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Torsional Vibration Analysis of a Multi-Stage Rotating Shaft Shape
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(a) shaft without bearing
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(b) shaft with bearing

Fig. 1 A shaft under time dependent torque with
bearing

Fig. 2 A point under torsional displacement

(1) A% (Displacement field)
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A3t g2l obelsh ol Hel gk,
u, =0 (1a)
u, = —16sinf = —z0(x, t) (1b)
u, = rfcosf = yo(x,t) (1c)
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Exx = Uxx (2a)
gyy = Uy, =0 (2b)
€, = U, ,=0 (20)
€z = %(uy,Z + u,,)=0 (2d)
&y = %(ux‘y +uyy) = —ézﬁ‘x (2e)
£ax = 3 (U ) = 370, (2)
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6]=6ft?[T—U—W—D]dt=0 ©)

A7, t=t,t=1t,:60 =0
T,UE 2H7F 50U A], MyoluxE Yepde w
= 9ol 2H8-3H= (work done)E 2w 3},

1 1 l 1

U= fV [; TayYay T ;TZXYZX] dv = fo fA [E GY,Z(y +
!
Yoy = 1), [bez262 +1ay262] dadx
=, [Fofud + 1} +uZ)] dadx =
07A |2 X y Z

fol fA E p{z?6* + yze‘z}] dAdx
o]714 =34 EHE(polar moment of inertia) J&
ofzfe} Lt
]=§fA (z* +y*)dA

U F1youA], T *5luA, we 7MY, D=
Dissipation function ©]™ o}aj¢} o] Hgjg
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U == f, GI 2dx + 2 k;;6%(1) (4a)
T =2 f, p) 6%dx (4b)
W =2 [][M + Mg8" (x — x,)] 6dx (4c)
D= %Ci]’gz(li) (4d)
Ay AUE Qe AE)0) felsk] FEARS
Hstol gelska Sl Wl wel @ wEY
FEWRS AAZAS T8 5 Yok

§=0= ft? fol[p]éﬁé — GJ6,60, — M8 +
M,6"(x — XO)SG] dxdt
5 = [ [ {018 — )8, + M + Mo8" (x — x0)}56 dx +

{ki]’BS*(X - XO) + Cijéﬁ* (X - Xo)}69 + [G]H’x]g] dt =

0 ©)
A(5)% B3] AT 2ANA 5D DE &

HEY 2% %414 2 (torsional vibration EOM)

860: )0 — GJO, + ke 8* (x = x0)0 + ;8" (x — X0)0 +
M+ M6 (x — %x4)=0 (6a)

7 A Z7A (boundary conditon)

[G16,], =0 (6b)
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Qeje) AAXNE WEeE W)
thest 2ol AT gtk

{0} = Zgozl{ajej (x)} q(t) = Zﬁo=1{ajzn} q(t) ()

o714 n& B Zo] Wi RE Ao A48
gttt 6,(x) = 7lskeHd AAxAS wEate
A @ (trial function)E oJWatH, ;1o ] &
A4+ Zkarbitrary constants)S 9Jv]slaL, q(t) =
eote] gk hehdth HH Galerkin WHE AHE
sto] A7) EE ded A(5)el didste] A
3t oo AARAE TSI olitel H &5
WA A (discrete equation of motion)< HEHHA
2ol tiate] 2(8)] Fej= & 4= ATk
{-w?[M] + w[C] + [K]}{x;} = 0 8)

o]714 [M]& Z&3E(mass matrix), [C]& HH
coefficientel] 2]3F 7+4] 3 W (damping matrix), [K]
= A3 (stiffness matrix)S & w3}

oJste] IR on olo] ZAIE FLth,
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