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THE CONSTRUCTIONS AND DEFORMATIONS OF
NIJENHUIS OPERATORS ON 3-HOM-LIE ALGEBRAS

Y1ZHENG L1 AND DINGGUO WANG

ABSTRACT. In this paper, we study Nijenhuis operators on 3-Hom-Lie
algebras and provide some examples. Next, we give various constructions
of Nijenhuis operators according to constructions of 3-Hom-Lie algebras.
Furthermore, we define a cohomology of Nijenhuis operators on 3-Hom-
Lie algebras with coefficients in a suitable representation. Finally, as an
application, we study formal deformations of Nijenhuis operators that are
generated by the above-defined cohomology.

1. Introduction

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson, and
Silvestrov in [9] as part of a study of deformations of Witt and Virasoro al-
gebras. Some ¢-deformations of the Witt and the Virasoro algebras have the
structure of a Hom-Lie algebra [9]. Because of the close relation to discrete and
deformed vector fields and differential calculus [14], many people paid special
attention to this algebraic structure. In particular, the author studied represen-
tations and cohomologies of Hom-Lie algebras in [20], the authors introduced
the notion of a Hom-Lie bialgebra and gave an equivalent description of the
Hom-Lie bialgebras, the matched pairs and the Manin triples of Hom-Lie al-
gebras in [21]. These provide a good starting point for discussion and further
research.

The notion of n-Lie algebras was introduced by Filippov in [6]. The authors
studied Nijenhuis operators on n-Lie algebras in [18]. Recently, the authors
studied Reynolds operators on n-Lie algebras in [11]. 3-Lie algebras were spe-
cial types of n-Lie algebras and played an important role in string theory [4].
Many more properties and structures of 3-Lie algebras have been developed,
see [7,10,12,13,17,22,25,26] and references cited therein. Hom-type general-
izations of n-ary Nambu-Lie algebras, called n-ary Hom-Nambu-Lie algebras,
were introduced by Arnlind, Makhlouf, and Silvestrov in [3]. Since then, the
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authors studied the cohomologies adapted to central extensions and deforma-
tions in [1], the authors studied the constructions of 3-Hom-Lie algebras from
Hom-Lie algebras in [2], the authors provided the constructions of Rota-Baxter
multiplicative 3-ary Hom-Nambu-Lie algebras in [24], the authors constructed
the representations and module-extensions of 3-Hom-Lie algebras in [16], and
the authors introduced the notion of a 3-Hom-Lie bialgebra and gave an equiva-
lent description of the 3-Hom-Lie bialgebras, the matched pairs and the Manin
triples of 3-Hom-Lie algebras in [8]. Recently, we studied relative Rota-Baxter
operators on 3-Hom-Lie algebras in [15]. See [23] for more details about defor-
mations of n-Hom-Lie algebras.

Recently, Mishra and Naolekar [19] studied O-operators, also known as rel-
ative or generalized Rota-Baxter operators on Hom-Lie algebras. Later, Das
and Sen [5] studied Nijenhuis operators on Hom-Lie algebras. Motivated by
the work of [5,19], it is natural and meaningful to study Nijenhuis operators on
3-Hom-Lie algebras. This becomes our motivation for writing the present pa-
per. This paper is organized as follows. In Section 2, we will recall some basic
notions and facts about 3-Hom-Lie algebras. In Section 3, we study Nijenhuis
operators on 3-Hom-Lie algebras and provide some examples. In Section 4,
we give various constructions of Nijenhuis operators according to constructions
of 3-Hom-Lie algebras. In Section 5, we define a cohomology of Nijenhuis op-
erators on 3-Hom-Lie algebras with coefficients in a suitable representation.
In Section 6, we study formal deformations of Nijenhuis operators that are
generated by the above-defined cohomology.

Throughout this paper, all vector spaces, (multi)linear maps are over an
algebraically closed field K of characteristic 0.

2. Preliminaires

In this section, we will recall some basic notions and facts about 3-Hom-Lie
algebras from [1,16,23].

Definition. A 3-Hom-Lie algebra is a triple (L, [, -, -], &) consisting of a vector
space L, a 3-ary skew-symmetric operation [-,-,] : AL — L and an algebra
morphism « : L — L satisfying the following 3-Hom-Jacobi identity
[a(z), a(y), [u, v, w]]
= [[z,y,u], a(v), a(w)] + [a(u), [z, y, v], a(w)] + [a(u), a(v), [z, y, w],
for any z,y,u,v,w € L.
Example 2.1. Let (L, [-,-,]) be a 3-Lie algebra and « : L — L a 3-Lie algebra

morphism. Then (L, [, -, ] = @0 [, ], @) is a 3-Hom-Lie algebra induced by
the 3-Lie algebra morphism a.

Definition. A representation of a 3-Hom-Lie algebra (L, [+, -, -], &) on the vector
space V with respect to A € gl(V) is a bilinear map p : A2L — gl(V), such
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that for any x,y, z,u € L, the following equalities are satisfied:
pla(z), afy)) o A= Ao p(x,y),
p([z,y, 2], a(u)) 0 A = p(a(y), a(z))p(z, u)
+ pla(z), az))p(y, u) + plalz), aly))p(z, u),
pla(z), a(y))p(z,u) = pla(z), a(u))p(z, y)
+ p([z,y, 2], a(u)) 0 A+ p(a(z), [z, y, u]) o A.
Then (V, A, p) is called a representation of L, or V' is an L-module.
Define ad : AL — gl(L) by

adg 42 = [z,y, 2], Va,y,z € L.
Then (L, ad, ) is a representation of the 3-Hom-Lie algebra (L, [-,-,],«) on L
with respect to «, which is called the adjoint representation.
Let (V, A, p) be a representation of a 3-Hom-Lie algebra (L, [-, -, ],«). The

cohomology of L with coefficients in V' is the cohomology of the cochain complex
{C*(L,V), 6}, where
" A(LV)={f e Hm(A’L®--- @ N’ LAL,V), (n>1),
’ —_—
n—1

2n—1

Aof=foa® '}
and the coboundary operator ¢ : Cf} (L, V) — C’ZE(L, V') given by
(0f)(%1, X2, Xn, Tnt1)
= Y W f®) Xy alXEk), [, 5,0k A alyr)

1<j<k<n

+ O‘(xk) A [xj7 Yis yk}v O‘(%k-‘rl)? ce O‘(xn)’ a(xn-i-l))

(_1)jf(a(x1)v s 7:*:3'7 ) a(xn)’ [xj7 ijxn-‘rl])

-

Il
el

+
J

(=) p(a™ Y E N (XL, Xy Xy Tsn)
1

(_1)n+1 (p(an_l(yn)a an_l(mn-l-l))f(xlv s 7§tja ceey xn—ly an)

+p(@ H@ng), @) F(Xe, i ST ,%nfl,yn))

for X;, = x; ANy; € LALyi = 1,...,n and 2,41 € L. The corresponding
cohomology groups are denoted by Hipy.(L, V).

+
M=
3

+
?~

3. Nijenhuis operators

In this section, we first recall Nijenhuis operators on a 3-Hom-Lie algebra in
[15] and provide some new examples.
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Definition. Let (L, [, -, ], @) be a 3-Hom-Lie algebra. A linear operator N :
L — L is called a Nijenhuis operator if IV satisfies: for any x,y,z € L,

(3.1) Noa=aoN,
[Nz, Ny, Nz| = N([Nx, Ny, z] + [z, Ny, Nz] + [Nz, y, Nz]
(3.2) — N[Nz,y, 2] — N[z, Ny, 2] — N[z,y, N2| + N?[z,y, 2]).
The vector space L carries a new 3-Hom-Lie algebra structure with bracket
[z,y,2]n = [Nz, Ny, 2] + [z, Ny, Nz| + [Nx,y, Nz] — N[Nz, y, 2]
— N[z, Ny, z] — N[z,y, N2] + N?[z,y, 2], for z,y,z € L.
We denote this deformed 3-Hom-Lie algebra by (L, [, -, |n, @).
Example 3.1. The identity map id : L — L is a Nijenhuis operator.

Example 3.2. Counsider 3-dimensional 3-Hom-Lie algebra (L, [, ], @) with
basis {eq,e2,e3} and the nonzero multiplication is given by

[e1, €2, e3] = e1, aler) = —e1, ales) = ez, ales) = es.

d 0
Let N : L — L be a linear map given by | 0 f | where deb # 0. Then
0 b

we have
[Nei, Neg, Nes| = dcbe;.
Further, we have
[Nei, Neg,es] = dcey, [Nep, ez, es] = dey,
[Nei,ea, Nes| = dbey, [e1, Nea, es] = ceq,
[e1, Nea, Nes| = cbey, [e1,e2, Nes] = be;.
It is easy to obtain that
[Nei, Nea, Neg|
= N([Ney, Neg,e3] + [Nep,ea, Neg| + [e1, Nea, Nes]
— N([Ney, ea, e3] + [e1, Nea, e3] + [e1, €2, Nes]) + N?[eq, ez, e3)).
Thus, N is a Nijenhuis operator on (L, [, -, ], @).
Example 3.3. Let (L, [-,-,-]) be a 3-Lie algebra and « : L — L a 3-Lie algebra
morphism. If NV is a Nijenhuis operator on the 3-Lie algebra L commuting with

a, then N is also a Nijenhuis operator on the 3-Hom-Lie algebra (L, [, -, ]q, @)
in Example 2.2.

Example 3.4. A complex 3-Hom-Lie algebra is a 3-Hom-Lie algebra
(L, [, -, "], @) together with a linear map J : L — L commuting with « that
satisfies J2 = —id and

Jx,y, 2] = —[Jx, Jy, J2| + [Jw,y, 2] + [x, Jy, 2] + [2,y, J2]
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+ J[Jz, Jy, 2] + Jx, Jy, Jz]| + J[Jz,y, Jz].
It follows from J? = —id and the last identity that .J is a Nijenhuis operator.

Definition. A linear map T : L — L is called a modified Rota-Baxter operator
of weight A € K on a 3-Hom-Lie algebra (L, [-, -, -], @) if T satisfies the following
conditions

Toa=aoT,
[Tx, Ty, Tz =T(Tx, Ty, 2|+ [z, Ty, Tz] + [Tz,y, Tz] — Nz, y, 2])
+ ATz, y, 2] + Mz, Ty, z] + N[z, y, Tz].
Definition. A linear map T : L — L is called a Rota-Baxter operator of weight
A on a 3-Hom-Lie algebra (L, [, -, |, @) if T satisfies the following conditions
Toa=aoT,
[T, Ty, Tz =T(Tx, Ty, 2|+ [x, Ty, Tz + [Tx,y, Tz
+ AN[Tz,y, 2] + Nz, Ty, 2] + Nz, y, Tz] + N[z, y, 2]).

Proposition 3.5. Let (L,[,,],«) be a 3-Hom-Lie algebra and N : L — L be
a linear operator. Then
(a) If N> =0, then N is a Nijenhuis operator if and only if N is a Rota-
Bazxter operator.
(b) If N> = N, then N is a Nijenhuis operator if and only if N is a Rota-
Bazxter operator of weight —1.
(c) If N? = 4id, then N is a Nijenhuis operator if and only if N is a
modified Rota-Bazter operator of weight F1.

Proof. (a) Let N?> = 0. Suppose N is a Nijenhuis operator. Then for any
x,y,z € L, we have

[Nz, Ny, Nz] = N([Nz, Ny, 2] + [z, Ny, Nz] + [Nz,y, N2|
—N([Nm,y,z] + [x’Ny’Z] + [.Z‘,y,NZ} —N[x,y,z]))
= N([Nz,Ny,z| + [z, Ny, Nz] + [Nz,y, Nz]).

Hence, N is a Rota-Baxter operator. Proof of the converse part is similar.
(b) Let N2 = N. Suppose N is a Nijenhuis operator. Then for any z, v,z €
L, we have

[Na, Ny, Nz|

= N([Nx,Ny,z] + [z, Ny,Nz] + [Nz,y, Nz]
— N([Nw,y, 2] + [2, Ny, 2] + [2,y, Nz] = N[z,y,2]))

= N([Nz,Ny,z] + [, Ny, Nz] + [Nz,y, Nz] — [Nz,y, z] — [z, Ny, 2]
= [z,y, N2] + [z,y,2]).

Hence, N is a Rota-Baxter operator of weight —1. Similarly, the converse can
be shown.
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(c) Let N2 =id. Suppose N is a Nijenhuis operator. Then, for any z,y, 2 €
L, we have

[Nx, Ny, Nz|
= N([Nz,Ny, 2] + [z, Ny,Nz] + [Nz,y, Nz|
— N([N,y,2] + [2, Ny, 2] + [2,y, Nz] = Nlz,y, z]))
= N([Nz,Ny,z] + [, Ny, Nz] + [Nx,y, Nz| + [z, y, 2]) — [Nz, y, 2]
— [z, Ny, 2] — [z,y,Nz].
Hence, N is a modified Rota-Baxter operator of weight —1. In a similar way
the other cases can be shown. (]
We recall the notion of relative Rota-Baxter operators on a 3-Hom-Lie alge-
bra (L, [, -, ], ) from [8].

Definition. Let (L, [, -, ], @) be a 3-Hom-Lie algebra and (V, A, p) be a rep-
resentation. A linear operator T : V' — L is called a relative Rota-Baxter
operator associated to (V, A, p) if T satisfies: for any w,v,w € V,

aoT =ToA,
[Tu, Tv, Tw] = T(p(Tu, Tv)w + p(Tv, Tw)u + p(Tw, Tu)v).
Definition. Two relative Rota-Baxter operators 77,75 : V' — L are said to

be compatible if for all u,v € K, the sum pTy + vy : V — L is a relative
Rota-Baxter operator.

The following result is straightforward.

Lemma 3.6. Two relative Rota-Baxter operators Ty and Ty are compatible if
and only if the following condition holds:

[Ti(w), Ti(v), Tj(w)] + [Ti(u), Tj (v), Ti(w)] + [T} (u), Ti(v), Ti(w)]
— T(p(Tou, Tyo)w + p(Tyu, To)w + p(Tov, Tyw)u
+ p(Tjv, Tiw)u + p(Tyw, Tju)v + p(Tjw, Tyu)v)
+ T, (p(Tiu, Tyv)w + p(Tyv, Tyw)u + p(Tyw, Tiuw)v), (i,j =1,2).
The following proposition shows that a pair of compatible relative Rota-

Baxter operators with an invertible condition are connected by a Nijenhuis
operator.

Proposition 3.7. Let T1 and Ts be two compatible relative Rota-Bazter op-
erators in which Ty (resp. Ti) is invertible. Then N = Ty o T{l (resp.
N =Ty oT; ') is a Nijenhuis operator on L.

Proof. We only prove the case in which T3 is invertible. The other case is
similar. First observe that, for N =1Tj o T} L we have

aoN:aoTlngl:Tloangllengloa:Noa.
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Further, for any z,y,z € L, there exists u,v,w € V such that Th(u) =
x, To(v) =y, To(w) = z. Therefore, we have

[Nz, Ny, Nz| = [NTy(u), NT3(v), NT>(w)]
= [T1(u), T1(v), T1(w)]
(3.3) = T1(p(Tyu, Thv)w + p(Thv, Thw)u + p(Trw, Tyu)v).
On the other hand, we have
N([Nz,Ny,z] + [z, Ny, Nz] + [Nz, y, Nz])
— N*([Nw,y, 2] + [z, Ny, 2] + [w,y, N2]) + N[z, y, 2]
=Ty o Ty ' ([Ta(w), T1(v), Te(w)] + [T (u), Ty (v), Ty (w)]
+ [T1(w), T2 (v), Ti(w)]) — (T3 0 Ty ) ([T1(w), To(v), To(w)]
+ [Ta(u), 1 (v), To(w)] + [T2(u), T2 (v), Ty (w)])
+(Ty o T3 ') ([Ta(w), Ta(v), Ta(w)))
=Ty o Ty (Ty (p(Tyu, Tov)w + p(Tou, Tyv)w + p(Tyv, Tow)u
+ p(Tov, Tvw)u + p(Tyw, Tou)v + p(Tew, Thu)v) + To(p(Tiu, Tiv)w
p(Tyo, Tyw)u + p(Tyw, Tyuv)) — (Ty o Ty ) (Ta(p(Tyu, Tov)w
p(Tou, Thvv)w + p(Thv, Tow)u + p(Tev, Tyw)u + p(Thw, Tou)v
p(Tow, Tiu)v) + T1 (p(Tou, Tov)w + p(Tov, Tow)u
+ p(Tow, Tou)v)) + (T1 o Ty )3 (To(p(Tau, Tov)w + p(Tov, Tow)u
+ p(Toaw, Tau)v))
(34) =Ti(p(Thu, Thv)w+ p(Tyv, Tiw)u + p(Thw, Tyu)v).
It follows from (3.3) and (3.4) that N is a Nijenhuis operator. O

— =

4. Constructions of Nijenhuis operators

In this section, according to constructions of 3-Hom-Lie algebras, we give
various constructions of Nijenhuis operators. We also give some examples of
Nijenhuis operators on 3-Hom-Lie algebras.

4.1. Constructions of Nijenhuis operators on 3-Hom-Lie algebras
from those on Hom-Lie algebras

Lemma 4.1 ([2]). Let (L,[-,-],«) be a Hom-Lie algebra and L* be the dual
space of L. Suppose that f € L* satisfies f([z,y]) = 0 and f(a(x))f(y) =
flay) f(x) for all x,y € L. Then there is a 3-Hom-Lie algebra structure on
L given by

(4.1) [z, 25 = f(@)ly, 2l + f(W)[z 2] + f(2)[w, 9], Va,y,z€ L.

Theorem 4.2. Let N be a Nijenhuis operator on a Hom-Lie algebra (L, [, ], &).
Suppose that | € L* satisfies [([z.y)) = 0 and f(a(2))](y) = f(a(y))/(z) Jor
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all x,y € L. Then N is also a Nijenhuis operator on the 3-Hom-Lie algebra
(L7 [" ) ']f’ a)'

Proof. By Lemma 4.1, (L,{-,-, -} p, ) is a 3-Hom-Lie algebra with the multi-
plication [-, -, ] defined in (4.1). Now for any z,y, z € L, we have ao N = Noa
and

[Nz, Ny, Nz|s
= f(Nz)[Ny,Nz| + f(Ny)[Nz, Nz] + f(Nz)[Nz, Ny|
= f(Nz)([Ny, 2] + [y, N2] — N[y, z]) + f(Ny)([Nz, 2| + [z, Na| — N[z, z])
+ f(Nz)([Nz,y] + [z, Ny| — N[z, y]).
Applying (3.2) and (4.1), we obtain
N([Nx, Ny, 2] + [z, Ny, N2|; + [Nz, y, N2|;
_N[Nm7yvz]f _N[vayvz]f_N[may7NZ}f+N2[xava]f)

= N(f(Na)[Ny, 2] + [(Ny)[z, Na] + (2)[Na, Ny) + f(2)[Ny, N2]
+ F(NY)[Nz 2] + f(N2)[z, Ny] + f(Na)ly, N2] + f(y)[N=, Na]
+ F(N2)[Nz,y] - N(f(N2)ly, 2] + f(9)[z Na] + f(2) [Nz, y]
+ (2)[Ny, 2] + F(Ny)[z, 2] + (), Ny] + f(2)[y, N7
+ FW)INz 3] + F(N2)e,g]) + N (@), 2] + FW)lz ] + 1)z, o)) )

= [N, Ny, N2 + N(f(2)[Ny, N2| + f(y)[Nz Na] + f(2) [N, Ny))
— Nf(@)[Ny, N2| = Nf(y)[Nz, Na] = Nf(2)[Nz, Ny])

= [Nz, Ny, Nz];.

And the proof is finished. O

By Lemma 4.1 and Theorem 4.2, we have

Example 4.3. Let (L,[,]) be a Lie algebra and o : L — L a Lie algebra
morphism, N be a Nijenhuis operator on a Lie algebra (L, [+, -]) with «oN = No

a. Suppose that f € L* satisfies f([z,ylo) = 0 and f(a(x))f(y) = f(a(y))f(z)
for all z,y € L. Then N is also a Nijenhuis operator on the 3-Hom-Lie algebra

(L, [+, -]f, @), where [-,-], = ao[-,] and
[.’E, Y, Z}f = f(x)[y> Z]oc + f(y)[z,x]a + f(Z)[IE, y]aa V:C?ya z€ L.
Example 4.4. Let (L, [, ], @) be the 3-dimensional Hom-Lie algebra given by
le1,e2] = €2, aer) =e1, alez) = —e2, ales) =es,
where {e1,eq,e3} is a basis of L. By Lemma 4.1, the trace function f € L*,
fler) =1,
where ¢ f(ez) =0, induces a 3-Hom-Lie algebra (L, [-,-, ] s, o) defined with
fles) =1
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the same basis by
[617 €2, 63] = €2.

a1 a2 013
Consider a linear map N : L — L defined by as1 G2  A23 with respect
az1 agz as3
to the basis {e1, s, e3}. Define
Ne1 = aiier + az1e2 + asies,
Nea = arser + azes + aszzes,
Nes = aizer + azzes + asses.
In order to satisfy a« o N = N o a, we need
a1 = a2 = azz = azz = 0.

In order to obtain that IV is a Nijenhuis operator on the Hom-Lie algebra L,
we need

[Nei,Nej] = N([Nei,ej] + [ei,Nej] — N[ei,ej]), 1,7 =1,2,3.

By a straightforward computation, we conclude that N is a Nijenhuis operator
on the Hom-Lie algebra L if and only if

a1 = a2 = azz = azz = 0.

a1 0 as

By Theorem 4.2, N = 0 aze O is also a Nijenhuis operator on the
a1 0 ass

3-Hom-Lie algebra (L, [-, -, ]f, @).

4.2. Constructions of Nijenhuis operators on 3-Hom-Lie algebras
from Nijenhuis operators on commutative Hom-associative al-
gebras

Lemma 4.5 ([24]). Let (L,-,a) be a commutative Hom-associative algebra
and D be a derivation and f € L* satisfies f(D(x)-y) = f(z- D(y)) and

f(a(x))f(y) = f(a(y))f(:r) fO’f’ all T,y € L. Then (L7{'7'7'}f,D7a) is a 3-
Hom-Lie algebra, where the bracket is given

fx)  fly) [(z)
(4.2) {z,y,2}pp=| D(x) D(y) D(2)
x Y z

for any x,y,z € L.
Proposition 4.6. With the same assumptions as Lemma 4.5. Let N be a
Nijenhuis operator on (L, -, &) satisfying DoN = NoD. Then N is a Nijenhuis

operator on the 3-Lie algebra (L,{-,-,-}; p,®), where the bracket is given by
(4.2).
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Proof. Forall z,y € L, define [z, y|p = D(x)-y—D(y)-z. By direct calculations,
we can verify that (L, [, -] p, ) is a Hom-Lie algebra. Furthermore, assume that
N is a Nijenhuis operator on (L, -, ) satisfying Do N = N o D. Then we have
aoN = Noa and

[Nz, Ny|p
= D(Nz)-Ny— D(Ny) - Nz
= ND(z) - Ny— Nz - ND(y)
=N(Dx-Ny+NDz-y— N(Dz-y))— N(Nz-Dy+x- NDy— N(z- Dy))
— N(INa,ylp + 5, Nolo — Nlz,glp),

which implies that N is a Nijenhuis operator on the Hom-Lie algebra
(L,[,"]p,@). By Theorem 4.2, N is a Nijenhuis operator on the 3-Hom-Lie
algebra (L,{',-,'}ﬁD,Oé). U

By Lemma 4.5 and Proposition 4.6, we have

Example 4.7. Let (L,-) be a commutative algebra and o : L — L an algebra
morphism, D be a derivation on a commutative algebra (L,-) with a o D =
D o« and N be a Nijenhuis operator on a commutative algebra (L,-) with
aoN = N oa. Suppose that f € L* satisfies f(D(z) o y) = f(x o D(y))
and f(a(x))f(y) = f(a(y))f(z) for all x,y € L. Then N is also a Nijenhuis
operator on the 3-Hom-Lie algebra (L, {-,-, -} p,a), where -, = o - and

[xvy]a,D = D(x) alY — D(y) a Ly
{xaya Z}f,D = f(x)[ya Z]a,D + f(y)[zvx]oz,D + f(Z)[fU,y]a,m Vaz,y, z € L.

Let (L,-,&) be a commutative Hom-associative algebra. For x;,v;,2; €
L,i=1,2,3, denote by

1 Y1z
|?>7,?| = T2 Y2 22 )
T3 Ys z3

where 7, 7 and 7 denote the column vectors.
The following lemma is easy to check and we omit the proof.

Lemma 4.8. Let N be a Nijenhuis operator on a commutative Hom-associative
algebra (L, -,«) and N(2'), N(), N(Z) denote the images of the column vec-
tors. Then we have

IN(@), N(7), N()|
— N(N(@),N(7), 2|+ ep) - N2(N(Z), N(P), 7| + p)
+NY(|Z, 7, 2)).

Definition ([16]). Let (L, -, o) be a commutative Hom-associative algebra. If
a linear map w : L — L satisfying for every a,b € L,

w(a-b) = w(a) - w(b), and w?(a) = a,
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then w is called an involution of L.

Lemma 4.9 ([16]). Let (L,-, &) be a commutative Hom-associative algebra, D
be a derivation of L and w: L — L be an involution of L satisfying

woD+Dow=0, and aow =woa.

Then (L, [, -, Jw,p, ) is a 3-Hom-Lie algebra, where the bracket is given
w(x) wly) w(z)
(43) [xay7z]w,D - T ) z )

D(z) D(y) D(z)
for any x,y,z € L.
Theorem 4.10. With the same assumptions as Lemma 4.10. Let N be a Ni-
jenhuis operator on a commutative Hom-associative algebra (L, -, ) satisfying

NoD=DoN and Now =wo N. Then N is a Nijenhuis operator on the
3-Hom-Lie algebra (L, [-,-, |w,p, ), where the bracket is given by (4.3).

Proof. For any x,y,z € L, we have a« o N = N o o and
[Nz, Ny,Nz],.p
wN(z) wN(y) wN(z)
= Nz Ny Nz
DN(z) DN(y) DN(z)
Nw(z) Nw(y) Nw(z)
= Nz Ny Nz
ND(z) ND(y) ND(z)
Nw(z) Nw(y) w(z)
=N Nz Ny z + c.p.
ND(z) ND(y) D(z)

Nw(z) wly) w(z)
— N? Nz y z | +ecp.
ND(z) D(y) D(z)
wlz)  wly) w(z)
+ N3 T Y z
D(x) ND(y) D(z)
wN(z) wN(y) w(z)
=N Nz Ny z + c.p.
DN(xz) DN(y) D(z)
whN(z) w(y) w(z) w(z) wly) wlz)
— N? Nz Y z +ep. | + N3 T Y z
DN(z) D(y) D(z) D(z) D(y) D(z)

=N ([NJ?, Ny7 Z}w,D + C~p-) - N2 ([Na:,y, Z]w,D + C-p~) + N3 ([ma Y, Z]w,D) .

Thus, N is a Nijenhuis operator on the 3-Hom-Lie algebra (L, [-, -, "]w,p,a). O
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5. Cohomology of Nijenhuis operators

In this section, we construct a representation of the 3-Hom-Lie algebra
(L, [+, ]n, ) on the vector space L, and define the cohomology of Nijenhuis
operators on 3-Hom-Lie algebras.

Lemma 5.1. Let N : L — L be a Nijenhuis operator on a 3-Hom-Lie algebra
(L,[,+,"],a). Define px : LAL — gl(L) by
pn (@1, 22)(2) = [N(21), N(22), 2] = N([N(21), 22, 2]
+ [z1, N(22), 2] — N[21, 22, 2]),

where x1,x9,x € L. Then (L,a,pn) is a representation of the 3-Hom-Lie
algebra (L, [-, -, |n, ).
Proof. For any x1,xo,x3, x4, € L, it is easy to check that py(a(z1), a(xs)) o
a = ao py(x1,x2) holds. Further, we have

pn (a(x2), axs))pn (w1, 24) () + pn (alws), az1)) pn (w2, 74) (2)
+ pn(a(z1), ax2)) pn (w3, T4) (2)
= pn(a(@2), @3)) ([N (21), N(24), 2]

— N([N(21), 24, 2] + [z1, N(24), 2] — N[z1, 34, 7]))

+ pn(a(z3), az1)) ([N (22), N(z4), 2]

— N([N(x2), x4, 2] + [x2, N(24),2] — N|w2, 24, 2]))

+ pn(e@1), a@2)) ([N (3), N(24), 2]

— N([N(xs), 4, 2] + [x3, N(24),2] — N|w3, 24, 2]))
= [N(z2), N(23), [N (z1), N(24), 2]

— N([N(x2), z3, [N( ) ( a), ] + [ s N(23), [N (1), N(24), z]]

— Nz2,z3,[N(z1), ) [N N(:cg),N([N(:vl),:m,x}

+ [z1, N(x4), 2] — N[xl T4, x) ( (z2), mg,N([N(x1),x4,m]

+ [z1, N(z4),2] — N{w1, 24, 2])] + [w2, N(23), N([N(21), 4, 2] + [21, N(4), 7]
— N[21,®4,2])] — N[z2, 3, N ([N(21), 24, ] + [21, N(24), 2] — N1, 24, 2])])

+ [N(z3), N(21), [N(22), N(24), 1»’]] N([N(x3), z1, [N(22), N(z4), 2]]
+ [zs, N(Jfl) [N(l‘z) N(zs),z]] = Nws, 1, [N(22), N(z4), z]])

— [N(x3), N(z1), N([N(z2), x4, ] + [x2, N(x4), 2] — N[z2, 74, 7])]
+N([N(x3) z1, N([N(z2), x4, x] + [22, N(24), 2] — N[22, T4, 2])]

+ [zs, N(z1), ([N(:m)ﬂm,m] [z2, N(z4), 2] — N[$27$47CL‘])}

— Nzs,x1, N([ (z2), x4, ] + [X2, N(24), 2] — N[;m,:u,x])])

+ [N(21), N(22), [N(z3), N(za), 2]] = N([N(z1), 22, [N(z3), N(24), z]]
+ [z, N(fcz) [N(mz%) N(z4),z]] = Nlz1, 22, [N(z3), N(z4), 2]])

— [N(z1), N([N x3), Ta, x) + [x3, N(24), 2] 7N[$3,{L‘4,(L‘])]
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+ N([N(z1), 22, N([N(z3), x4, x] + [@3, N(24), 2] — N[zs, 24, 2])]
+ [z1, N(z2), N([N(x3)7x4,x} + [z3, N(z4),2] — N[:C37:c47x])}
— Nlz1, x2, N([N(mg),x4, x] + [z3, N(z4), 2] — N[x37x4,m})])
= [[Nz1, Nz2, Nz3], Na(za), ()] — N([[le,N:m,Nm],a(:m),a(m)]
+ [[z1, 2, z3|n, Na(z4), a(z)] — N[[z1, 22, 3] N, a(24), a(x)])
= pn([z1, 22, 23] N, (@4))r(2).
Similarly, we have
pn(o(@1), az2))pn (w3, 24)w
= pn(a(xs), a(za))pn (@1, 22)2 + pN ([21, T2, 23] N, u)) ()
+ pn(a(zs), [21, 32, 2a]N) ().
And the proof is finished. O
Let oy : CZ (L, L) — CtH(L, L) be the corresponding coboundary op-
erator of the 3-Hom-Lie algebra (L, [, -, ]n,«) with coefficients in the repre-

sentation (L,a, py). More precisely, oy : Clt (L, L) — CZHN(L, L) is given
by

(ONF)(X1, X2y, X, Tng1)
= Y (VX)X o(Xe), [,y wkly A oyr)

1<j<k<n

+ a(mk) A [xjvyﬁyk]Na O‘(xk+1)7 ceey a<:{n>7 a<xn+1)>

Y (1 X)L E (X)) (25,95 TN
j=1

+ Z(_l)]+1pN(an_1(x.]))f(xh e 7£ja CIIR 7xn7 xn+1)
j=1

+ (_1)n+1 (PN(Oén_l(yn)a an—l(xn+1))f(x1, vy x]a S 7x’n717 xn)
+ pn (@ @ngr), " @) F( X X X1, )

for ¥, =x; Ay; EA2L,i=1,...,n and x,41 € L.
For any X = 2 Ay € A2L with a(x) = 2, a(y) = y, we define dy(X): L — L
by

dn(X)(2) = N[X,2] — [X,Nz], Vze€ L.

Proposition 5.2. Let N be a Nijenhuis operator on a 3-Hom-Lie algebra
(L, [, "],«). Then dy(X) is a 1-cocycle on the 3-Hom-Lie algebra (L, -, ]n,
«) with coefficients in (L, o, pn ).

Proof. By direct calculation we can get the conclusion. (I
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Theorem 5.3. Let N be a Nijenhuis operator on a 3-Hom-Lie algebra
(L, [, -, ], @) with respect to a representation (L,pn,a). Define the set of n-
cochains by

Co (L, L), n>2,

OK[(L’L):{L/\L n=1

Define Dy : C%(L,L) — Cx (L, L) by

) >
DT: N7n727
dN,n:1.

We denote by
ZN(L, L) ={f € CN(L,L) | Dnf = 0}
and
BR(L,L) = {Dng | g € C (L, L)}
the space of n-cocycles and n-coboundaries, respectively. The corresponding
quotients
Hy(L,L):=ZyN(L,L)/By(L, L), forn > 1

are called the n-th cohomology group, and the cohomology of the cochain
complex (@22, CR (L, L), Dy) is taken to be the cohomology for the Nijenhuis
operator N.

6. Formal deformations of Nijenhuis operators

In this section, we study formal deformations of Nijenhuis operators on 3-
Hom-Lie algebras.

Let (L, [, -, ], @) be a 3-Hom-Lie algebra and N : L — L be a Nijenhuis oper-
ator on it. Consider the space L][[t]] of formal power series in ¢ with coefficients
from L. Then L[[t]] is a K[[¢]]-module. Moreover the trilinear bracket [-, -, -] and
the linear map « can be extended to L[[t]] by K[[¢]]-linearity. We denote ex-
tended structures by the same notation. With these extensions, (L[[t]], [, -, ], &)
is a 3-Hom-Lie algebra over K[[¢]].

Definition. A formal one-parameter deformation of N consists of a formal
sum

N; = Ng +tNy + >Ny + - -- € Hom(L, L)[[t]
with Ny = N such that the K[[¢]]-linear map Ny : L[[t]] — L[[t]] is a Nijenhuis
operator on the 3-Hom-Lie algebra (L, [-, -, -], «).
Thus it follows from the above definition that IV, satisfies: «o Ny = Ny o «
and
[Nix, Niy, Ni2]
= Nt([Ntx7 Ntya Z] + [l’, Nt% Ntz] + [Ntx7 Y, Nt’z] - Nt[Ntxa Y, Z]
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— Nilz, Nyy, 2] — Ni[z,y, Niz| + Ny o Ny[z,y, 2]),
for all x,y, z € L. These conditions are equivalent to « o N, = N,, o a and
Z [Nil‘,Njy,NkZ}
itj+k=n
- Z Nz([N]'r7NkyaZ]+[x7N]y7NkZ]+[N]xay7Nkz]

itj+k=n

- Nj[ka,y,Z} - Nj[vakyaz} - Nj[xvykaZ] + Nj o Nk[xvyvz])7
forn=0,1,2,... and z,y, z € L, the conditions hold automatically as Ny = N

is a Nijenhuis operator on the 3-Hom-Lie algebra (L, [-,-,-],«). For n = 1, we
get o N, = N, oa and

[N1(2), N(y), N(2)] + [N (), Ni(y), N(2)] + [N(2), N(y), N1(2)]
= N ([z, N1(y), N(2)] + [, N(y), N1(2)]) + N ([N1(2), 9, N(2)]
+[N(2), 5, N1(2)]) + N ([N1(x), N(y), 2] + [N (2), N1(y), 2])
(6.1) + N1 ([z, N(y), N(2)] + [N(2),y, N(2)] + [N(z), N(y), 2])
— N?([Ni(@), y, 2] + [, N(y), ]+[9€7y Ni(2)))
—N0N1([%‘,N( )2l + [N (x),y, 2] + [z,y, N(2)])
+ N2 o Ny([z,y, 2]).

Hence it follows from (6.1) that N; is a 1-cocycle in the cohomology of N. This
is called the infinitesimal of the deformation.

Definition. Two deformations N; = Y >~ t'N; and N/ = > ;2 t'N/ of a
Nijenhuis operator N are said to be equivalent if there is an element X =
rAy € AL with a(z) = z, a(y) = y, and linear maps ¢; € Hom(L, L) for i > 2
such that

b = (i + 1%, ]+ 3 tin) - LK) = L[]

i>2

is a morphism of Nijenhuis operators from N; to N;.

Let ¢; be a morphism of Nijenhuis operators from N; to N]. For any z € L,
we have

(N +tN))(Ed + X, ] (2) = (id + t[X,])(N +tN1)(2) (mod t?).
By equating coefficients of ¢, we get
Ni(z) — Ni(z) = N[X, 2] — [X,Nz] = dn(X)(2).
As a consequence, we get the following

Theorem 6.1. Let N, = Y72 t'N; be a formal one-parameter deformation
of N. Then the linear term Ny is a 1-cocycle in the cohomology of N, whose
cohomology class depends only on the equivalence class of the deformation.
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