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RIEMANN-STIELTJES INTEGRALS AND THEIR
REPRESENTING MEASURES

JOONG KWOEN LEE? AND HAN JU LEE™*

ABSTRACT. The Riemann-Stieltjes integrals of continuous functions with respect
to a function of bounded variation can be represented by a regular, Borel, complex
measure. In this paper, we study the link between the Riemann-Stieltjes integral and
measure theory using this representation. Specifically, we investigate the Riemann-
Stieltjes integrability and its measurability. Furthermore, we derive a criterion for
Riemann-Stieltjes integrability through a method different from known proofs. In
particular, we calculate the upper and lower Riemann-Stieltjes integrals with respect
to a monotone increasing function.

1. INTRODUCTION

The Riemann-Stieltjes integral is a natural generalization of the Riemann inte-
gral, with its definition detailed in [5]. Its intuitive and accessible nature makes
it a valuable tool for undergraduate students to grasp the concept of integration
with respect to a weight function before moving on to Lebesgue integrals. Addi-
tionally, it proves invaluable in statistics, applicable to both discrete and continuous
probabilities without relying on measure theory.

Typically, undergraduate students encounter the Riemann-Stieltjes integral in
their real analysis courses and then study measure theory separately, usually in
graduate-level courses. However, the natural connection between these topics is
often not addressed in measure theory courses.

While some measure theory textbooks discuss Lebesgue’s criterion for Riemann
integrability and the Lebesgue measurability of Riemann integrable functions, the
link between the Riemann-Stieltjes integral and measure theory is frequently over-

looked. This paper aims to bridge this gap by presenting the following topics:
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(i) The representing measure for the Riemann-Stieltjes integral as given by the
Riesz representation theorem.
(ii) Functions of bounded variation and Borel measures on the real line.
(iii) The criterion for Riemann-Stieltjes integrability within the framework of

measure theory.

2. PRELIMINARIES

In this section, we briefly review the basic properties of Riemann-Stieltjes inte-

grals. Most of them are well-known and can be found in the textbook [1].

2.1. Riemann-Stieltjes Integral Let [a,b] be a compact interval in R. In this
section, all functions will be assumed to be bounded on [a,b]. A partition P of [a, b]
is a finite set of points
P={xg,...,xn}

such that a,b € P and a = 9 < 1 < --- < &, = b}. A partition P’ of [a,]] is said
to be finer than P ( or a refinement of P) if P C P'. Let a be a bounded function
on [a, b].

The set of all partitions of [a,b] is denoted by Pl[a,b]. The norm of a partition
P is the largest length of subintervals of P and is denoted by || P]||. We clearly get
I|IP'|| < ||P|| whenever P C P'.

Definition 2.1. Let P = {zy,...,x,} be a partition of [a,b] and let ¢ be a point
in the subinterval [xg_1,2g]. A Riemann-Stieltjes sum of f with respect to « is a

sum of the form .
S(f,0, P) =Y f(tr)(alwr) — alr-))-
k=1

A bounded function f : [a,b] — R is said to be Riemann integrable with respect
to a and we write f € R(«) if there is a number I having the following property:
For every e > 0, there is a partition P. of [a,b] such that for every partition P finer

than P. and for every choice of the points ¢ in [zx_1, 2x] we have
|S(f,a, P) —I| < e.

If such a number I exists, then it is uniquely determined and is denoted by

/abfda.
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The functions f and « are referred to as the integrand and the integrator. We also
say that the Riemann-Stieltjes integral fab fda exists. In the case that a(z) = x, we
write S(f, P) instead of S(f,«, P) and f € R instead of f € R(«). Then integral is

called a Riemann integral and is denoted by

/abfda:.

Some basic properties of Riemann-Stieltjes integrals are proved in [1] including the
linearity. Another useful property related to the linearity of integrators is presented

as follows:

Proposition 2.2. If f,«, and 8 are bounded on [a,b] and f € R(a) N R(B), then

f € R(a+ cB) for all real numbers c. Moreover, we have

/abfd(a—l—cﬁ):/abfda+c/abfdﬁ.

Integration by parts is one of the most intriguing properties of the Riemann-

Stieltjes integral. The proof is standard and can be found in [1].

Theorem 2.3. Suppose that f and « are bounded functions on [a,b]. If f € R(«a),
then o € R(f) and

b b
/ Fdo + / adf = F(b)a(b) — f(a)ala).

a

The Riemann-Stieltjes integrability depends on the continuity of both a and f.
Consider the identity function f on a compact interval [0,1] and the function «
defined to have the value 1 for irrational numbers and 0 for rational numbers. It is
easy to check that a is not Riemann integrable. Hence f ¢ R(«) by Theorem 2.3.
This shows that f +— [ fda is not defined even for continuous functions f if o does
not behave well. Therefore, we focus on functions « of bounded variation, which
are continuous except at countably many points. Since a real-valued function on R
is of bounded variation if and only if it is the difference of two monotone increasing

functions, we begin with monotone increasing functions.

2.2. Monotone Increasing Integrators Let P = {zg,...,z,} be a partition of
[a,b] and f, a be bounded functions on [a, b]. Set

My (f) =sup{f(z) : = € [xg_1, x|}
ma(f) = mf{f(z) o € o1, 2]}
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for each k =1,...,n. The upper sum U(f,«, P) of f with respect to « is
n
U(f,P) =) MiAay
k=1
and the lower sum L(f, P) of f with respec to a is
n
L(f, P) = Z mkAak.
k=1

Note if « is monotone increasing on [a, b], we have
L(f,a,P) < S(f,a,P) < M(f,a, P).
The following observations are clear:

Definition 2.4. Assume that « is monotone increasing and f is bounded on [a, b].

The upper integral of f with respect to « is defined to be
b
(U)/ fda=inf{U(f,a, P) : P € Pla,b|}.

The lower integral of f with respect to « is defined to be

b
(L)/ fda = sup{L(f,«, P) : P € Pla,bl}
We clearly get

o [ ' fda < ) / ' fdor

A monotone increasing function o can be decomposed into a monotone increasing
function v determined by jumps of « and a continuous monotone increasing function
3, as detailed in Theorem 3.8. Using this decomposition, we will provide a complete
description of the upper and lower integrals of bounded functions in Theorem 4.1
and Theorem 4.3.

A Riemann-Stieltjes integrability with respect to a monotone increasing function

can be characterized by the following Riemann condition with respect to «.

Definition 2.5. Assume that f,« are bounded functions on [a,b]. We say that f
satisfies Riemann condition with respect to a on [a, b] if, for every e > 0, there is a

partition P, such that, whenever P is finer than P,, we get

0<U(f,a,P)— L(f,c, P) < €.
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Note that if « is monotone increasing on [a, b], then Riemann’s condition is equiv-
alent to that for each e > 0, there is a partition P of [a, b] such that

U(f,Oé,P)—L(f,OZ,P) < €.

The following theorem is proved in [1].

Theorem 2.6. Assume that « is monotone increasing and f is bounded on [a,b].
TFAE.

(1) f € R(a) on [a,b]
(2) f satisfies Riemann’s condition with respect to o on [a, b].
(3) (U) [, fdo = (L) [} fda.

In this case, we have

(U)/abfda:(L)/abfda:/abfda.

2.3. BV functions on R Let f : R — C be a function and we define the total
variation function V(f) by:

V(f)(x) :sup{ZLf(xj) — flzj—1)|:neN,—co <z <+ <y :aj}.
1

We note that the sums in the definition of V'(f) increase when additional subdivision
points x; are added. Therefore, if a < b, the value of V(f)(b) remains unaffected if

a is included among the subdivision points. Consequently,

V(£)(b) = V(f)(a) = sup {Z [f(z5) = flzj-)l:neNa =z < <ap = b} :
1

Thus V(f) is a monotone increasing function with values in [0, c0]. If V(f)(o0) :=
lim, o0 V(f)(x) is finite, we say that f is of bounded variation on R, and denote the
space of all such functions f by BV.

Sometimes we use the notation V' (f)([a,b]) = V(f)(b) — V(f)(a) to consider the
total variation of f on the closed interval [a, b].

Let BV ([a,b]) be the set of functions on [a,b] whose total variation on [a,b] is
finite. If f € BV, the restriction of f to [a, ] is in BV ([a, b]) for all a,b. Conversely,
if f € BV ([a,b]) and we extend f to R by defining f(x) = f(a) for z < a and
f(z) = f(b) for x > b, then f € BV.

We present the following three properties of BV functions, which will be useful

later. For detailed proofs, refer to [2]. Essentially, BV functions can be expressed as
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the difference of two monotone increasing functions and they are continuous except
at countably many points. Additionally, it is useful to note that if f is BV, the right

(and. left) continuity of f is preserved in the bounded variation function V().

Lemma 2.7. If f € BV and f is real-valued, then V(f)+ f and V(f) — f are

momnotone increasing.

Theorem 2.8. a. f € BV if and only if Re f € BV and Im f € BV.
b. If f: R — R, then f € BV if and only if f is the difference of two bounded
increasing functions.
c. If f € BV, then f(x+) = limy_,y f(y) and f(x—) = limy_.,— f(y) exist for
ally € R, as do F(£00) = limy_, 400 F(y).
d. If f € BV, then the set of points at which f is discontinuous is countable.

Lemma 2.9. Suppose that f € BV. Then V(f)(—oc) =0 and f is right (resp. left)

continuous at x if and only if V(f) is right (resp. left) continuous at x.

If @ is BV and f is bounded on [a,b], then the Riemann-Stieltjes integrability
of f with respect to « is equivalent to that of f with respect to the total variation

function V(«). The complete proof is given below; the neccesity is proved in [1].

Theorem 2.10. Assume that « is of bounded variation on [a,b]. Let V(x) be the
total variation of o on [a,x) if a < x < b, and let V(a) = 0. Suppose that f is a
bounded function on [a,b]. f € R(«) if and only if f € R(V) on [a,b].

Proof. If V(b) = 0, then « is constant and the result is trivial. So we assume
that V(b) > 0. Let M = sup{|f(z)| : € [a,b]}. We need verify that f satisfies
Riemann’s condition with respect to V.

Given € > 0, choose P, so that for any partition P finer than P, and all choices
of points t; and t} in [xy_1,xx], we have

n

> (f(tk) — f(t) Aoy

k=1
where Aoy = a(xg) — a(xg_1) for all 1 < k <n. Let

€ " €
< 1 and V(b) <I;|AO£]€|+W,

R = sup {Z(f(fk) — f(t)Aay i, 1), € [p—1, 2], 1 <k < n}
k=1
Note that

n

> (M(f) = mal )| D] = R < 5.

k=1
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Indeed, it is clear that lefthand side is bigger than or equal to R. On the other hand,
let A={k:Aay >0} and B = {k: Aaj, < 0}. Given ty,t, in [zy_1, x| we have

n

D (Ftr) = FED Akl <D (F(t) — F(t) Ao + D> (f( te)) Aoy
k=1 keA keB
<D () = () Ao+ > (£( tx)Aay| < R
keA keB

Since ty, 1) are arbitrary points in [z;_1,zx], we have

n

> (M(f) = mal ) dex] < R < .

k=1
On the other hand,

n

D (Mi(f) = mi(£)(AVi — [Aag]) < 2MZ (AVy — [Aay])

k=1 k=1

Hence
n

ST (Mi(f) = mi(f)| AV < e

k=1
It follows that f satisfies Riemann’s condition and f € R(V).
Conversely, suppose that f € R(V) and let oy = (V 4+ ), aa = (V — ). For any
z <y in [a,b] we get

n
a1 (y)—ar(z) = sup > Alale)) — a(zj)] + (a(z;) — alz;-1)}
r=rp<r1<-<Tpn=y,n€EN =1
n
= 2sup —a(mj_l))+:x:x0<x1<---<xn:y,n€N
]:1
n
sup Z! i) —a(zj—)]| e =z <x1 < - <xp=y,nEN
j=1
Vi(y) = V(z

Hence U(f, P,a1) — L(f, Pyan) < 2(U(f,P,V) — L(f, P,V)) for any partition of P
of [a,b]. This shows that f € V(a1) and, similarly we have f € V(a2). Therefore,
f € V(aq 4+ ag) by Proposition 2.2. d



460 JooNG KwWOEN LEE & HAN JU LEE

If f € R(a) and « is of bounded variation on [a,b], then f € R(V) on [a,b].
So f € RV —a) and f € R(V + «). Conversely, if f € R(V — «a) and f €
R(V + ), then f € R(a) since 2a = (V + a) — (V — «). So the theory of Rieman-
Stieltjes interation for integrators of bounded variation can be reduced to the case
of increasing integrators.

The following two theorems are useful later. For detailed proof, see [1].

Theorem 2.11. Assume that bounded functions f,g € R(«) on [a,b], where « is
monotone increasing on |a,b]. Let F(z) = [ fda and G(z) = [ gda for x € [a,b].
Then f € R(G) and g € R(F') and we have

/abfgda:/abfdG:/abng.

Theorem 2.12. If f is continuous on [a,b] and if a is of bounded variation on
[a,b], then f € R(a) on [a,b].

Now we get the basic inequality for Riemann-Stieltjes integrals.

Theorem 2.13. If a is of bounded variation on [a,b] and f € R(«a), then both f
and |f| € R(V(«a)). Moreover, we have

/abfda

Proof. By Theorem 2.10, f € R(«) if and only if f € R(V(«)). It is shown in [1]
that if f € R(V(«)), then |f] € R(V(«)). It is enough to show that

/abfda

Given € > 0, choose P, so that for any partition P finer than P. and all choices

b
< / F@)dV(a) < sup |f(2)|V()((a,b]).

z€[a,b]

b
< / F(@)]dV (a).

of points t; and ¢} in [zy_1,x%], we have

<€

n b
>~ ft)(a(en) -~ alm) - [ fda
k=1 a

and

n

b
STV (@) (@x) — Via) (k1)) - / ldV(a)

k=1

< €.
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So
b n
fdal <Y 1f ) la(zr) — alzg—1)| + €
a k=1
< D IFENV(e)(zr) = V() (zp-1)| + €
k=1
< Dl V(e)(@e) = V(a)(@p—1) + €
k=1
b
< |f]dV (a) + 2e.
Since € > 0 is arbitrary, we get the desired result. O

3. INCREASING FUNCTIONS AND ITS REPRESENTING MEASURES

Recall the following useful theorem, which demonstrates that every Borel measure
on R that is finite on all compact subsets can be obtained from a right-continuous,

monotone increasing function on R. For the proof, see [2].

Theorem 3.1. If o : R — R is any increasing, right-continuous function, there is

a unique Borel measure puo on R such that

ta((a,b]) = a(b) — afa)
for any a,b. If B is another such function, we have po = pg if « — 3 is constant.
Conversely, if p is a Borel measure on R that is finite on all compact subsets and
we define
p((0,2])  if x>0,
afx) =<0 if x =0,
—pu((x,0] if 2 <0,

then a s increasing and right-continuous and p = [iq,.

The completion of u, is called the Lebesgue-Stieltjes measure associated to «,
which will be denoted by . Note that the completion of Borel o-algebra Br with
respect to pq is typicallty larger than Bg.

Now it is natural question to ask whether the Riemann-Stieltjes integral [ fda
is equal to [ fdue for every Riemann-Stieltjes integrable function f when « is a
monotone increasing function. This fact will be established in Theorem 4.5. To

prove this, we first observe that the Riemann-Stieltjes integrals induce bounded
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linear functionals on the space C([a, b]) of all complex-valued continuous functions on
a compact interval [a, b]. Consequently, we expect that the induced Radon measure
1 associated to the linear functional is equal to the Lebesgue-Stieltjes measure p,,

and so we get

Maz/fwa
[a,b]

for every f € C([a.b]). Let’s examine these observations carefully.

Let « be a function of bounded variation on [a,b]. We assume that « is defined
on R by defining a(z) = a(a) if z < @ and a(z) = a(b) if > b. If a right limit of a
function f exists at a, we use the notation f(a+) = limgy_,q+ f(z). Similarly, f(a—)
is defined as the left limit. Given a function f on a domain A, we define the sup

norm || f||co as follows:

[flloo = sup{[f(x)[ : = € A}.

Theorem 3.2. Let « be a function of bounded variation on [a,b]. Then there is a

unique real-valued Borel measure p on R such that for every f € C([a,b]),

b
[ da=[ pn
a [a,b]

In particular, v is the unique real-valued Borel measure satisfying, for p < q,
u((p,q]) = alg+) — a(p+).

Proof. Every continuous function f on [a,b] is Riemann-Stieltjes integrable and

/fda

is a bounded linear functional on C[a,b]. By Proposition 2.13, |I(f)| < || f]lecVa(b),
where V,(z) is the total variation of a on [a,z], where a < x < b. By the Riesz
representation theorem, there is a real-valued Borel regular measure g such that

= [ fdu for every f € Cla,b]. For each Borel subset E of R, v(E) = p([a,b|NE)
is an extension of pu. So we use this extension and assume that p is defined on R
and |p|(R\ [a,b]) = 0. By the integration by parts, a is Riemann integrable with
respect to f € C([a,b]) and we get

b
Hﬂz—/aw+ﬂwww¢mmw.

Suppose that a < s, < s <t < t, < b and let f,(t) be the piecewise linear
function such that f,(z) = 1 on [s,t] and 0 on the outside of [s,,t,]. Note that
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— J7 gale)dz, where ga(z) = 0 on [, 5] U[s, U [tn, b, 9(2) = =L on (sn, 5)
and g( ) = L on (t,t,). Then, by Theorem 2.11

/ab fader == /ab adfn = — /aba($)9n(x)dx.

So if s, — s and t,, — t, then

b
(s t) =tim [ fudp =tim [ fd

1 s 1 tn
— lim ( —
im < pa—— /Sn a(z)dr + P— /t oz(z:)da:)

Letting s — a, we get

pl(a,t]) = a(t+) — alat).
Ifa<t<t, <b,letlet f,(t) be the piecewise linear function such that f,,(x) =1

on [a,t] and 0 on the outside of [a,t,]. Note that f,(z) = 1+ [7 g,(x)dz, where

gn(x) =0 on [a,t] U [ty,b], and g(z) = % on (t,t,).

Then by Theorem 2.3 and Theorem 2.11, we have

/ab foda = — /ab adfy, — afa) = — /ab a(x)gn(z)dz — a(a).

So if t,, — ¢, then

b
p(la, t]) = ligln/fnduz 1i7rln/ fnda

= hrrln <tn1_ ; / ' oz(x)dac) —a(a)
a(t+) — a(a).
Since p([a,b]) = [ 1lda = a(b) — a(a) = a(b+) — a(a—), we have u((¢,b]) = a(b) —

a(t+). Therefore, we get pu((s,t]) = a(t+) — a(s+) for all s,t € R with s <t and p
is determined by the right-continuous function a(t+) (¢t € R).

Note that v is another real-valued Borel measure such that u((s,t]) = v((s,t]) for
all s < t. Since {F : u(F) = v(E), E is Borel} is o-algebra containing the intervals
(s,t], it is the Borel o-algebra. This proves the uniqueness of p and the proof is
done. O

The real-valued Borel regular measure y induced from the functional f +— f; fda

is called the representing measure for a. It will be denoted by p,. Recall that
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«a = a1 — ag, where a; are bounded monotone increasing functions. So for each 4,

there is the Lebesgue-Stieltjes measure p; such that
1i((s,1]) = ai(t+) — ais+)

for all s <t in R by Theorem 3.1. Hence puq = 1 — p2.

Corollary 3.3. Let «, 3 be functions of bounded variation [a,b]. Then the following
are equivalent:

(1) [P fda = [? fdB for all f € Cla,b).
(2) There is a constant ¢ such that B(t+) = a(t+) + ¢ for all t € R.

Corollary 3.4. If i is a real-valued Borel measure on [a,b] and the function 3 on

R, defined by
w(la,t]) t=>a
t) =
) {O t<a,
then p = pg.

Note that a function « : [a,b] — C is said to be of bounded variation on [a, b] if
and only if its real and complex parts are of bounded variation on [a, b]. It is easy
to see that Theorem 3.2 can be extended to complex-valued functions of bounded
variation. The complex-valued Borel regular measure p,, is called the representing
measure of BV «. There is a connection between the space of functions of bounded
variations (in short, BV) and the space of complex Borel measures on R. Recall the
space NBV (N stands for “normalized”.) defined by

NBV = {f € BV : f is right continuous and f(—oc) = 0}.

Given a function f : [a,b] — C, we extend it to R by defining f(z) = f(a) for
x <aand f(x) = f(b) for x > b. let V/(f)(t) = V() be the total variation of f on
(—o0, t]. Suppose that M([a,b]) be the set of complex-valued Borel regular measures
on R such that |u|(\]a,b]) = 0. It is a Banach space with the total variation norm.
Let NBV{a,b] be the set of complex-valued functions « of bounded variation on
a compact interval [a,b]. That is, a is BV on R, Vy(a—) = 0, Va(x) = V4(b) for
all x > b and « is right-continuous. The following theorem shows that the total
variation is the norm on NBV ([a,b]) and NBV ([a, b]) is isometrically isomorphic to
M([a, B).

Corollary 3.5. Let NBV ([a,b]) be the set of complez-valued functions a of bounded
variation on a compact interval [a,b]. That is, Vy(a—) = 0, Vo (b) = Va(x) for all
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x > b and « is right-continuous. Suppose that M([a,b]) be the set of complex-
valued Borel regular measures on R with |p|(R \ [a,b]) = 0. Then the mapping
U : M([a,b]) — NBV([a,b]), defined by

U(u)(t) = {N([%ﬂ) t>a

0 t <a,

s a surjective isometric isomorphism. In fact, the restricted measure M|[a,t} of u to

Borel o-algebra on [a,t] corresponds to the restricted function W(u)|(q, so
V(@ (p)(t) = |ul(la, ])

for allt € [a,b].

Proof. 1t is clear that W is a linear surjective isomorphism by Theorem 3.2. Let a be

a function of bounded variation on [a,b] and let ¥~!(a) = . For each f € Cla, b]
with || f|| < 1, we have
b
/ fda

Hence [|iqa] < V(a)(b). Conversely, if a =tg < t; < --- < t, = b, then

fdpa
[a,b]

<

< [ fllocV () (b).

D lalty) —alti-)l =Y lual(t-1, )] < |pal (la,])
j=1

j—1
Hence V(a)(b) < ||pal|- Hence the proof is done.

Given t € (a,b], let v, be the Borel regular complex measure such that

t
/ fdo = / Fdve.
a [a,t]

Then v4([a,s]) = a(s) — ala) = pa(la,s]) for all @ < s < t. Hence v,(E) =
to(E Na,t]) for all Borel set E € [a,t] and V(a)(t) = ||vall = |tal([a, t]). O

Since M ([a.b]) = C([a,b])*, the total variation norm in M ([a,b]) is complete,

hence we get the following result:

Corollary 3.6. Let NBV ([a,b]) be the set of complez-valued functions a of bounded
variation on a compact interval [a,b] such that V(a)(a—) = 0, V(a)(xz) = V(a)(b)
for all x > b and « is right-continuous. Then the total variation V(a)(b) (a €
NBV ([a,b]) is a complete norm.
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There is a connection between BV and the space of complex Borel meausres on
R. Recall the space NBV (N stands for “normalized”.) defined by

NBV = {f € BV : f is right continuous and f(—oc) = 0}.

Since [0, 1] is homeomorphic to the extended real number system R, so NBV
is isometrically isomorphic to the subspace NBVj([0,1]) of NBV([0,1]) consists of
a € NBV([0,1]) with a(0) = 0 and we get the following from Corollary 3.5.

Corollary 3.7. Let NBV be the set of complex-valued functions o of bounded vari-
ation on R such that limy—,_oo a(t) = 0 and « is right-continuous. Suppose that
M(R) be the set of complex-valued Borel reqular measures on R. Then the mapping
U : M(R) — NBV, defined by V(u)(t) = p((—oo,t]) for all t € R, is a surjec-
tive isometric isomorphism. In fact, the restricted measure M’(—oo,t] of i to Borel

o-algebra on (—oo,t] corresponds to the restricted function W(iu)|(—oo 4, SO

V(W () (t) = [l ((—o0,1])
for allt e R.

A complex Borel measure p on R™ is called discrete if there is a countable set
{z;} C R™ and complex numbers ¢; such that » . [c;| < oo and u =}, ¢;dy;, where
0 is the point mass at x. On the other hand, p is called continuous if u({z}) =0
for all x € R™. Any complex measure p can be written uniquely as g = pg + pe,
where p4 is discrete and pi. is continuous. Indeed, let £ = {z : u({z}) # 0} for all
x € R™. Then for any countable subset F' of I, the series ) _p pu({r}) converges
absolutely to p(F) and the set {z : |u({z})| > 1/k} is finite for all k. It follows
that E is countable. Hence puq(A) = p(A N E) is discrete and p.(A) = p(A\ E) is
continuous.

If 1 is discrete, then v 1 m, where m is the Lebesgue measure and if u < m, then

 is continuous. Thus any (regular) complex Borel measure of R can be uniquely

B = pfd + Hac T Hsc,

where pg is discrete, g is absolutely continuous with respect to m, and pse is
singular continuous measure that is ps. is continuous but ps. L m.
Now we decompose a monotone increasing function to its jump part and its

continuous part.
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Let 7 : [a,b] — R be an increasing function such that there is a sequence {xy} €
la, b] such that v = >"77 | Ji(v), where

0 if v < g
Je(M() = ¢ v(@e) —y(2p—)  ifa=az,
Y(zk+) —y(xp—) if x> xp.
where right limit (resp. left limit) can be regarded as the right limit (resp. left limit)
of extended v to R by v(z) = g(a) if z < a and v(x) = g(b) if x > b. Note that

oo

Z(V(xj"‘) —v(zj—)) < v(b) —v(a) < co.
j=1

Such a 7 is called a monotone increasing function determined by jumps at {xy}.

Note that, in this case, the representing measure p., is discrete.

Theorem 3.8. Let f : R — R be a monotone increasing function. Then there
are two monotone increasing functions f., fq such that f. is continuous on R, fy is

determined by jumps of f and
f - fc + fd-

Proof. Let f : R — R be a monotone increasing function and D be the set of all
discontinuity points of f. Since Dy is countable, we may assume that Dy = {x}, :
k € I} for some countble set I and let

0 if v < g

Je(f)(@) = Ji(x) = § flaw) — flaw—)  ifz=ax

flzr+) — flag—) if x > xg.

So |Ji(x)| < f(zg+) — f(xg—) for all z € R. Note that for each a < b in R, we get
> (Flajt) = flw=) < f(b) = f(a) < oo
DyNlab]
Now define y(f) : R — R to be a monotone increasing function by
V(f) = Z I
kel

The Weierstrass M-test shows that J(f) converges uniformly on each compact inter-
val [a,b] in R. Hence we get Dy = D,,. Let g = f — Ji. Then clearly, g is monotone
increasing and g(x) = f(z) on (—o0,x) and g(z) = f(z) — (f(xx+) — f(zx—) on
(zk,00). So g is also monotone increasing on (x,00). Since

9(wx) = flor—) = g(zr—) = g(wx+),
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g is continuous at x; and g is monotone increasing on R. So the jump at zj is
removed by subtracting f by Ji and the resulting function f — J; is continuous
on (R\ D¢) U {z}}, monotone increasing on R. The same reasoning shows that
f—(Jg+ Jit1) = (9 — Jx) — Jg+1 is also monotone increasing and it is continuous
on (R\ Dy)U{xk, zx41}. Hence f—~(f) = lim,(f —>_7 Jx) is monotone increasing

and continuous on R. O

Let Dy be the set of all discontinuous points of f. Let p be the representing
measure for a monotone increasing function f. That is, p is the regular Borel
measure satisfying p((a,b]) = f(b+) — f(a+) for all real a < b. Then the set
{z : p({z}) # 0} is the set Ds. This observation leads to the following theorem.

Theorem 3.9. Let f : R — R be BV and let u be its representing measure. Then
the following hold:

a. The total variation function V' of f is represented by |p|.

b. The Jordan decompositions fi = £(V+f), fo = %(V—f) of f are represented
by u and p~, respectively.

c. Dy and Dy, are disjoint and Dy = Dy = Dy U Dy,.

Proof. Since |u| is the representing measure of V' (f), (a) and (b) hold. Dy = Dy is
proved by Lemma 2.9. Note that Dy, = {z € R: p"({z}) # 0} and Dy, = {z € R:
p=({z}) # 0} and p* L p~. Hence they are disjoint. Since |u| = pt + p~ and
{zeR:|ul({z}) #0} ={z eR: p" ({z}) 0} U{z € R: p~ ({z}) # O}
Therefore, we get Dy = Dy, U Dy,. 0

4. CRITERION FOR EXISTENCE OF RIEMANN-STIETJES INTEGRALS

Theorem 4.1. Let f : [a,b] — R be a bounded function. Let H(x) = limsup,_., f(x)
and h(xz) = liminf,_., f(x). Suppose that a is continuous, monotone increasing and
that u is its representing measure for a. Then H, h are Borel measurable and we

get
b b
©) [ f@da@) = [Hap, (L) [ f@)date) = [ hdn
Proof. For each partition P = {zg =a < --- < x, = b}, let

M; =sup{f(z):x € [xj_1,2;]} and m; = inf{f(z) : x € [x;_1,2,]}
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and put
Gp = Z Mj(f)X(:rjfl,zj]a gp = Z mj(f)X(xj,l,:pj}'
=1 j=1

Since p is continuous, we get U(f, P,a) = [ Gpdp and L(f, P, o) = [ gpdp.
Recall that

b
am/f@szgymﬁRw
and
b
(L) [ f)de =gt L(f, P.a),

where P ranges over all partions of [a, b]. By taking two sequences and taking their

refinements, there is a sequence {P,} such that

b
i U(f, Pova) = () [ f(a) du
and
b
lim L(/. Psa) = (L) [ (o) dn

We may assume that ||P,|| < 1/n and P,, C P,4; for every n. The sequence G,, =
G p, monotonically decreases and the sequence g, = gp, monotonically increases.
Let G = lim,, G,, and ¢g = lim,, gp,. So they are Borel measurable.

We claim that G = H a.e. [u]. Given € > 0, for each x € I = [a,b], there is
6, > 0 such that

sup  f(y) < H(x) +e.
ly—z|<dx,y€l

Since I is compact and {B(z, ;) }zer is an open cover of I, there is a finite subcover
{B(zj,0;)}jL, of I. Let 6 = min;d;. If 2/n <4, P, ={a =1ty <--- <1 =b} and
ifze [tjflvtj]y

sup{f(y) 1y € [xj—1,25]} < sup  f(y) < H(z) +e
ly—z|<dyel

Hence G,, < H(z) + € and G < H(z) + €. This holds for arbitrary e > 0, G < H.
On the other hand, H(z) < Gp(x) on each open subinterval (t;_i,t;) of P,. Let
T =, Pn, then H < G,, on I\ T for each n and pu(7T) =0. So, H < Gon I\ T.
Therefore G = H on I \T. Since T is countable, H is Borel measurable and G = H

p-a.e. The proof that g = h p-a.e. is similar to the previous case and we omit it. [J
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The following result is a generalization of Lebesgue’s criterion for the Riemann
integrability, where, if « is the identity fuunction, its representing measure is the

Lebesgue measure.

Theorem 4.2. Let f be a bounded function and o be a monotone increasing and
continuous function on [a,b] and let D be the set of discontinuity points of f. Then
f € R(«) in [a,b] if and only if D has p-measure zero, where u is the representing

measure for . In particular, f is p-measurable and we have
b
| #da= [ an
a

Proof. Note that f is continuous at z if and only if H(x) = h(x). Suppose that
u(D) =0. Then h = H = f p-a.e. since h < f < H. Hence

/f ) dos /f )da(a) = [ fd.

Hence f is Riemann-Stieltjes integrable and

/abfda:/fd,u.

On the other hand, f is Riemann-Stieltjes integrable, then

/(H —h)dp =0.
Hnece p(D) = 0. The proof is done. O

where [i is the completion of .

Now we need calculate the upper and lower Riemann-Stieltjes integrals with
respect to a monotone increasing function determined by jumps. To achieve this,
we need to introduce some basic concepts.

Let f be a function defined on [z, z+0) for some § > 0. We define its right-limsup
and right-liminf as follows:

Hy(z) = lim [sup{f(y) : & <y < 2 + 3}]
hy(z) = %in%) [inf{f(y):x <y <zx+d}.

Likewise, we define its left-limsup and left-liminf. Let f be a function defined on
(x — 9, z] for some § > 0 and let

H(z) = lim [sup{f(y) : 2 — 6 < y < «}]
hu(z) = lim [inf{f(y) : & — 0 <y < z}].
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Note that H;(z) = h(z) if and only if f(z—) exists and f(x—) = f(z). Similarly,
H,(x) = h,(z) if and only if f(z+) exists and f(z+) = f(x).

Theorem 4.3. Let f : [a,b] — R be a bounded function and v be a monotone

increasing function determined by jumps at {x}. Then

/ fy = ZH )0 (e1ct) = o)) + 3 Bl o) = (k)

/fdv—Zh vr) (Y(TR+) — v(7r) +th ) ( = (k=)

Proof. Let v, =Y p_y Ji(v). We will show that

n

b n
U)/ fdyn =Y He(zr) (y(wrt) — (@) + > Hi(zp) (y(wx) = v(ap—)).
@ 1

1
Leth:{a:s()<51<x1<t1<82<x2<t2<-~<sn<xn<tn<tn+1:
b} be a partition of [a, b], where max{t; —s; : 1 < j <n} < 1/m. Then,

U(f, Prm:n) Zsup{f € [wi ta]}(v(t:) — (i)

+ Z sup{f(z) : & € [si, z]} (7 (i) — 7(s1))-
i=1

For any partition @ of [a, b] we get

n

U (f,QU P, yn) = ) He(ww) (v(wat) = v(@w)) + D Hi(ww) (v(ax) —(2x—)).

So
b
v) / fdra < B U, Pan, ).

Given € > 0, there is a partition P of [a, b] such that
0P < ) [ garte

Then
U(f, PU Pos ) < U(S, P, ya) / fiy+ .

for all m. Hence lim,, U(f, PU Py, vn) < (U fa fdv + €. Since € > 0 is arbitrary,
lim,, U(f, PU Py, vn) < (U) f; fdv. The first proof is done.
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Let M = sup{|f(z) : € [a,b]}. Then we get
U(f, Poy) = U(f, Poyn)l = (U, Py = )l < D M(y(ait) = y(ax-))
k=n
for every partition of P. Given € > 0, there is N such that Y 22 v M (y(zx+) —

v(xk—)) < €. Then U(f, P,y — v,) < € for every partition P of [a,b] and for every
n > N. For each n > N, choose a partition P, such that

b
U(f, P ) < / fdm+ ¢ and U(f, P,y) < (U) / fdy+c.
If n > N, then

b
v) / F(@)dy < U(f, Pasy) < Uy Pay ) + €
b
<) / Fdm + 2
b
fd’}/ Z U(f7Pn7/7) —€> U(f,Pn,’)/n) — 2e¢

b
> U)/ fdy, — 3¢

0 | " iy = tim(©) / ’ fa

and we get the desired result. The proof on the lower Riemann-Stieltjes integral is

Hence

similar and we omit the proof. O

Theorem 4.4. Given a monotone increasing function o : [a,b] — R, let {z}} be the
set of discontinuity points of a.. Then 3 = o — > 22 Ji(«) is monotone increasing
and continuous. Let v =7~ Jp(a). Then

U)/bfdaz(U)/bfdﬂJr(U)/bfdv
/fda— /de+ /fd’y

In particular, f € R(«) in [a,b] if and only if f € R(5) and f € R(y)

Proof. U(f,P,a) = U(f, P, ) + U(f, P,y) > (U) [° fdB + (U) [’ fdvy and

U)/abfdaz(U)/abfd,b’Jr(U)/abfdfy.
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On the other hand, if P and @ are partitions of [a, b],

b
U)/ fda <U(f,PUQ.a) = U(f,PUQ.A) + U(f.PUQ,7)
<U(f,P,5) + U(f.Q.7).

U)/abfda<(U)/abfdﬁJr(U)/abfdv-

In summary, we get the following result:

So we get

Theorem 4.5 (Criterion for Riemann-Stieltjes integrability). Let f be a bounded
function and « be a nondecreasing function on [a,b] with discontinuity points {xy}.
Let i be the representing measure of a and i be the completion of p. Suppose
that . be the representing measure of the continuous part of o and D be the set
of discontinuity points of f. Then f € R(a) in [a,b] if and only if (i) p.(D) =0
(it) f(x+) exists and f(x+) = f(x) whenever a(x+) — a(x) > 0 and f(x—) exists
and f(z—) = f(x) whenever a(x) — a(x—) > 0. In particular, if f € R(«), f is

p-measurable and

/fda—/fduc+2fmk a(oct) — am=) = [ i

Theorem 4.5 is presented in [3], and a more direct proof is provided in [4]. The
proof given here differs somewhat from these two proofs, as it is derived from the
comprehensive description of the upper and lower Riemann-Stieltjes integrals.

The following result is proved in [4]. Here we provide an alternative proof based

on measure theory.

Proposition 4.6. Let f be a bounded function. Suppose that D is the set of dis-
continuity points of f and D, is the set of discontinuities of . Then p.(D) = 0 if

and only if, given € > 0, there is a (finite or countable) sequence of open intervals
{(ag,br)} in R such that D\ Do C U, (ak, by) and
> (a(br) — alar)) <e.
k

Proof. (Sufficiency) Let  be the continuous part of a. Then The condition is
satisfied with § and it means that p.(D \ Do) = pc(D) = 0 by the outer regularity
of .
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(Necessity) Suppose that p.(D) = u(D \ Da) = 0. Then there is an open set V'
in R such that D\ D, C V such that (V) < e. Since V is an open set in R, let
V =52, (aj,b;) as the union of disjoint open intervals. So

[e.9]

p(V) = (albj—) — ala;j+)) < e
j=1
Note that given (s,t) C R, chosose a sequence s, < t, such that {s,} decreasingly
converges to s, {t,} increasingly converges to ¢t and s,,t, € R\ (DU D,,) for all n,
where « is regarded as a function in R by extension.
Then Y52, (a(ty + 1) — alta)) = a(b—) — a(tr) and X2, (a(sn) — a(ss1) =
a(s1) — a(a+). Hence

[e.e]

a(b=) —alat) = Y (altnr) — alte)) + alt) — alsi) + i(a(sn) —a(sni1)).
n=1 n=1
So there is a set A = {s, :n > 1} U{t, : n > 1} C (s,t) \ (DU D,) such that
p#(A) =0 and
(s,t) \ A= G(xn—&-lwxn) U (z1,91) U G (Yn, Yn+1)-

j=1 n=
For each interval j, there is a countable set A; C (a;,b;) \ (D U D) such that

(aj,b;) \ Aj = [j (@), bjik)

k=1

as the union of disjoint open intervals,
Aj:{aj7k:k321}U{bj7k:k21}
and p(A;) =0. So

Oé(bj—) _a(aj+) :M((aj7bj)) :M((ajv Z a’jk -« ]k))
k=1
So we get
D\D C V\D \UA_UUa]k’]k
j=1k=1
where (a;1,b;)’s are disjoint open 1ntervals.

u(V\ Do) = u(VA D)\ [J A7) =D D (af a(bjr)) <e
i

k=1 j=1
So we get the desired result. O
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Now we conclude with an alternative proof of Theorem 2.10, based on a criterion

of Riemann-Stieltjes integrability (Theorem 4.5) and measure theory.

Theorem 4.7. Let f : [a,b] — R be a bounded function and « be in BV [a,b]. Then
f € R(a) if and only if f € R(V), where V.=V (a) is the total variation function

of a.

Proof. Now we give another proof based on the measure theory. For the direct proof,
see the proof of Theorem 2.10. Let u be the representing measure of . Then |u]
is the representing measure of V. Then the positive part p*, and the negative part
i~ of p are representing measures of oy = 1(V + f) and as = 3(V — f). Given a
function g, let D, be the set of all discontinuities of g. Then Dy = D,, U D,,, this
follows easily from the fact that Dy = {x : pg({x}) > 0} if g is monotone increasing
and p4 is the representing measure of g. Note also that Dy = D, by Theorem 2.9.
Let P and N be Borel sets such that P UN = [a,b] and u*(E) = u(E N P) and
p (E) = uw(EN N) for every Borel set E. Hence D,, C P and D,, C N. Since
/€ ROV), u|(Dy\ Dy) = 0.

N+(Df \ Dal) = N+((Df \ (Dal U D012) U (Df N Daz) \Dal)
= u*(Dy\ Dy) < |u|/(Dy \ Dy) =0.
Similarly, 4= (D\ Da,) = 0. Suppose that o (z+) > a1(z), then V(z+) > V(x) and
so f(z+) exists and f(x+) = f(x). Similarly, if oy (z—) < a(z—), then f(x—) exists

and f(z—) = f(z). Therefore, f € R(a1). The same proof shows that f € R(«az).
Since o = 1 (c; — ), we get f € R(a) by Proposition 2.2. O
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