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LEFT AND RIGHT CORESIDUATED LATTICES

Ju-MOK OH

ABSTRACT. In this paper, we introduce the pairs of negations and pseudo t-conorms
on lattices. As a noncommutative sense, we define left and right coresiduated lattices
which are an algebraic structure to deal information systems. We investigate their
properties and construct them. Moreover, we give their examples.

1. INTRODUCTION

Ward et al. [15] introduced a complete residuated lattice as a generalization of
BL-algebras and left continuous t-norms [5, 6, 7]. Many researchers [1-3, 7-8, 15]
developed algebraic structures in complete residuated lattices as a formal tool to
deal information systems, fuzzy concepts and decision rules in the data analysis.
Moreover, Junsheung et al.[9] introduced a complete coresiduated lattice as the
generalization of t-conorm. Various fuzzy concept lattices on information systems
were studied in complete coresiduated lattices [10,13].

A non-commutative algebraic structure, Turunen [14] introduced a generalized
residuated lattice as a generalization of weak-pseudo-BL-algebras and left continuous
pseudo-t-norm [4, 5, 6].

In this paper, weak conditions of algebraic structure are needed to analyze large
data and divide them into small groups. We introduce left and right coresiduated
lattices as a noncommutative sense. We investigate their properties. Our purpose
is to create various coresiduated lattices with the pairs of negations and pseudo
t-conorms on lattices. As a main result, in Theorem 3.5, we show that if S is

a pseudo t-conorm with S(A;crzi,y) = N;er S(wi,y) and we define Ma(z,y) =

Received by the editors May 23, 2024. Revised October 13, 2024. Accepted October 22, 2024.

2020 Mathematics Subject Classification. 03E72, 54A40, 54B10.

Key words and phrases. pseudo t-conorms, pairs of negations, left (resp. right, generalized)
coresiduated lattices.

This work was supported by the Research Institute of Natural Science of Gangneung-Wonju
National University.

(© 2024 Korean Soc. Math. Educ.
387



388 Ju-MmOK OH

Nz € L| S(z,y) > =z}, then (L,V,A, S, Ma, L, T) is a right coresiduated lattice.
Moreover, if S is a pseudo t-conorm with S(z, A ;cr yj) = /\jc; S(z,y;) and we define
Mi(z,y) = N{z € L|S(y,z) > x}, then (L,V,A, S, My, L, T) is a left coresiduated
lattice. We give their examples.

In Theorem 3.9, we can obtain generalized (resp. left, right) left and right coresid-
uated lattices from the pairs of negations and pseudo t-conorms on lattices. We

construct them.

2. PRELIMINARIES

In this paper, we assume that (L,V,A, L, T) is a lattice with a bottom element

1 and a top element T instead of [0, 1]. Moreover, we denote \/ and /\ if they exist.

Definition 2.1 ([4, 5]). A map S : L x L — L is called a pseudo t-conorm if it
satisfies the following conditions:

(S1) S(z,S(y,2)) = S(S(z,y), 2) for all z,y,z € L,

(S2) If y < 2z, S(x,y) < S(z,2) and S(y,z) < S(z,x),

(S3) S(z,L)=S8(L,z) ==.

A pseudo t-conorm is called a t-conorm if S(z,y) = S(y,z) for z,y € L.

Definition 2.2 ([4, 5]). A pair (n1,n2) with maps n; : L — L is called a pair of
negations if it satisfies the following conditions:

(N1) ny(T) = L,n;(L) =T for all i € {1,2}.

(N2) ni(x) > ni(y) for z <y and i € {1,2}.

(N3) ni(na2(z)) = na(ni(z)) = x for all x € L.

3. LEFT AND RIGHT CORESIDUATED LATTICES

Definition 3.1. A structure (L,V, A, S, My, L, T) is called a left coresiduated lattice
if it satisfies the following conditions:

(C) S is a pseudo t-conorm,

(LC) S(z,y) > z iff y > My(z,z) for z,y,z € L.

A structure (L, V, A, S, My, L, T) is called a right coresiduated lattice if it satisfies
(C) and

(RC) S(z,y) > z iff & > Ms(z,y), for x,y,z € L.
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A structure (L,V, A, S, My, My, 1, T) is called a generalized coresiduated lattice

if it is a left and right coresiduated lattice.

Theorem 3.2. Let (L,V,N\,S, My, L, T) be a left coresiduated lattice. For each
x,Y, 2, i, Y; € L, the following properties are hold.

(1) S(y, Mi(z,y)) = = and S(Mi(x,y),2) = My (S(x, 2),y).

(2) If y < z, then Mi(z,2z) < Mi(z,y) and Mi(y,z) < My(z,z).

(3) S(@, Nier %) = Nier S(, %i)

(4) Mi(z, Nier ¥i) = Vier Ma(z,yi)- If S(Nier @i, y) = Nier S(@4,9), the equal-
ity holds.

(5) Mi(Vier #i:y) = Vier Mi(zi,y).

6) Mi(z, Vier ¥i) < Nier Mi(z, i) and Mi(Nier %3, y) < Njer Ma(@i, y).

7) My(Mi(z,y),2) = Mi(x,S(y, 2)).

Proof. (1) Since My (z,y) > Mi(z,y), by (LC), S(y, M1(z,y)) > =. Since
S(y, S(My (2, ), 2)) = S(S(y, My(2,)), 2) > S(z, 2),
by (LC), S(My(2,y),2) = Mi(S(z, 2), y)-
(2) Since = < S(y, Mi(z,y)) < S(z,Mi(x,y)), Mi(x,z) < M(z,y). Since
S(x, Mi(z,2)) > z from (1), y < z < S(x, Mi(z,x)). By (LC), Mi1(y,z) < Mi(z,z).
(3) By (82), S(5, Arer i) < Aser S ). Since Arer S(,5) < S(,y1), by
(LC), Mi(Ajer S(x,9i),xz) < y; implies Mi(A;cr S(2,v:),2) < Njeryi- Hence
Nier S(@,yi) < S(@, Njer i)- Thus Njep S(@, yi) = S(@, Njer i)-
(4) By (2), Mi(z Aver ) > Vier Mio i) T S(Aier 608) = Aser S 1),
then
S(/\ier Yi, \/ief‘ My (z,y;)) = /\iel“ S(yi, \/z’ef‘ My (z,y;))
> Nier S(wi, Mi(z, ;) > .
Hence Ve Mi (2, 31) = Mi(w, Aer )
(5) By (2), Mi(Vier #2-9) > Vier Ma(zi,y). Sinee
S, Vier Mi(zi,y)) = Vier Sy, Mi(zi,y)) = Viep i,
Vier Mi(zi,y) = Mi(Vier iy y)-
(6) By (2), they are easily proved.



390 Ju-MmOK OH

(7) For each z,y,z € X,
S(y, S(z, Mi(z,5(y,2)))) = S(S(y
iff S(z, Mi(x,S(y,2))) > Mi(x,y)
iff My(x,5(y, 2)) = Mi(Mi(z,y), 2)-
Since S(5(y, 2), Mi(Mi(x,y), 2)) = S(y, S(z, Mi(Mi(x,y), 2))) = S(y, Mi(x,y)) >
x, My(Mi(x,y),z) > Mi(z,S(y, z)). Hence My(Mi(x,y),z) = Mi(z,S(y, 2)).
(8) Since S(S(z, M1(y, 2)), Mi(x,y)) > S(y, M1(z,y)) > =, S(M;(y, z), M1(x,y)) >
M (x, z).
(9) Since S(S(y, z), M1(z,2)) = S(y, S(z, M1(z,2))) > S(y, 2),
Mi(z,2) > Mi(S(3,2), 53, 2)).
(10) Since S(Mi1(y, 2z), Mi(x,y)) > Mi(z, z), Mi(x,y) > M; (M ( ) M (y, 2)).
(11) Since S(z, L) = z, by (LC), Mi(z,z) < L. Then M;(x,
(12) Let My(z,y) = L. Then y = S(y, L) = S(y, Mi(z,y)) > x. Thus z < y.
If x <y, then M;(z,y) < Mi(y,y) = L. Thus M;(z,y) = L.

Z)’ Ml(xv S(ya Z))) 2T

\_/\_/

0

Corollary 3.3. Let (L,V,N,S, My, L, T) be a right coresiduated lattice. For each
x,Y, 2, i, Y; € L, the following properties are hold.
(1) If y < z, then My(z,z) < Ma(z,y) and Ma(y, z) < Ma(z,x).
(2) S(Ma(z,y),y) > = and S(z, Mz(y, 2)) = Ma(S(z,y), 2).
(3) S(/\ieF T, y) = /\ieF S(zi,y)-
(4) Moz, Nier ¥i) = Vier Ma(z,y3). If S(z, Nier ¥i) = Nier S(@, i), the equal-
ity holds.
(5) MQ(\/ieF Ti,y) = \/ieI‘ Ma(xi,y).
(6) Ma(@, Vier ¥i) < Nier Ma(z, yi) and Ma(Nier zi,y) < Njer Ma(@i, y).
(7) Ma(z,5(y, 2)) = Ma(Ma(z, 2), y).
(8) S(Ma(z,y), Ma2(y, 2)) = Ma(z, z).
(9) My(z,2) > Ma(S(x,y),5(2,y)).
(10 z,y) 2 Ma(Ma(z,z), Ma(y, 2)).
(
(

12) & <y iff Ma(z,y) = L.

Theorem 3.4. Let (L,V,A, S, My, Ms, L, T) be a generalized coresiduated lattice.
For each x,y, z € L, the following properties (1) and (2) are hold.

(1) Mi(Ma(z,y),2) = Ma(Mi(z,2),y).

(2) Mi(y, z) = Ma(My(x,2), Mi(z,y)) and My(y,z) > My(My(z, 2), Ma(z,y))-
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Let (n1,n2) be a pair of negations defined as ni(x) = Mi(T,x) and na(z) =
M (T, x) for each x € X. the following properties (3)-(6) are hold.

(3) Ma(z,y) = Mi(n2(y),n2(x)) and Mi(z,y) = Ma(ni(y), ni(z)) for each z,y €
X.

(4) n1(S(y, 2)) = Mi(n1(y), z). Moreover, ni(S(y, z)) = Ma(na(z),y)

and no(Mi(z,y)) = S(na(z),y) for each z,y,z € X.

(5) Mi(xz, L) = My(z, L) ==z for each x € X.

(6) For each k = 1,2, ng(Nier i) = Viep n(2i) and ng(Vier i) = ni(Njer 2:)
for each x; € X.

Proof. (1) Since
S(z, S(My(Ma(x,y), 2),y)) = S(S(z, Mi(Ma(z,y), 2)), y)
> S(Ma(z,y),y) = x,
by (LC), S(Mi(Ma(x,y), z),y) > Mi(z,z). Thus My(Ma(z,y),2) > Ma(Mi(z,2),y).
Since S(S(z, S(Ma(Mi(x, 2),y)),y) =5(2, S(Ma(Mi(2, 2), ), y)) = 5( ;
>, S(z, Ma(Mi(z,2),y)) > Ma(x,y). Thus May(Mi(z,2),y) > My (Ma(z,y), 2).

(2) Since S(My(y, z), Mi(x,y)) = Mi(x, 2), Mi(y,z) = Ma(My(z, z), Mi(z,y))
Since S(Ma(x,y), Ma(y, 2)) = Ma(x, 2), Ma(y, z) = My (Ma(z, 2), Ma(z,y)).
(3) By (2), Ma(z,y) = Mi(Ma(T,y), Ma(T,z)) = Mi(na(y),n2(z)). By (2)

M (z,y) > Ma(Mi(T,y), Mi(T,x)) = Ma(ni(y), n1(z)).
Moreover, My (z,y) = Mz(n1(n2(x)),n1(n2(y))) < Mi(n2(y), n2(x)) and M (z,y)
= Mi(n2(n1(x)), n2(n1(y))) < Ma(na(y), ni(z)).
Thus, Ma(z,y) = Mi(n2(y),n2(x)) and Mi(z,y) = Ma(n1(y), ni(x)).
(4) By Theorem 3.2(7), n1(S(y,2)) = Mi(T,S(y,2)) = Mi(Mi(T,y),z) =
M;i(n1(y), z). By Corollary 3.3(7), n1(S(y, z)) = Ma(T,
1(y,2), S(na(y

S(yvz)) = M2(M2(Taz)? )
= My(n2(z),y). Since n1(S(na(y), 2)) = M( ), z) = na(M(y, 2)).
(5) Since niMs(z, L) = S(L,ni(z)) = ni(x), Ma(x, L) = na(ni(My(z, L)) =
)

) =m
na(ny(z))==z. Since noMi(z, L)=S(n2(x), L) =na(z), M1(z, L) = ni(neMi(x,1)))
= ni(nz(z)) = .

(6) By Theorem 3.2(3,4) and Corollary 3.3(3,4), ni.(A; x:) = V,; nk(x;) for each
k=1,2. Since \; z; = na(n1(\\; zi)) = n2(V; m(@i)), A\; n2(@i) = na(V,; ni(n2(z:)))

= na(V, z;). Other cases are similarly proved.
U

Theorem 3.5. Let (L,V,A, T,L) be a bounded lattice and S : L x L — L be a

pseudo t-conorm.
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(1) If S(z, Njes vi) = Njes S(z,y;) for each {y;}jes. then the following state-
ments (a), (b) and (c) are equivalent.

(a) Ify < z, then My (y,z) < Mi(z,x). Moreover, for allx,y € L, S(z, Mi(y,z)) >
y and y > Mi(S(z,y),z).

(b) Mi(z,y) = N{z € L[5y, 2) = z}.

(¢) S(y,z) >z iff z> My (z,y).

(2) If S(Nicr ®isy) = Nier S(xi,y) for each {x;i}icr, then (e), (f) and (g) are
equivalent.

(e) Ify < z, then Ma(y,x) < Ma(z,x). Moreover, for allxz,y € L, S(My(y,z),x)>
y and x > Ma(S(z,v),y).

(f) Ma(z,y) = N{z € L|S(z,y) = a}.

(g) S(z,y) >z iff 2 > Ma(z,y).

Proof. (1) (a) = (b). Put P(z,y) = AN{z € L | S(y,z) > z}. By (a), since
S(y, My(z,y)) 2 z, P(z,y) < Mi(z,y).

Suppose there exist z,y € L such that P(z,y) 2 Mi(z,y). Then there exists
z € L such that z 2 My(x,y) and S(y,z) > x. By (a),

z 2 Ml(S(y7 Z),y) > Ml(x7y>'

It is a contradiction. Hence P(z,y) > Mi(z,y).

(b) = (c). Let S(y,2z) > x. Then z > M;(z,y).

If Mi(z,y) < z, then S(y,z) > S(y, Mi(z,y)) = S(w.N\{z1 € L | S(y,21) =
2}) = AS(y, =) > =

(c) = (a). Since S(y, z) < S(y,z), M1(S(y, 2),y) < z. Since M;(y,x) < Mi(y,x),
S(x, M1(y,z)) >y. Ify >z, S(x, M1(y,z)) >y > z. Hence My(y,z) > Mi(z,z).

(2) (@) = (). Put Q(z,9) = A{= € L| S(2,9) > z}. By (d), since S(Ms(z,y), 9)
>z, Q(x,y) < Ma(w,y).

Suppose there exist z,y € L such that Q(x,y) 2 Ma(x,y). Then there exists
z € L such that z ? Ms(x,y) and S(z,y) > z. By (d),

z > MQ(S(Z)y)ay) > MQ(x’y)'

It is a contradiction. Hence Q(z,y) > My (z,y).

(e) = (f). Let S(z,y) > =. Then z > My(z,y).

If Ma(x,y) < z, then S(z,y) > S(Ma(z,y),y) = S(A{z2 € L | S(22,y) > z}) =
N S(z2,y) > =
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(f) = (d). Since S(z,y) < S(z,y), M2(S(z,v),y) < z. Since Ma(y,x) < Ma(y,x),
S(Ma(y,x),z) >y. If y >z, S(Ma(y,z),x) >y > z. Hence Ma(y,x) > Ms(z,x).
O

From Theorem 3.5, we can obtain the following corollary.

Corollary 3.6. Let (L,V,N\, T,L) be a bounded lattice and S : L x L — L be a
pseudo t-conorm.

(1) If S(Nicrwi,y) = Nicr S(xiy) for each {xi}icr and we define Ma(z,y) =
N{ze€L|S(z,y) > x}, then (L,V,N\, S, Ma, L, T) is a right coresiduated lattice.

(2) If S(z, Njey vi) = Njes S(@,y;) for each {y;}jes and we define My : Lx L —
L as

Mi(z,y) = Nz € L| S(y,2) > ).

Then (L,V,N\, S, My, L, T) is a left coresiduated lattice.

Example 3.7. (1) Define a map S : [0,1] x [0,1] — [0, 1] as
1, ifz>04, y>07,
(o) = { Z0b

xVy, otherwise.

If S(z,y) =1, thenx =1 ory=1and z > 04,y > 0.7. Thus, S(S(z,y),2) =
1= 8(z,S(y,2))-

If S(z,y) <1and z > 0.4,z > 0.7, then S(S(z,y),2) =1 = 5(z,S(y, 2)).

If S(z,y) <land y < 0.7,z < 0.7, then S(S(z,y),2) = (xVy)Vz=aV(yVz) =
S(x,S(y,z)). Hence S(S(x,y),z) = S(x,S(y,z)) for each x,y,z € X. Moreover,
(S2) and (S3) are easily proved. Thus S is a pseudo t-conorm.

Since S(A;er i, y) = Nier S(xi,y), by Theorem 3.5, Ma(z,y) = A{z € [0,1] |
S(z,y) > x} such that

04, ifz>y, y>0.7,
My(z,y) = =, ife >y, y<0.7,
0, ifx <uy.
Moreover, M (z,y) = N{z € [0,1] | S(y,2) > =} such that
xcANO0.7, ifx>y, y>04,
Mi(z,y) = =, ife >y, y<04,
0, ifx <y.
Define ny,n9 : [0,1] — [0,1] as
0.7, if04<z<1,
ni(z) =M (1,z) =< 1, if x <04,
0, ifx=1.
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04, if0.7<z<]1,
no(z) = Ma(l,2) = ¢ 1, ifx < 0.7,
0, ife=1.
Since n2(n1(0.6)) = n2(0.7) = 0.4 # 0.6, (n1,n2) is not a pair of negations.
(2) Define a map S : [0,1] x [0,1] — [0, 1] as

1, ifx >0.4, y > 0.7,
xVy, otherwise.

(o) = {

By a similar way in (1), S is a pseudo t-conorm.
Since S(A xi,y) = A\ S(zi,y), Ma(z,y) = N{z € [0,1] | S(z,y) > x} such that

0.4, ifz>y, y>0.7,
My(z,y) = =, ifx >y, y<0.7,
0, ifx <uy.

By Theorem 3.5, (L,V, A, S, My, L, T) be a right coresiduated lattice.

It follows 1 = A, cn S(0.5,0.7+ 1) % S(0.5, A,y 0.7+ 1) = S(0.5,0.7) = 0.5V
0.7 = 0.7. Since M;(0.8,0.5) = A{z € [0,1] | S(0.5,2) > 0.8} = 0.7, M;(0.8,0.5) <
0.7 but S(0.5,0.7) = 0.7 * 0.8. Hence (L, V, A, S, My, L, T)is not a left coresiduated
lattice.

(3) Define a map S : [0,1] x [0,1] — [0, 1] as

1, ifex>04, y>0.7,
xVy, otherwise.

S(l‘,y)z{

By a similar way in (1), S is a pseudo t-conorm. Since S(z, Avyi) = A S(z,vi),
Mi(z,y) = N{z €10,1] | S(y,z) > =} such that

xANO0.7, ifx>y, y>04,
M1($7y): z, 1fx>y7 Z/§047
0, ifx <uy.

By Theorem 3.5, (L,V, A, S, My, L, T) is a left coresiduated lattice.

It follows 1 = A,cn S04+ 2,0.8) # S(A,cn 04+ 2,0.8) = 5(0.4,0.8) =
0.4 Vv 0.8 = 0.8. Since M>(0.9,0.8) = A{z € [0,1] | S(2,0.8) > 0.9} = 0.4,
M5(0.9,0.8) = 0.4 but S(0.4,0.8) = 0.8 * 0.9. Hence (L,V,A,S, My, L, T) is not a

right coresiduated lattice.

Theorem 3.8. Let (L,V,A, T, L) be a bounded lattice, S : L x L — L be a pseudo t-

conorm and (ny,mn2) a pair of negations. Fori = {1,...,4}, we define M; : LxXL — L
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as follows;
Mi(z,y) = n2S(n1(x),y), Ma(z,y) =n1S(y,na(x)),
Ms(z,y) =n2S(y,ni(z)), My(x,y) =n1S(n2(z),y),
Ms(z,y) = n2S(ni(z), nini(y)),
Me(z,y) = n1S(n2na(y), na(x)).

The the following properties are hold.

(1) For each y € Y, m(y) = Ma(l,y) = Ma(l,y) = Ms(1,y) and nao(y) =
Ml(lvy) = M3(1ay) = Mﬁ(lay)

(2) For each x,y,z € L,

Mi(Mi(SU’Z)ay) = Mi(I,S(y, Z))7i € {2’3}'

Moreover, let x <y iff M;(z,y) = L,i € {2,3}. Then (L,V,\,S,M;, L, T) is a left
coresiduated lattice such that S(z,y) > z iff v > M;(z,y),1 € {2,3}.
(3) For each z,y,z € L,

M;(M;(2,y),2) = Mj(z,S(y, 2)),j € {1,4}.

Moreover, let x <y iff Mj(x,y) = L,j € {1,4}. Then (L,V,N,S,M;,1,T) is a
right coresiduated lattice such that S(z,y) > z iff y > M;(z,x),j € {1,4}.

(4) Let x <y iff Ma(z,y) = L iff My(z,y) = L. Then (L,V,A, S, Mo, My, L, T)
is a generalized coresiduated lattice with Ma(1, M1(1,y)) = M1(1, Ma(1,y)) =y for
each y € L.

(5) Let x <y iff M3(z,y) = L iff My(z,y) = L. Then (L,V,A\, S, M3, My, L, T)
is a generalized coresiduated lattice with Ms(1, My(1,y)) = My(1, M3(1,y)) =y for
each y € L.

(6) Let x <y iff M3(z,y) = L iff My(z,y) = L. Then (L,V,N\, S, M3, My, L, T
is a generalized co-residuated lattice such that Ms(1, My(1,y)) = Mi(1, M3(1,y)) =
nana(y) for each y € L.

(7) Let x <y iff Ma(z,y) = L iff My(z,y) = L. Then (L,V,A\, S, Mo, My, L, T)
is a generalized co-residuated lattice with Mo (1, M4(1,y)) = Ma(1, M2(1,y))=nin1(y)
for each y € L.

(8) Let S(nini(z),nini(z)) = nini(S(x,y)) for each x,y € X. Then (Ma, Ms)

18 a pair with

My(Ms(x,z),y) = Ma(x,5(y, 2)),
MS(M5<‘T7y)7Z) = M5($,S(y,2)),
M2(1ﬂM4(17 )) - M4(17M2(17y)) =Y
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Moreover, let x < y iff Ma(z,y) = L iff M5(x,y) = L. Then (L,V,A,S, Ma, M5, L, T)
is a generalized coresiduated lattice such that S(z,y) > z iff x > Ma(z,y) iff
y > Ms(z,x).

(9) Let S(ngna(x),nana(y)) = nana(S(z,y)) for each x,y € X. Then (Mg, My)

1S a pair with

MG(Mﬁ('rvz)ay) = Mﬁ(xas(yvz))a
M4(M4($7y)7z) = M4($7S(yvz))>
Mﬁ(laM4(1>y)) = M4(17M6(1vy)) =Y

Moreover, let v < y iff My(z,y) = L iff Mg(z,y) = L. Then (L,V, A, S, Mg, My, L, T)
is a generalized coresiduated lattice such that S(x,y) > z iff € > Mg(z,y) iff
y > My(z,x).

Proof. (1) For each y € Y, M(1,y) = m1S(y,0) = ni(y) = My(l,y) = Ms(1,y) =
125(0,n1m1(y)). Other cases are similarly proved.
(2) For each z,y,2z € X,

Ma(Ma(w, 2),y) = Ma(n1(S(z,n2()),

)
= nls(ya S(Z,ng(l‘)) = n18(5<y72>7n2 )) = MQ(xa S(?/? Z)),

( Ms(z, z),y) = M3(na(S(z, n1(x)), y)
n25(y, S(z,n1(x)) = n2S(S(y, 2), m(x)) = Ms(x, S(y, 2))-
Since M;(z,S(z,y)) = L iff M;(M;(z,y),x) = L for each i € {2,3}, by Theorem
3.2(12), z < S(z,y)) iff M;(z,y) < x. Hence (L,V,A, S, M;, L, T) is a left coresidu-
ated lattice
(3) For each z,y,2z € X,

My(My(z,y), z) = Mi(n2(S(m(2),y), 2)
= n25(5(n1(2),y), z) = n2S(n(x), Sy, z)) = Mi(z, S(y, 2)),
My(My(z,y), z) = Ma(n1(S(n2(z),y), 2)
- nlS( ( ( )7 ) ) - mS(ng(sc),S(y, Z)) = M4(‘T7S(y7 Z))

Since Mj(z,S(z,y)) = L

rem 3.2(12), z < S(z,y))

coresiduated lattice.
(4),(5),(6) and (7) are easily proved from (1)-(3).

M;(M;(z,z),y) = L for each j € {1,4}, by Theo-

iff M,
iff Mj(z,z) <y. Hence (L,V,A,S,M;, L, T) is a right
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(8) It follows from

Ms5(M5(x,y), 2) = Ms(n2(S(n1(z), nini(y)), 2)
= n25(5(n (z), i (y)), i (2))
= naS(n1(z), S(nlnl( ;nini(z)))
(S(nima(y), i () = nan1 (S(y, 2))
= naS(ny(x),n1n1(S(y, 2))))
:M5($7 ( ,Z))
(9) It follows from
Me(Ms(z, 2),y) = Me(n1(S(nana(2), n2(z)), y)
= n15(n2na(y), S(nana(z), n2(z)))
= m15(5(n2na(y), nana(2)), na(z)))
(S(n2n2(y), nana(z)) = nana(S(y, 2)))

— nls(’ngng(S(y, Z))7 n2($))>
= Mﬁ(ma S(y7 Z))

O
Example 3.9. Put L = {(z,y) € R? | (0,1) < (z,y) < (2,3)} where (0,1) is the
bottom element and (2, 3) is the top element where
(z1,91) < (2,92) © y1 <y2 Or Y1 = Y2, 71 < Ta.

A map S: L x L — L is defined as

S((z1,91), (x2,92)) = (w2 + 192, Y192) A (2,3).

(1) (1) S(S((z1,y1), (z2,y2)), (x3,¥3)) = S((21, 1), S((x2,92), (73,y3))) from:

S(S((x1,y1), (¥2,2)), (73,93))
= S((x2 + z1y2, y192) A (2,3), (23, 93))
= (x3 + T2y3 + T1Y2y3, Y1y2y3) A (2,3).
S(<$17y1)7s((x27y2)7 (3737:93)))
= S((z1,91), (x3 + 22y3, y2y3) A (2,3))
= (z3 + T2y3 + T1Y2y3, Y1y2y3) A (2,3).

(S2) If (x1,y1) < (w2,y2), then y1 < yo or y1 = y2, 21 < x2. Thus

S((x1,91), (z3,93)) = (23 + 21Y3, Y19Y3) A (2, 3)
< (w3 + T2y3, y2y3) A (2,3) = S((w2,92), (23, y3))-

(S3) For each (x1,y1) € L,

S((x1,91),(0,1)) = (21,91) = S((0,1), (z1,91))-

Then S is a pseudo t-conorm but not t-conorm because

(272) = S((_172)7 (371)) # S((37 1)7 (_172)) = (572)'
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(2) We define a pair (n1,n2) as follows

nl(ajvy) = (2 - 7)’ ng(ﬂ?,y) = (
Then (n1,n2) is a pair of negations from:

ni(na(z,y)) = (2,9), n2(m(z,y)) = (2,9).

(3)
Mi((z1,91), (22, y2)) = n2S(n1(z1,11), (v2,92))

=n2S((2 -5, 2), (22, 92))

:((239;2;)111 +3x1 2y1 y1) (0,1),

Mi((=1,2), (=5 2)) (0 1), (=1,2) £(=5,2).

Ma((w1, 1), (22, y2)) = m1S((2, y2), n2(z1,41))

= n15((2,92), (552, 2))

= (2 290;,#7 Z;) (071)

M3((4,2),(3,2)) = (0,1), (4,2) £(3,2),
Ms((z1,91), (22, y2)) = n2S((x2,y2), n1(x1,41))
= npS((w2,y2), (2— 32, B)) = my(2 — 21 4 302 Jum)

= (% - %7%)\/(07 1),

M3 ((21, 1), (22, 92)) = (0,1) Hf (21,31) < (22,92),
By Theorem 3.8(2), (L,V,A,S,Ms, L, T) is a left coresiduated lattice such that

S((z1,91), (22,92)) = (w3, y3) HE (21,91) = Ms((23,¥3), (22, y2))-

My((21, ?/1) (2,y2)) = n1S(na(z1, y1), ($ 2))

= S(Ca, 3. (a2, g0)) ~ (s £ (B, 22

= (=2 i) v 0,),

My((z1,91), (22, 92)) = (0,1) iff (z1,91) < (22, 72).
By Theorem 3.8(3), (L,V,A,S, My, L, T) is a right coresiduated lattice such that
S((z1,91), (w2,y2)) = (23,y3) iff (22, y2) = Ma((23,y3), (x1,91)). Moreover, (L, V, A,
S, M3, My, L, T) is a generalized coresiduated lattice

(4) Since ni(n1(z,y)) = 3z — 2y + 2,y),

nin1S((z1,y1), (z2,y2)) = nmini(x2 + 1Y2, Yy1y2)
= (w2 + 3z1y2 — 25192 + 2, 91y2) = S(nini (1, y1), nani (w2, y2)).

Ms((z1,91), ($2,y2)) = npS(n1 (22, y2), n1n1 (2, y2))
=noS((2 — ?’y—l y—l) (3z2 —2y2 +2,y2))

= g (3w — 2yp + 2+ (2 — 3 )yy, 22

= (2 + a2, L) v (0,1)

= My((z1,91), (72, 2))-
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(5) Since na(na(z,y)) = (3(z + 2y — 2), ),

nana(S(z1,v1), (T2, y2)) = nana(w2 + T1Y2, Yy192)
= (3z2 + 3z1y2 — 2y192 + 2, Y142))
= S(nana(x1,y1), nana(x2, y2)).

Mﬁ(($17yl)a2($2,2y2)) = n1S(nana(x2, y2), n2(x1,41))
= nlS((%va)a (2;111 ) y%))
— nl(—w1+r2+2yz 3&)

Y1 7y

= (& — 22 W)y (0,1) = M3((z1,y1), (x2,92))-

Y2 Y27’ Y2
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