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INVESTIGATING THE DUAL QUATERNION EXTENSION
OF THE DGC LEONARDO SEQUENCE

CIGDEM ZEYNEP YILMAZ AND GULSUM YELIZ SAGLI*

Abstract. In this study, we introduce a new generalization of the
Leonardo sequence, dual quaternions with the DGC Leonardo sequence
coefficients, depending on the parameter p € R. This generalization gives
dual quaternions with the dual-complex Leonardo sequence for p = —1,
dual quaternions with the hyper-dual Leonardo sequence for p = 0,
and dual quaternions with the dual-hyperbolic Leonardo sequence for
p = 1. The basic algebraic structures and some special characteristic re-
lations are presented, as well as the Binet’s formula, generating function,
d’Ocagne’s, Catalan’s, Cassini’s, and Tagiuri’s identities.

1. Introduction

Hypercomplex numbers, such as quaternions, tessarines, coquaternions, bi-
quaternions, and octonions, find wide application in fields such as physics,
geometry, robotics, quantum mechanics, and computer graphics due to their
ability to represent rotations and transformations in higher-dimensional spaces.
In mathematics, generalized complex numbers C, are well-known extensions of
complex numbers within the realm of hypercomplex numbers, [22,24]. These
numbers are defined in the form z = a; 4+ asJ, where a1,as € R. Here, J
denotes the generalized complex unit satisfying J? = p, J € R, p € R. The
special cases of generalized complex numbers C, include:

e complex numbers C for p = —1 (see [49]),

e hyperbolic numbers (double, binary, split-complex, perplex numbers) H

for p =1 (see [9,15,42]),

e dual numbers D for p = 0 (see [38,44]).

The dual-generalized complex numbers (DGC) appear as a generalization of
both generalized complex numbers and dual numbers, [17]. The set of DGC
numbers is defined in [17] by the following way:

DCp={G=2+2ze: 21,22 €Cp, €2 =0, #0,ce ¢R}.
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Each DGC number is of the form a = 21 + 206 = a1 + asJ + aze + aqJe,
where a1, as, a3, aq are real components, and the DGC units {J, e, Je} satisfy
the following conditions:

(1) e2=0,J%=p, Je=¢cJ, (Je)’ =0.

The set DC, forms a commutative ring with unity and a vector space over
real numbers, [17]. For special values of p, DGC numbers correspond to the
following well-known 4-component numbers:

e dual-complex numbers (complex-dual numbers) for p = —1 (see [6, 7, 30,
35]),

e dual-hyperbolic numbers (hyperbolic-dual numbers) for p = 1 (see [1,
30]),

e hyper-dual numbers for p = 0 (see [10,13,14]).

Furthermore, real quaternions extend complex numbers into 4-dimensions,
defined as ¢ = qo + ¢11 + g2 + ¢sk, where qo, g1, 2, g3 are real components,
and {i,j,k} are non-real quaternionic units with the following multiplication
schema (see [19-21]):

i2=-1, jZ=-1, k? =1,

Changing conditions in the multiplication schema gives various type of
quaternions. The most well-known generalization of dual numbers is dual
quaternions, [8,11,12,28,29,31,50]. It is in the same form but with differ-
ent multiplication conditions for quaternionic units as

2 =0, 72 =0, k? =0,

(2) Gj=ji=0, jk=kj=0, ki = ik = 0.

In addition to these subjects, sequences play a crucial role in mathematics,
particularly in number theory. Sequences like the Fibonacci, Lucas, Leonardo,
Pell, Narayana’s cows, Horadam, and Oresme sequences are extensively studied.
The Leonardo sequence is defined by second-order linear recurrence relations
and explored in various contexts. The Leonardo sequence is defined recursively
by the following non-homogeneous recurrence relation:

Le, =Ley—1+ Ley,o+1, (n>2)
with the initial values Leg = Le; = 1, or the homogeneous recurrence relation:
Le, 1 =2Le, — Ley—2, (n>2)

with the initial values Leg = Le; = 1 and Les = 3. Here, Le, is the
n-th Leonardo number, [4]. Defining sequences recursively with two or more

components is also popular in the literature. Many studies of Leonardo num-
bers have presented in [2-5, 23,25, 26,3234, 36,37,39-41,43,45-48, 51, 52].
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Recently, the DGC Leonardo sequence has been introduced, characterized
by 4-component terms and defined recursively [45,52]. The n-th DGC Leonardo
number is expressed as:

Le, = Ley, + Lepy1J + Leyioe + LeyysJe.

The DGC Leonardo sequence satisfies the following second-order
non-homogeneous relation:

(3) Len, =Lep_1+ Len_o+ 1, (n>2),

where 1 = 1+ J + € + Je with the initial values Leg = 1 + J + 3¢ + 5Je,
Ley = 1+ 3J 4 5e + 9Je. The homogeneous recurrence relation of the DGC
Leonardo sequence is
Eem_l = 2£en — Een_g

with the initial values Leg = 1 + J + 3e 4+ 5J¢, Le; = 14 3J + 5e + 9Je, and
Ley = 3+5J+9¢+15J¢. For further information we refer the reader to [45,52].

This paper focuses on studying dual quaternions with the DGC Leonardo
numbers coefficients for p € R. It explores special relations including the
Binet’s formula, generating function, and various identities such as Catalan’s,
Cassini’s, d’Ocagne’s, and Tagiuri’s identities.

2. Preliminaries

In this section, we recall some basic notations and results related to the DGC
Fibonacci and DGC Lucas sequences (see [18]), as well as the DGC Leonardo
sequence (see [45,52]).

Definition 2.1. The n-th DGC Fibonacci number is of the form
Fn=Fn+ Fup1J + Fopoe + FoyslJe,
where F,, is the n-th Fibonacci number and satisfies the following second-order
linear recurrence relation:

fn:ﬁn—l'i'ﬁn—% (nZQ)

with the initial values Fo = J + ¢+ 2Je and Fy = 1+ J + 2 + 3.Je. Similarly,
the n-th DGC Lucas number is of the form

Ly=Lp+ Ly J+ Lyi2e + Lyi3Je,

where L,, is the n-th Lucas number and satisfies the following second-order
linear recurrence relation:

En = En—l + 271—27 (TL Z 2)
with the initial values Lo = 2+ J + 3¢ +4Je and L, = 1+ 3J + 4e + 7Je, [18].
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Theorem 2.2. For a positive integer n, the fundamental relations between
the DGC Fibonacci, DGC Lucas, and DGC Leonardo sequences are as follows:

E@n = 2ﬁn+1 — i,
. L+ L, .
Le, = 2 <”+L+2> —1,
)
£€n+3 i - ia
Le, 1
where 1 = 1+ J + ¢ + Je, [52].
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Theorem 2.3. For a positive integer n, the summation formulas related to
the DGC Leonardo sequence are:

> Lej =Lenpa—Nugo— (J +2e+5Je),
=0
Zﬁ@gj = E€2n+1 —./\7” - (J + J&),
=0
Z€2j+1 = 262n+2 —Nn+2 + (J - JE)7
7=0

where Ny, = n+ (n + 1)J + (n + 2)e + (n + 3)Je, [45,52].

3. Dual quaternion generalization of the DGC Leonardo sequence

In the following definition, we determine a dual quaternionic sequence with
the DGC Leonardo number components depending on parameter p.

Definition 3.1. The n-th dual quaternion with the DGC Leonardo sequence
coefficients (the n-th DGC Leonardo dual quaternion), denoted by Qle,, is
defined in the following way:

(4) QLe,, = Le,, + ﬁenﬂi + EenHj + Zen+3k,

where {4, j, k} are the dual quaternionic units that satisfy the conditions given
in equation (2) and Le, is the n-th DGC Leonardo number.

This dual quaternion is extended through the DGC Leonardo sequence to
obtain dual quaternion with dual-complex, dual-hyperbolic, and hyper-dual
Leonardo sequences coefficients for special cases.

It should be noted that the DGC units {.J, ¢, Je} which satisfy the conditions
given in equation (1) commute with the dual quaternionic units {4, j, k}. That
is, iJ = Ji, 1e = et and iJe = Jei. This condition also holds for the other
quaternionic units. Also, the dual quaternionic units {, j, k} are distinct from
the usual dual unit for p = 0.
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Writing the coefficients more clearly gives that

QLe, = Len+ Lept1i+ Lenta] + Lenisk

= (Len+ Lepty1J + Leyyoe + Leyy3Je)
+(Lep+1 + Lentod + Leyyse + LeyaJe)i
+(Lenyo+ Lenisd + Lepyae + LepysJe)j
+(Len+3 + LepyaJ + Leyise + L6n+6JE)k

= (Le” + Lepy1t+ Leyi0j + L€n+3k‘)
+(L6n+1 + L6n+2i + L€n+3j + L€n+4]€)J
+(Lento + Leptsi + Lepyaj + Lepisk)e
+(Len+s + Leptat + Lenys5j + Lepigk)Je

= Le,+ ﬁenHJ + ﬁen+25 + ﬁen+3J5.

Here, Le, is referred to as the n-th dual Leonardo quaternion (seen as
an ordered Leonardo quadruple number in [36]). It is clear that there is no
difference between the dual quaternionic sequence with DGC Leonardo number
coefficients and the DGC sequence with dual Leonardo quaternions coefficients.
We denote the set of all these dual quaternions with the DGC Leonardo sequence
coefficients briefly by OL..

Using operations within dual quaternion algebra allows for defining basic
arithmetic operations. Let QLen,QLem € QL.. In general, a dual quater-
nion QLe, has two parts, a scalar part SC)Len = Le,, and a vector part

Vate, = Leni1i + Lenyoj + Lenysk. An element QLeL is called the conju-
gate of QLe,, is defined by QLe|, = SaLe, = VaLe, - Equality and addition (and
hence subtraction) are component-wise defined respectively as follows:

QLe” = QLem NS SC)Len = SQLem’ VC)Len = VQLem
and
Qle, = Qlew = (Sgie. +Sqe.) + (Vare, = Vare,,) -

The addition is commutative and associative. Also, the multiplication of QLe,,
and QLe,, is calculated as:

QlenQlen = SQLen SQLem + SQLen VOLenL + SQLem VQLen'
The multiplication is commutative, associative, and distributive over addition.

Theorem 3.2. The n-th DGC Leonardo dual quaternion satisfies the fol-
lowing non-homogeneous recurrence:

(5) Qle, = Qle, 1 +Qle, o+ A, (n>2)

with initial conditions QLey and QLey, where A = (14+J +e+Je)(1+i+j+k).
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Proof. Substituting the non-homogeneous recurrence relation of the DGC
Leonardo sequence in equation (3) into equation (4) yields that

QLe,, = (Een,l + Len_o+ 1)+ (Een + Len 1+ 1)i
+(Lengr+ Len +1)j + (Lenta + Lengr + Dk
= (,Cenfl + Eenz + £6n+1j + £6n+2k)
+(Len—o + Len_1i+ Lenj+ Leni1k)
+I(1+i4j+Fk)
= Qle,_1+Qle, o + A
O

Theorem 3.3. The homogeneous recurrence relation of the DGC Leonardo
dual quaternion sequence is

(6) Qlens1 = 2Qle, — Qlen—o, (n>2)
with initial conditions QLeU, QLel and QLeg.
Proof. From equation (5) we see that

QLen_H = C:)Len + Q~Len_1 —|—~f~1 ) )
= Ql_en + (QLen —QLe,—2—A)+ A

= 2QLe, — QlLe,_o.
O
 In what follows, & = 1+ aJ+a’c+a’Je, B = 14 pJ+ % + B¢,
A=1(14+i+j+k), &* = a(1+ai+a?j+a’k), and f* = B(1+Bi+ 5%+ 33k).
Theorem 3.4. For a positive integer n, the Binet’s formula of the n-th

DGC Leonardo dual quaternion Qle,, is as follows:
B B 28* a1l — 25*5n+1 B

7 Le, =
( ) QLe, a—B
Proof. We begin by recalling the Binet’s formula of the DGC Leonardo se-
quence (see [45])
B ~ n+l _ gpntl ~
feo 2 <M> 1

a—p
Substituting this into equation (4) we see that

2a(1 + ai 4 ®j + a’k)a™* — 28(1 + Bi + %) + °k) 5"
a—f3

QLen =

—1(1+i+j+k)
26+t — 2B gttt

a—p
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Theorem 3.5. For a positive integer n, the generating function for the
DGC Leonardo dual quaternionic sequence is as follows:

QLeg + (QLel — 2QLeO)x + (QLeg — 2QL61):1:2
1—2z+ 23

Y

G(z) = Z Qle,z™ =
n=0
where 1 — 2z + 23 # 0.

o0
Proof. Let us assume that G(z) = Z QLe,z™ be a generating function of
n=0

QLe,,. This gives

G(z) = Qleo+ Qlesz + Qleaa? + Y Qle,a™.

n=3

From equation (6) it follows that

G(z) = QL@O + QLell’ + QL€2$2 + Z(QQLen_l — QLen_g)x”

n=3
o0
= QLeg + Qlerz + Qlesz? + 2z (Z C~2Lenx”> — QLeg — QLelx>
n=0
—z3 Z QLenm".
n=0
The proof is completed by showing that
(1-2x+ :v?’)G(x) = QLeO + (QLel — QQLGO) x + (QL62 — QQLel) z2,
with 1 — 22 + 2% # 0. O

3.1. Auxiliary Results

In this subsection, we formulate the key concepts of the DGC Leonardo dual
quaternionic sequence. Particularly, the Catalan’s, Cassini’s, d’Ocagne’s, and
Tagiuri’s identities are important in sequences because they establish relations
between their numbers.

Theorem 3.6. Let QLen be the n-th DGC Leogardo dual quaternion, Qn
be the n-th DGC Fibonacci dual quaternion, and K,, be the n-th DGC Lucas
dual quaternion. Then the following relations hold:

1) @Len = 2Qn+1 - A’ZL

2) QLe, =9, + K, — A,

O, is of the form O, = Fn + .7:'n+1i + .7-'n+2j + ]:'n+3k, where {i,j,k} are the dual
quaternionic units and F,, is the n-th DGC Fibonacci number (see [16]).

Kn is of the form K, = L, + Lna1i + Lnioj + Lnizk, where {i,j,k} are the dual
quaternionic units and £y, is the n-th DGC Lucas number (see [16]).
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~ 2 (Ién + ]€n+2> -
3) QLe, = S A,
= Ian + Ian bt
4) Qlenss = %—A,
5) QLen = Ién+2 - Qn+2 - A
Proof. If we use the corresponding relations between the DGC Leonardo,
DGC Fibonacci, and DGC Lucas sequences in Theorem 2.2, then we get the
desired results.
1) Applying equation (4) and Le,, = 2F, .1 — 1 (see Theorem 2.2), we can
see that
QLen = EGQ + £€n+1’i + £~€n+2j + Een_._gki ~
= (2fn+1 — }) + (2F 42 — i+ (2Fnss — 1)j 4+ (2Fnta — Dk
= 2Qn+1 — A

2) From equation (4) and Le,, = F,, + L,, — 1 (see [45]), we obtain

QI—@n = (-/—:zz + ]:—n-&-li + j:n—i-2j + J%n—&—Sk) + (En + En—i—li + En+2j + £n+3k)

—A
= 0,+K, - A.
3 : ~ _ 2(£"+ ~"*2) 1 («
) By equation (4) and Le, = =% — 1 (see Theorem 2.2), we can
see that
A  2(LntLnritLagaitLosak)+2(LnyotLagsitLnyaitLnisk)
Qle, =
“1(1+i+j+k)
2(Kn+K, P
= w _A
The other parts can be easily proved by using same methods. O

Theorem 3.7. For a positive integer n, the following summation formulas
related to the DGC Leonardo dual quaternionic sequence hold:

1) i:QLej = Qlenio — QNpyo — (J +2e +5Je)(1 + i+ j + k) — Legi —
(Gea 1)) — (2Lea — D

2) anQLer = QLeany1 — QN,, — (J + Je) + (1 + e +2Je)i
+ (] + 22 +5Je) j + (1+ 2] + 52+ 10J2) k),

3) ) Qlegjr1 = Qleansa — QNpyo + ((J = Je) + (1 — & — 4Je) i

—(J+4e4+9Je)j — (1 +4J + 9=+ 18J¢e) k),
where QN,, = N, —&-/\anﬂi +Nn+2j +J\~fn+3k with N, = n + (n+1)J+(n+
2)e + (n + 3)Je.
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Proof. 1) According to equation (4), we have:

Z QLej = QLeo + QLel + QL62 N QLen
7=0

n n+1 n+2
= Z Eej —+ Z Eej — Eeo Z —+ Z fej — Eeo — E@l j
Jj=0 Jj=0 =0
n+3
+ Z £~€j - 560 — E@l — 562 k.
7=0

Then, from Theorem 2.3 we get:
n
Z QLej = (ien+2 + E€n+3i + E€n+4j + fen+5k)
j=0

- ( Vit2 + Nogsi + Noyyaj +/\7n+5k)
—(J+2e+5Je) (A +i+j+k)— Legi — (Leg + Ler)j
—(/jeo + Leg + LNeg)k

= Qleyio—QNpyo — (J+2e+5Je)(1 +i+j + k) — Legi
7(2462 — I)j - (2562 - i)k

2) By equation (4) and Theorem 2.3, we get that

n
Z QL@QJ' = QL@O + QL@Q + QL€4 + -4 QL@gn
=0

n n n+1
= Z 5623‘ + Z 562j+1i + Z E62j — Eeo j
7=0 7=0 7=0
n+1
+ Zﬁ62j+1 — £~el k
7=0

= <£€2n+1 - N, — (J+ JE)) + (ECQnJrQ —Nn+2 +(J - JE)) i
+ (Leants — Npw1 — (J+ Je) — Leg ) j
+ (Leanta — Npys + (J — Je) — Ley ) k

= Qlegnii —QN, — ((J+Je) + (1 +e+2Je)i
+(J+2e+5Je)j + (14 2J +5e +10Je) k).

A similar proof can be given for the other part. O

Theorem 3.8. For positive integers n and m, with n > m, the following
identities hold:

1) Qlenim + (—1)™Qlen—m = LmQLe, + A(L, — (=1)™ — 1),
2) Qlenm — (=1)"Qlen—m = 2F,Kng1 + A((-1)™ = 1),
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where F,, is the n-th Fibonacci number, L,, is the n-th Lucas number, and I@L
is the n-th DGC Lucas dual quaternion.

Proof. 1) By using a8 = —1 , the Binet’s formula of the DGC Leonardo
dual quaternionic sequence in equation (7), and the Binet’s formula of
the Lucas sequence L,, = o™ + ™ (see [27]), we get

~x o n+m+1 2% pn+m+1
QL€n+m+ (_1)mQLen,m _ <2a antmtl _ 9pg*gntm+ i
a—p
. 2&*anfm+1 _ 2B*ﬂnfm+1 B
2d*an+1 (am 4 Bm) _ 2B*Bn+l (am 4 Bm)
= - o ﬂ
—A((aB)™ +1).

2&* a1 2B*ﬂn+1
a—f

- e
(=D)™+1)
(~Q en+A) A((-1)™ +1)
mQLen + A (L — (—1)™ — 1).

2) Similarly, applying a8 = —1 , the Binet’s formula of the DGC Leonardo
dual quaternionic sequence in equation (7), the Binet’s formula of the

Fibonacci sequence F, = O‘a:g (see [27]), and the Binet’s formula of
the DGC Lucas dual quaternionic sequence K,, = &*a™ + 3*3" (see [16]),
we obtain

QL67L+m - (_1)mQLen—m - o B

. 2a*aqn—m+l _ QB*Bn—m—i-l B

~(af) — - A)

26 ™t (™ — ™) + 2B 7L (o™ — ™)
o« p

(264* qntmtl 25*6n+m+1
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Theorem 3.9. For positive integers k,m,s and t, with k > m, s > t and
k+4+m = s+ t, we have

S

QLerQley, —Qle,Qle; = —a@ B (=1)™ Li—m — (—1)" L)
(QLek + QLe,, — Qle, — QLet),

O‘Y

where L,, is the n-th Lucas number.

Proof. Writing a8 = —1, the Binet’s formula of the DGC Leonardo dual
quaternionic sequence in equation (7), and the Binet’s formula of the Lucas
sequence L, = a™ + ™ (see [27]) gives

4&*5*(_ak+1ﬁ7n+l_ﬁk+l 7n+1+as+lﬁt+1+ﬁs+lat+1)

QLexQLe,, — QLlesQle; = B
—A ((QLey + A) + (QLem + A) — (QLes + A)
(QLet +A4))
( kﬁm-i-amﬁk sﬁt—atﬁs)
Lex + QLen, — Qles — Qley)
(aﬁ) ( k—m + ﬁk—nL)

I
| Ot >
— Ql
Q Ql

—A(QLey, + QLe,,, — Qle, — QLey)
- )mLk m (_1)thft)
A(QL@}C + QLe,, — QlLe, — QLet).

Il
(LY
jo

*
[
*
—
—

O

Theorem 3.10. For positive integers n and r, with n > r, the general
Catalan’s identity can be obtained as follows:

QLei — QLen,TQLenJrT = 454*5*(—1)"_T+1Fr2 + A(QLen,r—i-QLenH — QQLen),
where F,, is the n-th Fibonacci number.

Proof. Substituting the Binet’s formula of the DGC Leonardo dual quater-
nionic sequence in equation (7) into QLe? — QLe,_,.QLe, 1, gives

4&* B* (an77‘+1Bn+r+1 +a71+7‘+1B71—r+1 _2an+1ﬁn+1)

QL@% - QLenerLen+r = @=pB)?2
+A(QLen—, + A+ Qlegy, + A—2(QLe, + A))
4@*6* (aﬁ)’ﬂ—T'l‘l (a2r + BQT _ QOKT,BT)

. (=62
+A(QLey— + Qleptr — 2Qley,).
Considering aof = —1 and the Binet’s formula of the Fibonacci sequence yields

QLe? —Qle,_,Qle,y, = 46 5*(—1)" " F2 + A(QLe,— + Qlen s — 2QLey,).
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Instead of this approach, by taking k - n, m - n, s >n+r, t >n—r
in Theorem 3.9, and using the Binet’s formulas of the Fibonacci and Lucas
sequences (see [27]), the general Catalan’s identity can be proved. O

Theorem 3.11. For a positive integer n, the general Cassini’s identity
(sometimes called Simson’s identity) can be given as follows:

QLe2 — Qle,_1QLeyy 1 = 4a* 3" (—1)™ + A(QLe,—1 + Qlen g1 — 2QLey,).

Proof. Writing r — 1 in Theorem 3.10, we obtain the general Cassini’s
identity. O

Theorem 3.12. For positive integers n and m, with m > n the general
d’Ocagne’s identity can be expressed as follows:

QlenQlenst — Qlems1Qle, = 4a"B*(—1)" ' Frpmyy + A(QLen—1 — Qlen—1),
where F,, is the n-th Fibonacci number.

Proof. We first write the Binet’s formula of the DGC Leonardo dual quater-
nionic sequence in equation (7), then rearrange the left-hand side, and see that

5 B N _ . an-l—lﬁn-‘rl(am—n _ Bm—n)
QLe,Qlep+1 — Qlep+1Qle, =  4a*8* 3
«

+A~((QL6m+1~* QLem)
—(QLep+1 — Qley,)).

By using af = —1 and the Binet’s formula of the Fibonacci sequence, we have

QLemQlentt — Qlems+1Qlen, = 46" 5 (—1)" ' Fpy
+A(Q|—em—1 - QLen—l)-
Instead of this method, Theorem 3.9 can be used. By taking &k — m, m — n+1,

s - m+1,t— n, and considering the Binet’s formulas of the Fibonacci and
Lucas sequences (see [27]), the general d’Ocagne’s identity can be proved. [

Theorem 3.13. For positive integers n and m, with n > m, the following
identity holds:

9,QLe,, — 9,,QLle, = 28" (—1)™ Fpyep — A(Qp, — Oin),

where F;, is the n-th Fibonacci number and Qn is the n-th DGC Fibonacci dual
quaternion.

Proof. Applying the Binet’s formula of the DGC Leonardo dual quater-
nionic sequence in equation (7), the Binet’s formula of the Fibonacci sequence,
and the Binet’s formula of the DGC Fibonacci dual quaternionic sequence
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D, = M (see [16]), we can see that

a—p

QnQ Lem - QmQLen

I
[\
v
*
=
*

e (@@= B) — ™8 @ = )
(0= 57

I
Do
o
*
=
*
| o)
=
3
7N

Theorem 3.14. For positive integers n and m, with n > m, the following

identity holds:

~ = ~ = 4

QnQLem + QmQLen - g [(2Kn+m+1 - Ln+m+1) + P (2Kn+m+3 - Ln+m+3)
+ (4Kntma2 — 2Lnymi2) J
+ (4K nym+3 — 2Lnymy3)
+p (4Kn+m+5 - 2Ln+m+5)) €
+ (8Kptm+a — 4Lnim4) Je]

2a* 3* S ~

5 (_1)an—m - A(Qn + Qm)7

where Ly, is the n-th Lucas number, K, is the n-th dual Lucas quaternion and
Q,, is the n-th DGC Fibonacci dual quaternion.

Proof. We give only the main steps of the proof. Firstly, we write the Binet’s
formula of the DGC Leonardo dual quaternionic sequence in equation (7), and
then arrange it. Hence

~ =~ ~ =~ 4 -
QnQLem + QmQLen = 5 ((@*)2an+m+1 + (ﬁ*)Qﬁn-‘rm—H)
2&*6*
S @ (e )
We need to calculate (a*)? and (B*)2 The proof is completed by using
af = -1, a4+ f = 1, and the definition of dual Lucas quaternion (see [53]
for more details on dual Lucas quaternions). O

Theorem 3.15. For a positive integer n, we have
QLeiH — QL@% - 4Q~n(gn+3 - A)a
where Q,, is the n-th DGC Fibonacci dual quaternion.

K, is of the form K, = Ly + Lny1t + Lpt2j + Ln+3k, where {i,j,k} are the dual
quaternionic units and Ly, is the n-th Lucas number (see [53]).
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Proof. Applying Theorem 3.6, item 1, and the recurrence relation of the
DGC Fibonacci dual quaternion sequence (see [16]), we can write

QL€%+1 - Ql—ei = (2Qn+2 A) (2~Qn+l - {1)2 s
((~anr2 Qn+1)(Qn+2 + Qnt1) — AQy)
(QnQn+3 AQn)

49, (Qnys — A).

O

Theorem 3.16. For positive integers n and m, with m > n, the following
identity holds:

QLegan - QL@?n,n = 4F2n Qm+1’€m+1 - 2A~(Q'—em+n - QLemfn)a

where F,, is the n-th Fibonacci number, Q,, is the n-th DGC Fibonacci dual
quaternion, and IC,, is the n-th DGC Lucas dual quaternion.

Proof. According to Theorem 3.6, item 1, we have

QLe?nJrn - QLe’%ﬂfn = (2Qm+’ﬂ+1 A) (2Qm n+1l — A)2
- (Q1n+1~+n Qerl n)(Qm+1+n + Qm+1 n)
_2A(2Qm+1+n - A (2Qm+1 n A))

Now, the proof will be divided into two parts. We prove this theorem by
considering the case where n is even. From Theorem 2.1, items 2 and 3 in [16],
we conclude that Qm+1+n + Qm+1 n =1L, Qm+1 and Qm+1+n Qerl n =
F ICmH. A similar proof works for the case where n is odd. Hence, we complete
the proof. O

Theorem 3.17. For a positive integer n, the following identity is satisfied:
QLen—i-l Qn+1 - QLenQn = 2@n+1 Qn + QLenQn,—la
where Q,, is the n-th DGC Fibonacci dual quaternion.

Proof. On account of Theorem 3.6, item 1, and the recurrence relation of
the DGC Fibonacci dual quaternion sequence (see [16]), we get the following
result:

QL€n+1 Qn+1 - QLenQn = (2én+2 )Qn+l ( ~Q n+1 )Qn
= 2Qn+1(Qn+2 - Q) — A(Qny1 — Qn)
2Qn+1(Qn + Qn 1) — AQZL—
2Qn-&-l Qn (2Qn+1 )
= 20,119, +Qle, Q1.
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Theorem 3.18. For positive integers n, m,r and s, with r > s, the special
case of Tagiuri’s identity is as below:

QL€n+rQL6n+s - QI—enQL67z+r+s = = ~*6 ( )n+1 (L +s — (_l)er—s)
+A(QLen + QLen+7+é
*QLenJrr - QLenJrs)a

where L,, is the n-th Lucas number.

Proof. We begin by writing the Binet’s formula of the DGC Leonardo dual
quaternionic sequence in equation (7) into left-hand side and rearrange then
we see that:

QLen+rQLen+s - QLenQLenJrrJrs = %

a* (aﬂ)n-l—l( r+s +ﬂr+s
(af)(a"™* +577%))

+A(QLen + QL6n+T+s

_QLenJrr - QLenJrs)'
From af = —1 and the Binet’s formula of the Lucas sequence we complete the
proof.

Instead of this approach, we can prove this identity using Theorem 3.9. By
substituting k - n+r, m - n+s, s >n+r+s, t - n, and considering
the Binet’s formulas of the Fibonacci and Lucas sequences (see [27]), we obtain
the special case of Tagiuri’s identity. O

Theorem 3.19. For positive integers k, m and s, with m > k and m > s,
the following identity holds:

Ql—eerkQI—emfk - Ql—em+sQ|—em75 = 4a*6 (( )’m kFQ ( 1)m_bF‘92)
+1§(QLem+s ‘J’ QLem—s
_QLeerk - QLemfk»

where F,, is the n-th Fibonacci number.

Proof. We first write the Binet’s formula of the DGC Leonardo dual quater-
nionic sequence in equation (7), and then rearrange it as follows:

QLenl+kQL6m—k - QL6m+sQL6m—s == é N*B* (am+s+15m75+1
+am75+1ﬁm+s+l _ am+k+1ﬁmfk+l
7amfk+15m+k+l)
+A(QLem+s + QLemfs
_QLem-‘rk - QLem—k)

_ é N*B* (_(aﬁ)mfk+l(a2k+ﬂ2k)

(aﬁ)m s+1(a25 + ﬂZs))
+A(QL€m+s + QLem s
_QL€m+k - QLem—k)~
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k

From the Binet’s formula of the Lucas sequence and Loy = 5F2 + 2(—1)" (see

in [27]), we obtain

& B (=)™ * Lo — (—=1)™ " La,)
A(QLem+s + QLey, s

Q ~€m+k - QLem—k)

= 4a*Br ()" R — (1) F7)
+A(QLepts + QLlen,—s

QL Em+k — QLem k)

QLem+kQLem—k - QLem+sQLem—s =

—+ Ot

O

Theorem 3.20. For positive integers n and m, the following identity is
satisfied:

QLem+1QLen+1 - QLemleLenfl = 4 ((2Qn+m+2 - Fn+m+2)
+p 2Qn+m+a — Fnymya)
+ (4Qn+m+3 - 2Fn+m+3) J
+ ((4Qn+m+4 - 2Fn+m+4)
+P (4Qn+m+6 — 2Fnim+6)) €

(SQn+m+5 4Fn+m+5) Jg)

—A(QLen + QLem)
—2A2,

where F,, is the n-th Fibonacci number and @, is the n-th dual Fibonacci
quaternion.

Proof. We first apply the Binet’s formula of the DGC Leonardo dual quater-
nionic sequence in equation (7) to the left-hand side. We thus get
((d*)2am+n+4 + (B*)26m+n+4

~ 4
_(d*)Qam+n _ (ﬁ*)2ﬁm+n) _ gd*ﬁ*
(@mp" ((aB)? — 1) +a"B™ ((af)? — 1))
+A(Q|-em 1= QLeerl + QLenfl

QL6m+1QL6n+1 - QLem—léLen—l =

SIS

_QLen+1)-
Here, we need to find (@*)2 and (3*)? and substitute them into the above
equation. Considering af = —1 and referring to the definition of dual Lucas

quaternion (see [53] for more details related to dual Lucas quaternions), we

Qn is of the form Qn = Fn + Fnt+1i + Fnt2j + Fnysk, where {4, j,k} are the dual
quaternionic units and Fj, is the n-th Fibonacci number (see [53]).
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conclude that

~ ~ ~ ~ 4
QLeerlQLenJrl - QLemleLenfl = g (2(Kn+m+4 - Kner)

- (Ln+m+4 - Ln+m)

+p (2 (Knrmre — Knymy2)
( n+m—+6 — Ln+m+2))

+ ( ( n+m—+5 = Kn+m+1)
—2 ( n+m+5 Ln+m+1)) J

+ (4 (Kntmt6 — Kngm2)

(Lntm+6 — Lnym+2)

( ( n+m-+8 = Kn+m+4)
=2 (Lnt+m+s = Lntm+a))) €
( ( n+m+7 Kn+m+3)
—4 (L7L+77L+7 - Ln+m+3)) J€>

(QLen + QLem) —2A2,

—2
+p

+

According to the definitions of dual Fibonacci and dual Lucas quaternions (see
[53] for more details related to dual Lucas quaternions) and
Lyyr — Ly = 5F, F, for even integer r (see [27]), we have

QL€m+1Q|—6n+1 —QLey,—1QLe,—1 = 4 ((2Qn+m+2 - Fn+m+2)
+p (2Qn+m+a — Frupmta)
+ (4Qn+m+3 - 2Fn+m+3) J
+ ((4Qn+m+a — 2Fnimta)
+ 9 (4Qntm+6 — 2Fni1my6)) €
+ (8Qn+m+5 — 4Fptmys) Je)
—A(QLen + QLem) —2A2,

4. Conclusions

In this paper, we investigate and discuss the dual quaternionic sequence
with the DGC Leonardo number components for p € R in detail. Within the
framework of DGC number structures, we have

e the dual quaternionic sequence with dual-complex Leonardo for p = —1,
e the dual quaternionic sequence with hyper-dual Leonardo for p = 0,
e the dual quaternionic sequence with dual-hyperbolic Leonardo for p = 1.

Additionally, we present some characteristic properties of this sequence, includ-
ing its Binet’s formula, generating function, d’Ocagne’s, Catalan’s, Cassini’s,
and Tagiuri’s identities.
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