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ABSTRACT. The stability of a class of Volterra-type difference equations that include a
generalized difference operator A, is investigated using Krasnoselskii’s fixed point theo-
rem and some results are obtained. In addition, some examples are given to illustrate our
theoretical results.

1. Introduction

Difference equations are the discrete analogues of differential equations and they
usually describe certain phenomena over the course of time. Difference equations
have many applications in a wide variety of disciplines, such as economics, math-
ematical biology, social sciences and physics. We refer to [1, 2, 4, 6] for the basic
theory and some applications of difference equations. Volterra difference equations
are extensively used to model phenomena in engineering, economics, and in the
natural and social sciences; their stability has been studied by many authors.

In [5], Khandaker and Raffoul considered a Volterra discrete system with non-
linear perturbation

n

z(n+1) = A(n)z(n) + Z B(n,s)x(s) + g(n,z(n))

s=0

and obtained necessary and sufficient conditions for stability properties of the zero
solution employing the resolvent equation coupled with a variation of parameters
formula.

In [7], Migda et al. investigated the boundedness and asymptotic stability of
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the zero solution of the discrete Volterra equation

z(n+1) =a(n) + b(n)x(n) + Z K(n,i)x(i)

i:no

using fixed point theory.
In [3], Islam and Yankson studied the stability and boundedness of the nonlinear
difference equation

w(t+1) = a(t)z(t) + c(t) Az(t — g(t)) + q((t), z(t — g(t)))

using fixed point theorems.
In [9], Yankson studied the asymptotic stability of the zero solution of the
Volterra difference delay equation

z(n+1) =a(n)z(n) + c(n)Az(n — g(n)) + z_: k(n,s)h (z(s))

s=n—g(n)

using Krasnoselskii’s fixed point theorem.

In this paper, motivated by [9], we investigate the asymptotic stability of the
zero solution of neutral and Volterra type difference equations which include a
generalized difference operator of the form

(1.1) Asfz(n)—=b(n)z(n—0)]=c(n)z(n)+ Z k(u,n)h (z (u),z (u—7))

using Krasnoselskii’s fixed point theorem. Here b(n) : Z — R and ¢(n) : Z — R
are discrete bounded functions, k(u,n): Z x Z - RY, h: R xR — R, ¢ and 7 are
non-negative integers with lim(n — o) = oo and lim(n — 7) = oo.

The difference operator A and generalized difference operator A, are defined

as
Az(n) =z(n+1) — z(n)
and
(1.2) Agz(n)=xz(n+1) —ax(n), a >0
respectively.
We assume that h(0,0) = 0 and
(1.3) (w1, y1) = h(wa, yo2)| < Kmax {lzy — 22, [y1 — 42}

for some positive constant K.
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2. Basic Definitions, Theorems and Lemmas

For any integer ng > 0 we define Zy as the set of all integers in the interval
[0 — T,n0]. Let w: Zyg — R be a discrete and bounded initial function.

Definition 2.1. z(n) = z(n,ng,w) is a solution of (1.1) if z(n) = w(n) for n € Zy
and satisfies (1.1) for n > ny.

Definition 2.2. The zero solution of (1.1) is stable if for any e > 0 and any
integer ng > 0 there exists a 6 = 0 (¢) such that |w(n)| < § for n € Z; implies
|z(n, no,w)| < e for n > ny.

Definition 2.3. The zero solution of (1.1) is asymptotically stable if it is stable
and for any integer ng > 0 there exists a 6 = § (ng) such that |w(n)| < ¢ for n € Z
implies lim z(n) = 0.

n— oo

Lemma 2.1. Where the generalized difference operator A, is as defined in (1.2),

we have
Asaln) = (200,

aTL

Proof. 1t is obvious. O
Now below we state Krasnoselskii’s theorem. For the proof we refer to [8].

Theorem 2.1. Let M be a closed convex nonempty subset of a Banach space
(B |I.ll) - Suppose that A and Q map M into B such that

(i) =,y € M implies Ax + Qy € M,
(ii) A is continuous and AM is contained in a compact set,
(iii) @ s a contraction mapping.
Then, there exits z € M with z = Az + Q=z.

Theorem 2.2.(Ascoli-Arzela Theorem) Let (X,d) be a compact metric space and
C(X) be a vector space consisting of all continuous function f : X — R. A subset F
of C(X) is relatively compact if and only if F is equibounded and equicontinuous.

3. Main Results

Lemma 3.1. Assume that (a + c¢(n)) # 0 for all n € Z. Necessary and sufficient
condition for x (n) to be the solution of (1.1) are

z (n) = (z (no) — b (no)z (no — o)) 1:[ (a+c(u)+b(n)z(n—o)
n—1 r—1 n—1
+ > Jembmar—o)+ Y k(ur)h(zw),z(u—7)) (a+c(s)),
r=ng u=r—o s=r+1
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Proof. From (1.1) we can write

(3.1) Az (n)—c(n)z(n) =24, (b(n)z(n—o0))

Using the definition of the operator A, in the left-hand side of (3.1) and multiplying
both sides of (3.1) with [ (a+ ¢(s))”" we have

s=no

(3.2) A (x (n) 1:[ (a+c(s))_1>

n

= |:Aa b(n)xz(n—0))+ i k(u,n)h(x(u),x(uﬂ)] H (a+c(s)™t.

s=ng

By summing both sides of (3.2) from ng to n — 1, we obtain

x(n) 1:[ (a+c(s)”" = (ng) + z_: [Aa (bn)z(n—o0))

n—1 r
+ Y k(un)h (@ (w), @ (u— T))} IT (@+es)™
u=n—o s$=no
from this last equality, we write

z (n) =z (no) 1:[ (G+C(8))+{ ) [Aa(b(r)x(r—a))
+ z_: k(u,m)h (z (u),z (u—T))

U=r—o

Because
T n—1 n—1

IT (a+es)™ I (atels) = (a+c(s)),

s=ng s=ng s=r+1

we can write

n—1 n—1
z(n) =z (no) [ (ate(s))+ Y [Aa (b(r)z(r—o))
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v (n) = (no) J] (a+c(s)
(33 + Y A0 -0) [] (a+es)
r=ng s=r+1
n—1 r—1 n—1
+ Z [ Z kE(u,r)h (z (u),z (u—7)) H (a+c(s)).
r=ng Lu=r—o s=r+1
Now, using Lemma 2.1 in the second term on the right-hand side of (3.3), we have
S Acb@atr—a) [] (@tes)
r=ng s=r+1
i b(r)z(r—o) e
= a" A — (a+c(s))
r=no ( a ) s:l;IJ:rl
B n—1 - n—1 B n—1 . b(’f‘).’ﬂ(?"*d)
=Y |Aa(pmazt-o)[[@+es) | —A(]] (@+cls)a =
n—1 r=n n—1 n—1
= b(r)x(r—a)H(a—&—c(s)) - Z A( (a—i—c(s))aT) b(r)a?a(f—a)l
=b(n)z(n—0)—b(ng)x(ng — o) 1:[ (a+ c(s))
n—1 n—1
-y [A (H <a+c<s>>a7> ”Wa(f‘”)]
Hence, by putting this last equality in (3.3), we reach
2 (n) = (no) [ (a+e(s))
(3.4) + Z [ Z k(u,r)h (x (u),x(u—T))] 1:[ (a+c(s))
r=ng Lu=r—o s=r+1
+b(n)xz(n—o0)—>b(ng)z(nyg— o) 1:[ (a+c(s))
- z_: A (1:[ (a+c(s))ar> W] .
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Because in the last term on the right-hand side of (3.4)

A (1:[ (a—l—c(s))aT) = 1:[ (a+c(s))a"t — 1:[ (a+c(s))a”
s=r s=r—+1 s=r

—c(r) H (a+c(s))a

s=r+1
from (3.4) we obtain
z(n) = [z (no) —b(no) x (no — )] 1:[ (a+c(s)) +b(n)z(n—o)

+ z_: [c(r)b(r)w(r —0)

T=No
+ Z E(u,m)h (x (u),z (u—17) H (a+c(s)), n>ng.
Uu=r—o s=r+1
This completes the proof. O
Now let ¢(n) be a real sequence defined on Z and define the set S as
S={¢:Z—=R||¢| =0, n— oo}
where
6]l = max [¢(n)[,n € Z.

Then, we can see that (S,|.||) is a Banach space. We then define the mapping
H:5— Son Zyby
(H¢) (n) = w(n)

and for n > ng by

n—1
(Ho) (n) = [w (no) = b(no)w (no —o)] T (a+e(s))
(35) OIEREDY [c<r>b<r>¢<r o)
+Zkur ’U,—T‘|H a+c(s
u=r—o s=r+1
Lemma 3.2. Let (1.3) hold. Suppose that
(3.6) 1:[ (a+c(s)) >0asn— o0

S=ngo
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and there exists a € (0,1) such that for n > ng

n—1

[T (a+cs))

s=r+1

(3.7)

n—1
Z le(r) —&—KZkur]

r=ng u=r—o

The mapping H defined by (3.5) approaches 0 as n — oo .

Proof. Due to the condition (3.6) the first term of right-hand side of equation (3.5)
approaches to zero as n — oo. Because b(n) is bounded and ¢ € S is also the second
term of right-hand side of equation (3.5) approaches to zero as n — co. Now, we
show that the last term on the right-hand side of equation (3.5) approaches to zero

as n — oo.

Given €1 > 0 and let n; be a positive integer such that for n > ny and ¢ € S,
|p(n — )| < 1. Because ¢p(n— o) — 0, for given €2 > 0 we can find a ny > n; such
that for n > ny |#(n — 0)| < 2. Furthermore, because of condition (3.6) we can

T (a+c(s))

S=n2

€2
aey ”

find a ng > ns such that for n > ng3 <

< a.

Hence, for n > n3 from the last term of right-hand side of (3.5) we have

i; _c(r)b( o(r — o) uzrjgku r)h (6 (u), qs(u—f))_ ﬁl(a+c(s))
< ;: _c(r)b( o(r — o) u;(fk u, mYh (¢ (u), qs(u—T))_ jil(ﬁc( )
< n_: _c(r)b( o(r — o) UZ k(u, )R (6 (u), ¢(u—T))_ ﬁl(a+c( )
+ Tn_: le(r)b(r)é(r —o)+ ;ig k(u,m)h (¢ (u), ¢ (u — T))] :H:l (a+ c(s))|
< 511:22; l|c HKUZU ] :]:[;(aw(s))’
_glji; [|c \—s—KuzT:Gk u 7"] ﬁl(a—l—c(s)) + e
:sliz; [|c(r)b(r)+Ku§0k(u,r)] nj_[:l(cﬂ—c(s)) ]j[; (a+ c(s))| + e2ax

169
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n—1

[T (a+es)

S=n2

< ea(l+a).

< g« + eocx

This completes the proof. O

To use Krasnoselskii’s theorem, we construct two mappings @ and A expressing

(3.5) as
(Ho) (n) = (Q9) (n) + (A) (n)
where @, A : S — S are mappings with

3.8)  (Q9)(n) = [w(no) —b(no)w(no —o)] l:[ (a+c(s)) +b(n)¢(n—o)
and
n—1
(39)  (49)(n) = Y [e(r)b(r)(r — o)
+ Y k(u,m)h (¢ (u),d (u—7) 1:[ (a+c(s
u=r—o s=r+1
respectively.

Lemma 3.3. Assume that (1.3),(3.6) and (3.7) hold and suppose that there exists
a positive constant & such that

(3.10) a+c(n) <1 andmgx\a+ c(n)] =€

Then, the mapping A defined by (3.9) is continuous and compact.
Proof. First, we show that the mapping A defined by (3.9) is continuous. Let ¢,
¢ € S. For a given € > 0 choose § = £ such that H¢> — g?)H < J holds. Then, we have

1(49) - (49) |
— max {n;l [c(r)b(rm(r—o)+u§0k(u,r)h(¢(u (u—7 ] iHl (a+c(s }
—{2 lc(r)b( Yo(r — o) +uzr:gku r (u), ¢(u—7))] H;(Hc( ))}|
<7n§§[ )| |6(r = o) — 3(r — o) 5111 atels ‘
nz; uzr:akur (u), 6 (u—7))




Stability Criterion for Volterra Type Delay Difference Equations

fZ ¢ (), ¢ (u—7)) Sﬁ1<a+c<s>>|

|\H oo -]
+T;Ou;guu,r)[h<¢<u>,¢<uw>>fh(a<u> (u—7) H++
< & [roworse 5 sen]| T ot fo-3l
<;_‘7;_¢H<6 o1

which shows that the mapping A is continuous. Now we show that A is compact.
For this we use Arzela-Ascoli theorem. Let {¢,} C S be a sequence of uniformly
bounded functions where ||¢,|| < m for m > 0 and n is a positive integer. Then
using (1.3) we have

[ Adn |
> lC(T)b(T)sb(r o)+ Z k(u, r)h (¢ (u), ¢ (u— T))] (a+ 0(5))|

(]

H a+c(s ‘|¢II

s=r+1

> bc@a)b(m“ i k(a, ]

< afgll < am

which shows that (A¢,,) is uniformly bounded. Furthermore,

1A (Ag)||
= max|(Ag) (n+ 1) = (49) (n)|

< la+¢e(n)] |e(n)b(n)p(n — o) Z E(u,r)h (¢ (u),d (u—71) 1:[ (a+c(s ‘
u=n—o s=r+1
<| n)|+ K Z >||¢||
< fam <vy

for some positive constant . This shows that (A¢,,) is equi-continuous. Hence, by
Arzela-Ascoli’s theorem, the mapping A is compact. O

171
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Lemma 3.4. Consider the mapping Q defined by (3.8) and assume that
(3.11) b(n)| <p<1

holds for some positive constant u. Then, Q is a contraction.
Proof. Take any two functions ¢, ¢ € S. We then have

1(Q¢)  (@8) | = max [ (n0) ~ b (na)ew (0 — )] [ (@ +cls)) +b(n) & (m — o)
o (n0) — b(no)w (no — )] [ (a+e(s) — b(n) 6 (n— o)

< )l f|¢ =]l <ulle—4|
which shows that Q is a contraction mapping. O

Theorem 3.1. Suppose that (1.3), (3.6), (3.7), (3.10) and (3.11) hold. Also suppose
that there exists positive constants ¢ and B € (0,1) such that

(3.12) 1:[ (a+c(s))] <c

and

(3.13) |b(n)| + z_: [c(r)b(rﬂ + K z_: k(u,r)] 1:[ (a+¢(s))] < B, n>ng
r=ng u=r—o s=r+1

hold. Then, the zero solution of (1.1) is asymptotically stable.
Proof. Given € > 0. Choose 4 such that

[1 —b(no)|dc < (1 —P)
Let w be a given initial function such that |w(n)| < ¢. Let us define the set M as
M=A{¢eS:|oll <e}

and take any ¢, p € M. Then, we have

(@) + (A9)]
n—1
= ma [ (n) = b (o) (0 — )] [] (a-+ e(w)) +b(n) (0 — o)

'y [c<r>b<r>¢<r—a>+ 3 k(u,r>h<¢<u>,¢<u—r>>] I <a+c<s>>‘

s=r+1
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< |w(no) = b(no)w (no — )] 1:[ (a+c())|+b(n)¢(n—o)
n—1 _
+Z [c(r)b( (r—o) Zk‘ur (u),p(u—71 ] H (a+c(s ‘
< |1 = b(no)| 6c + |b(n 5+EZ [|c (r) + K Z k(u,r)] 1 (aJrc(s))’
r=ngo u=r—o s=r+1
< |1—b(n0)|(5c—|—{b(n)|+ z_: l|c |+ K Z E( ur] 1:[ (a—i—c(s))‘}e
r=ng u=r—o s=r—+1
< |1 =b(ng)|dc+ Be
<e€

which shows that (Qy) + (A¢) € M.

By the last result, Lemma 4 and Lemma 5 all conditions of Theorem 1 are
satisfied on M. Consequently, there exits a fixed point x € M such that x = Qz+Ax
holds. Lemma 2 implies that this fixed point z(n) is a solution of (1.1). Furthermore
the solution z(n) is stable because ||z|| < € for a given € > 0. By Lemma 3 the
solution z(n) is asymptotically stable. a

Example 3.1. Consider the difference equation

(3.14) Az[() ( 5 (n_g)}
——nt i n+1n(u2+4)h<x<u)ax(u—3)),nz1
Here,
a=0=2, T=3, no = 1,
2n 1
C(n):_ﬁ, b(n):m7
27’L
K(u,n) = 16 (n + 1)! (u2_|_4)
We see that

n on 1
): 0 — 0 asn — o0,
n!

n—1
(>
s=1

o0 (3.6) holds. Because

n—1 r—1

|

- 3
H ) < <b
s=r+1 s+

2"
n+1) Jru:Z 16 (r + 1)! (u? + 4)

r—2
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(3.7) holds. Because

a+c(n )—2—7n<1andmax|a+c( )| = max

2 —
n-+1 nez

(3.10) holds. Because

1

1
— < =<1
’32(n+1)! <5

- 32

(3.11) holds. Because

111:[11(2_ 524:91)>‘ B

(3.12) holds. Also, because

P
= [r+132(n+1)!

r—1

1
’32 (n+1)!

nt 9 13
11 )56 =b
s=r—+1 s+

(3.13) holds. So, by Theorem 3 the zero solution of (3.14) is asymptotically stable.
The solution is of the form

27‘
+ u:zrzz 16 (r + 1) (a® + 4)

2 (n) = (x(l) - 614133(_1)) ﬁ (2— u2+“1> - (n1+ i (n=2)

u=

2r 1
+Z{—r+1sz<r+m“<“z>

) =t 2s

u=r—2 s=r+1
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