) [5, Chapter III,
Lemma 4.9(iii)]. Note that ¢~'(PRs)) = PRg by the proof of (1). Thus PRg
is a prime ideal of Rg.

(3) Let @ be a prime ideal of Rg. Then ¢(Q) is a prime ideal of Rgy; so
$(Q) = PRg) for some prime ideal P of R with P N (S) = 0 [5, Chapter III,
Theorem 4.10]. Hence by the proof of (1), @ = ¢_1(PR<S>) = PRgs. Obviously,
PN S =0 because S C (S).

Note that ¢ 095 : R — Ry is a ring homomorphism and by the proof of
(1), ¢(PRs) = PRg); so ¢g' (PRs) = (¢ 0 1bs) " (PR(sy) = P [5, Chapter III,
Lemma 4.9(iii)].

(4) The result follows directly from (2) and (3). O

Let R be a commutative ring with identity and let .S be an almost multiplica-
tive subset of R. We say that an ideal I of R is S-finite if there exist an element
s € S and a finitely generated ideal J of R such that sI C J C I; and R is
an S-Noetherian ring if every ideal of R is S-finite. These concepts generalize
those of S-finiteness and S-Noetherian rings for multiplicative sets S. For more
on S-finiteness and S-Noetherian rings for multiplicative sets, the readers can
refer to [3, 7, 10, 11, 12, 13, 14].

Proposition 2.7. Let R be a commutative ring with identity, S an almost
multiplicative subset of R and I an ideal of R. Then I is S-finite if and only if
I is (S)-finite.

Proof. The “only if” part is clear, because S C (S). For the converse, suppose
that I is an (S)-finite ideal of R. Then there exist an element ¢ € (S) and a
finitely generated ideal J of R such that tI C J C I. Note that t = 51 --- s, for

some $1,...,S, € S. Since S is an almost multiplicative subset of R, there exist
positive integers nq, ..., n,, such that si*---sm € S. Thus s*---simI C J C
I, which means that I is an S-finite ideal of R. O

By Proposition 2.7, we have

Corollary 2.8. Let R be a commutative ring with identity and let S be an almost
multiplicative subset of R. Then R is an S-Noetherian ring if and only if R is
an (S)-Noetherian ring.

Let R be a commutative ring with identity and let S be an (almost) mul-
tiplicative subset of R. We say that S is an anti-Archimedean subset of R if
Nps1 s"RNS # 0 for all s € S.

Proposition 2.9. Let R be a commutative Ting with identity and let S be an
almost multiplicative subset of R. Then S is an anti-Archimedean subset of R if
and only if (S) is an anti-Archimedean subset of R.
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Proof. (=) Let t € (S). Then t = sy - - s, for some s1,...,8, € S. Since S is
an anti-Archimedean subset of R, (,~;sfRNS # 0 for all i € {1,...,m}. For
each i € {1,...,m}, choose any element a; € (>, sPRNS. Then a; -+ ay, €
t"R N (S) for all n > 1. Hence ()~ t"R N (S) # 0. Thus (S) is an anti-
Archimedean subset of R. -

(«=) Suppose that (S) is an anti-Archimedean subset of R and let s € S.
Then there exists an element ¢t € (), -, s"RN (S). Write t = 51 - - - s, for some
51,...,8, € S. Since S is an almost multiplicative subset of R, there exist
positive integers ni, ..., n, such that si*--- s € S. Note that si*---sm =
st gnml ¢ Nn>1 8" R. Hence (5, s"RN S # (. Thus S is an anti-

m

Archimedean subset of R. O

Let R be a commutative ring with identity and let R[X] be the polynomial
ring over R. For an element f € R[X], ¢(f) denotes the content ideal of f,
i.e., the ideal of R generated by the coefficients of f. Let U = {f € R[X]| f is
monic} and let N = {f € R[X]|c(f) = R}. Then U is a multiplicative subset of
R[X] and N is a saturated multiplicative subset of R[X]. Also, the quotient ring
R[X]y is called the Serre’s conjecture ring of R and the quotient ring R[X]y
is called the Nagata ring of R. The readers can refer to [2, 8, 9] for the Serre’s
conjecture ring and to [1, 2, 4] for the Nagata ring.

Corollary 2.10. (cf. [11, Theorem 3]) Let R be a commutative ring with identity
and let S be an almost multiplicative subset of R. If S is an anti-Archimedean
subset of R, then the following conditions are equivalent.

(1) R is an S-Noetherian ring.

(2) R[X] is an S-Noetherian ring.
(3) R[X]u is an S-Noetherian ring.
(4) R[X]|n ts an S-Noetherian ring.

Proof. These equivalences come directly from Corollary 2.8 and Proposition 2.9.
O
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