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SEVERAL NEWTON-COTES TYPE INEQUALITIES FOR
FUNCTIONS WHOSE DERIVATIVES BELONG TO L?
SPACES WITH p € [1, o]

BADREDDINE MEFTAH* AND CHAIMA MENAI

Abstract. In this study, we introduce a new bi-parameterized integral
identity involving at most five points. Using this identity, we establish
various integral inequalities for functions whose first derivatives belong
to the spaces LP with 1 < p < co. Several known results are recaptured.
Applications are provided.

1. Introduction

Over the past decades, many researchers have given considerable attention
in the study of error estimates of different quadrature formulas for several
classes of functions, for convex mappings [19-25], Lipchitzian mappings [4,13,
14], mappings with bounded variations [2,16,17] and mappings belonging to
LP spaces.

We first recall that the usual Lebesgue norms on L” [01, 2] noted |||, are
defined as follows:

IS], = /|S<t>|”dt 1<p<os

and
[Sllo = esssup [S(D)].

t€(o1,02]
Here, we cite some known results for an absolutely continuous mapping whose
derivatives belong to LP [o1, 09] for p > 1 of which we will adopt an increasing
sorting according to the number of points occurring in the quadrature.
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Midpoint type inequalities

N e /s (u) du
% (U;;‘lfl) a ||S’||p if S’ € LP 01,09, (see [1,3,15] ),
2227 |8 o if &' € Loo [01,02],  (see [1,5,15]),

L1811, if S’ € L' [0y, 09], (see [8,15]).

Trapezium type inequalities

S(o1)+S(o
s 1 [
o1
1
V(o) IS, i8S €L [on0],  (see [1,3,6,7,15)),
2= |18 if &' € Log [01,00], (see [1,6,7,11,12]),
L1811, if S’ € L' [01,09], (see [6,7,15]).

Companion Ostrowski type inequalities

02—01

oo % o q+1 o1+oo . q+1\ q
=2 ((02_;1) H(5E) ) s,
if &’ € L? [01,09], (see [1,3,15] ),

2 o1t+o 2
e (@ =00’ + (242 —2)") ISl
if 8’ € Lo [01,02], (see [1,15]),

301 +og

[i i ]H 1,

S(a:)—i—S(z;]-i-o’z—a:) _ 1 /S (’LL) du

IN

g2—01

if S’ € L' [o1,02], (see [15]).

Bullen-type inequalities

02—01

L (S (01) +25 (2£22) 1 8 (02)) — 1/&@%

1
< I ”il;’l) ' 1S, S € LP[or,09], (see [1]),
22201 |18 if 8’ € Log [01,02], (see [1,9,10]).
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Simpson type inequalities

+(S(01) +48 (2£22) + S (02)) — U;Ul /S (u) du

1 1

a+1\ q Oo—0 q .
3 (L) (Ho) SN, S € LPlov,0a),  (see [1,3,9,11]),
5(ca—0 .
e e S if '€ Loc [o1, 00, (see [1,11,12]),
31151 it 8" € L' [01,09], (see [9,10]).

Maclaurin type inequalities (see [3])

o2
1 50140 o140 g1+50 1
(35 (3o2) + 25 (242) 4 35 (25822)) - i 5 (u)d
+1 +1 +1 3 3 1
q q q q (2(o2—0 q
< (st )t (2Anmn) )
%—Simpson type inequalities
o2
é (S (0_1) —|—3S (201;-02) + 3S (01-'%202) +S(0’2)) — Uzigl /S (u) du
o1
1 1
4q+1+3q+1+5q+1> q 2(02_01)> q HS,”
249+1 1+4+q p
if 8" € LP [o1,09], (see [1,3,18]),
25(o2—01
< Bleml)s),
it 8" € Lo [01,02], (see [1,18]),
215
21 15711y
if S’ € L' [01,09], (see [18]).
Boole type inequalities (see [3])
o3
78(01)+328( 1372 1 125( 21to2) 4 325( 3 t02 ) 4 75(4,)
- ( : ) (902 ) ( : ) 2~ g2i01 S(U) du
+1 +1 +1 +1 L : 1
q q q a a (2(o2—0 q
< (14 31741204 4+33 ) ( ( 2 1)) 1S,

Inspired and motivated by the above results, in this study, we introduce
a new bi-parameterized integral identity involving at most five points. Using
this identity, we establish various integral inequalities for functions whose first
derivatives belong to the spaces LP with 1 < p < oco. Several known results
are recaptured. Some applications to special means and random variables are

provided.
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2. Main results
Lemma 2.1. Let § : I € R — R be a differentiable function on I°,

01,09 € I° with 01 < 09, and 8’ € L' [0y, 09, then the following equality
holds for all real number A,y € [0,1] and z € [01, %}

(1) Oy (01,2,02;S) — U;gl /S (u) du = 02101 /IC (u,2) S (u) du,

QA,'y (017 Z,02; S)

ANz—o oo2—01)—2Nx—0 o140
:(1+’5)(021—)01)S (1) + : ;(1-‘:-1’2’)(02(—01)1)8 (z) + ﬁs ( IJQF 2)

oot 2N (E— ANz—0o
2) + 2t BEC) S (01 + 02 — @) + el S (02)

and
u— WNNRAE=0) g ¢ [gy,a],
(1427)o14+02 gito
3) Kz = u— SEATR ft € [z, g,
)= _ at(1+2y)oz o1+02 —
u e ift e [P5%2,01+ 0y — 1],
u— U2 ANE=9) et e gy 4 oy — 3, 0] .

14~

Proof. Integrating by part the first integral on the right side of (1), we get

x

(1) [ (u- tmaen)) 5 ) du

: —/S(u)du

_ (u _ M) S (u)
=t e=o) g () 4 A=) g () — /S (u) du.

14y
14~ 14+~

Similarly, we have
01202
(5) / (u - (1-5-22(“;)747;)%) S’ (u) du

o1+02
2

:7(02—01)8 (0'1‘50'2) + (Uz—w)—(1+2v)(w—01)8 () — / S (u) du,
x

2(147) 2(1+7)
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o1+o2—x
© [ (u- ) S @
g1to2
2
o1+o2—x
=2t GENE) § (g) + 0y — @) + UPRTILS (02 — / S (u) du
g1to2
2
and
o2
0’2—)\ —01
(7) / (u _ %) S’ (u) du
o1+o2—x

o2

=20 S (o) + WAEZT)S () + 0y — 2) — / S (u) du.

o1+o2—x
The required outcome may be obtained by summing the equalities (4)-(7) and
multiplying the resultant equality by —= O

o2—0o1”

Remark 2.2. Note that the kernel K (u,x) will be reduced for x = o1 and
T = %, respectively to

— ATy ift e [%,02],
and
lc(u,”l?”):{ “*%{fte oy, k]
u— it e (292 4] .

Therefore, in the calculation, the first and fourth integrals will be worth zero
and will not be taken into consideration in the case where r = o1. However,
for x = %, the second and third integrals will be zero and will not be taken
into consideration.

Theorem 2.3. Let S : [01,02] — R be an absolutely continuous mapping
[01,02]. If S8’ belongs to LP[01,02], then for all \,v € [0,1],p > 1 with

1, 1
>t = 1landz € [01, ”1'5“2], we have

O2—01

Q)\,'y (0'1,1}70'2;8) - ! /S(U) du

g1

1
a g+1\ @ oytoy __
n (9— () ) IS0, iy > S

2
1 2(1 — ’
(14q) 9 (o2—01) (147) r—o1

1

1
20 oa—x—(1427)(z—01) atlya , . &
(1+q)%(02_01) (Q + ( 2(117) ) |S Hp if v < 12701 ,

IN
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where

_ (=0T (AN =) )T (02—01) \ 4!
o= (M) o+ (teEe) T ()

Proof. By taking the absolute value on both sides of (1) and then using
Hoélder’s inequality, then we obtain

Qs (01,2, 728) — =1 / S (u) du

<1 / K (t,2)] 1S (8)] dt

g1
1 1
o2 q g2 P
1 p
< | [ a /\s' ) dt
o1 g1
o1+o9
2

dt

—02—01 14+~

1 /’t (14) a'1+)\(a: 0’1)

142v)o1+0 q
dt + / ‘t—i( Sleite:

x

Q=

o1+o2—x 02
q q
R R B e I
o1 ;Uz o1+o2—x
(8)
el +02

Two cases arise. For v > , (8) gives

r—0o1

Q)\,'y (01,$,02, T a—01 /S

(A4~)o1+A(z—07)
1+~

1 / (<1+w)m+A(zfol> _t)q gt

—02—01 14+
o1
xr
_ tyo+r@—o) \?
+ (1 i dt
A4Y)o1+A(z—07)
1+~
% o1t+o2—x

1427)01+03 \ o1+ (1+27)o q
b (- vgRme) e [ (e )

x o1+o2
2
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(A+y)og—A(z—0q)
T+

N

o1+o2—x

(1+7)os—Az—01) ) ?
T sy

A4y)og—A(z—0q)
T+

663

I1S"1l,

__ o ((Mz—«n))q“ + (<1+7—A)<w—ol))"“
(14q) 9 (o2—01) 1+ I+y
1
(02=0) ! _ (42 (@—0)—(02—2) ) TT") ?
O ()T - (e 171,
o1tes .
For v < —2_—, (8) gives

Oy (01,2,02;S) —

azial /S (u) du

(A4+y)o1+A(z—071)
1+~
1 ((1+’Y)01+>\(I*01) _ t>q dt

—0o2—01 1+~

o1

(4o +A(z—01) | ?

(14+v)o1+A(z—01)
Ty

(1+2y)o1 402 g1tog
2(1+7)
(1427)01+02 1
+ ( 20+9) —t) dt+
x (A+2vy)o1+og
2(1+7)
o1+1+2v)og
2(1+7) o1+o2—x
q
o1+(14+2y)o2 _
+ (2o — o)+ t
o1+og o1+(142v)o2
2 2(1+7)
(A+v)oo—A(z—0q)
1+
1 —Az— a
N (( £1)03-\(z=0) _t> gt

o1+to2—x

(-

(142v)o1+02 >q dt

2(1+7)

q
01+(1+2'y)02) dt

2(1+7)
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q

oo—Nz—0 q
+ / (t— (147) i+'y( 1)) dt ”S/Hp

A4y)og—A(z—0y)
v

1
24

_ ((Mx—ol))q“ + ((1+7—/\)(1‘—01))q+1
- 1
(14q) 7 (02—01) 1+ 1+

1
02— — r—Oo q+1 02—0 q+1 a
10) + (m=gire=nd)™ o (e ) s,

The desired result follows from (9) and (10). The proof is completed. O

Corollary 2.4. In Theorem 2.3, if we take x = %, then we obtain the
following Simpson-like type inequality:

A 14+v—=A o140 A
sy S (01) + TS (F5%2) + sy S (02) — 52

1 1
1 (AT 4 04y=NTN\ T (p—00 \ 7 o/
=3 ( (1)t e 1571, -

Remark 2.5. In Corollary 2.4, if we take

~ =0, then we obtain Corollary 7 from [1].

v = A =0, then we obtain the inequality (1) of Corollary 8 from [1].

v =0 and XA = 1, then we obtain the inequality (5.4) from [3].

v =0 and A = %, then we obtain Theorem 2.1 from [9].

v =0and A = %, then we obtain the inequality (3) of Corollary 8
from [1].

Corollary 2.6. In Corollary 2.4, if we take v = 0 and A = 1—75, then we
obtain the following corrected Simpson’s inequality:

o2

35 (78 (01) + 168 (2522) + 78 (02)) — = /s (u) du

O2—01

o1
1 1
—+1 +1\ ¢ _ q
<H((Z)™ +(R)™)" (32) 18,

Corollary 2.7. In Corollary 2.4, taking v = 0 and A\ = %, we get the
following spline inequality:

02—01

L (35 (01) + 108 (7572) + 38 (o)) — -2 /s (u) du

1

(@™ + ™) (5:2) " 157,

<

N[
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Corollary 2.8. In Theorem 2.3, if we take x = %, then we obtain the
following 5-point Newton-Cotes type inequality:

AS(01)+(2_>\)3(3014+02)+478(614502)_,'_(Q_A)S(%)Jr)\s(o—?)
4(147)

02

L /S(u)du

o2—01
o1
1

< (oamo)T (AT 14y N 4 (29) T 4 (1) IS
= 4(1+q)a 2(147)9+t p*

Remark 2.9. In Corollary 2.8, if we take A = % and v = 12—3, then we

obtain the inequality (5.9) of Corollary 5.2 from [1].

Corollary 2.10. In Corollary 2.8, if we take \ = % and v = %, we get the
following Bullen-Simpson inequality:

8(01)+4S(3012»02)+25(01<§02)+4S(Ult302)+5(0-2) . /S (u) du

12 g2—01

1 1
_ q a+1\ q
<losgl (L) |8,

Corollary 2.11. In Theorem 2.3, if we take x = %1%, then we obtain
the following 5-point Newton-Cotes type inequality:

2X8(01)+(3—20)S (272 ) 4675 (L1522 ) +(3—20) S (14272 ) 4205 (02)
6(1+7)

—U;Gl /S (u) du

69+ (1+~)aT1 1+q
/ . 1
<18, it v >3,
1
2L1+1X1+1+2(1+1(1+,Y_)\)q+1+3q+1,yq+1+(1_2,y)q+1 q 2(02_0.1)
691 (14~)at! 1+q
/ . 1
x||S"l, i v <3

1 1
(2q+1)\q+1+2q+1(1+,Y_)\)q+1+3q+1.yq+l_(Q,Y_l)qul) q (2(02_01)) q

<

Q=

Remark 2.12. Corollary 2.11 will be reduced to Theorem 3 from [18] and
Corollary 9 from [1], if we take v =0 and A = 3.

Corollary 2.13. In Theorem 2.3, if we take x = 5‘”%, we obtain the
following 5-point Newton-Cotes type inequality:

AS(01)+(3—N)S (27172 ) 4675 (21572 ) +(3-2)S( TLE22) 2S5 (02) 1
° 6(1+’2Y) : o2—01 S(U) du
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1 1
< (AT AT (2o TN (2 )7 g
= 69F1 (14~) 7t 1+q P’

Remark 2.14. In Corollary 2.13, taking A = 0 and v = %, we obtain the
inequality (5.7) of Corollary 5.2 from [1].

Corollary 2.15. In Corollary 2.13, taking A = 0 and v = 1—?, then we
obtain the following corrected Euler-Maclaurin’s inequality

5 (275 (325322) 4265 (245%2) 4 218 (2472)) - o [ S () du

02—01

1 1
< 39q+1+40q+1+41q+1 q 2(0270-1) q S/
2409+1 1+q ” Hp .

Remark 2.16. In Theorem 2.3, if we take A = v = 0, then we obtain the
second inequality of (4.1) from [15].

Theorem 2.17. Let S : [01,02] — R be an absolutely continuous mapping
[01,02]. If 8’ belongs to Lo, |01, 03], then we have

Qv (01, 2,09;8) — 0;01 /S (u) du

2 g1tog
142 x—o1)—(oa—x . —x
3 Uzigl d— (( 7)(2(1;7)) (o2 )) ) 18|, ify > e
- 2 og1too
oo—x— (142 T—0 . _
o'2i0'1 o + ( . ;(1-{-13( 1)) ) HS/”oo 1f’Y S ;_0.1 17
where

2 2 2
_ (Aa—o1) (1+y-N(a—01) (02-01)
o= (M) ()« ()

Ay €10,1] and z € [0y, 25%2].

Proof. Using the absolute value on both sides of (1) and the fact that |S’|
is bounded, we get

Qs (01,7, 728) — =L / S (u) du

<1 / K (t,2)] 1S (8)] dt

<t IS [ 1ol dr

o1
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g1t02
2

(142y)o1+0
dt + / ’t R (e

x

dt

t— (A4v)oi1+A(z—01)
02 o1 T+~

(11)

o1tox—x o2
+ ‘t—% dt + / ‘t % dt | 18]l
701262 o1to2—x
o1toa .
Two cases arise. For v > #1:”7 (11) gives
oy (01, 2,09;8) — U;UI /S (u) du
Q4v)og+A(@=—o1)
T+~
1 (A+y)oi+A(z—01)
Sffz*(fl (ﬁ—t) dt
o1
x
+ (t _ W) di
At)or+A(@z—oq)
T+
51;62 o1to2—x
(A+2y)ortoy a1t(1+429)oy
i / (- e e+ / (2 o) ar
x "1;02

A4v)og=A(®w=07)
1+~

(I4+y)os—A(z—01)
+ (T - t) dt
o1to2—x
o2
1 oo—ANx—0
+ (t,%’y(l)) dt ”S/Hoo

Otv)og—Az—oy)
14+

__1 ((M)Q N (M)Q
02—01 14+~ 1+~

2 2
2+ (fam) - () s
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o1+o2

For v < ;70196, (11) gives

02—01

Ay (01, 2,02;8) — 52 /S(u) du

A+y)o1+A(z—0oq)
14+

1 / ((1+’Y)01+>\(m701) _ t) dt

—o2—01 1+~
o1
(I+y)or1+A(z—01)
+ (t - 1+~ ) dt
A+y)og+A(@—0oy)
1+~
agieiie g
(1427)o1+0 (142y)o1+0
x (A+2vy)o1+o9
2(1+7)
o1+(1+42v)og
2(1+7) o1+o2—x
o1+ (142v)o o1+ (142v)o
+ / (2E2es — ) at + / (t- o) ar
g1to2 o1+(14+2v)o2
z 21T )
(4voo—A(z—0y)
I+y
(147) 03— A(z—01)
+ / (# — t) dt
o1+o2—x
o2
1 oo—Nxz—0
_|_ / (t _ ( +’Y) §+’y( 1)) dt ||Sl||oo
A4v)oa—A(z—07)
+~
_ 1 <(A(x—al>)2 i ((1+’7—>\)(3€—01))2
T o3x—o0 14+ 1+
13 oa—o—(1+27)(@—o1) | > oz—01) ) S’
( ) + 2(1+—y) + 2(1+—y) ” ||oo .
The desired result follows from (12) and (13). The proof is completed. O

Corollary 2.18. In Theorem 2.17, if we take © = %2"2, we obtain the
following Simpson-like type inequality:

o2
A 1+vy—A o140 A 1
ms (01) T 1‘7"‘/ S( 1J2F 2) + 2(1+’Y)$(0—2) - o2—01 /S (U) du
o1
< (P HUH7=N?) (02 —0n)
- 4(1+7)?

15" | -
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Remark 2.19. In Corollary 2.18, if we take

e v =0, then we obtain Corollary 4 from [1].

e v =\ =0, then we obtain the inequality (1) of Corollary 5 from [1].

e v =0and\ = 1, then we obtain the inequality (4) of Corollary 5 from [1].

e v =0 and A = 3, then we obtain the inequality (6.4) of Corollary 11
from [11].

e v=20and A = %, then we obtain the inequality (2.7) of Corollary 1
from [12].

Corollary 2.20. In Corollary 2.18, if we take vy =0 and A\ = 1—75, we obtain
the following corrected Simpson’s inequality:

L (78 (01) + 168 (252) 175 (02)) — /s ) du| < B3@z=a1) |57

900

02—01

Corollary 2.21. In Corollary 2.18, taking v = 0 and A\ = %, we get the
following spline inequality:

(35(01)+108(01+0‘2)+38 0'2 -t 01/8 du < 170122861) HS/”

Corollary 2.22. In Theorem 2.17, if we take x = 3"{%, we obtain the
following 5-point Newton-Cotes type inequality:

AS(01)+(2—=0)S (2272 444 5(21t22) 4 (2—0)S(Z1E292) 1 AS(00)
1 s S a5 ) du

< (A2 +(14+7=N)?+47°+(1-)?) (03 —1) 15l

16(1+7)?
Corollary 2.23. In Corollary 2.22, if we take A = % and vy = ﬁ, then we
obtain the following Boole inequality:
o2
78(01)+328 (L1392 ) 4 125( 21E92) 4 395 ( 391192 ) 1 75( ) 1
(52) (902 ) (*272) — L [S(u)du

239
e [

Corollary 2.24. Within Corollary 2.22, in the event that we take \ = %
and v = %, we get the following Bullen-Simpson inequality:

S(o1)+48(PAF72) 425 (D72 ) 448 ( P2 )48 (02) 4 /S (u) du

12 02—01

5 —
<Al |18
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Corollary 2.25. In Theorem 2.17, if we take x = %1%, we obtain the
following 5-point Newton-Cotes type inequality:

2X8(01)+(3—20)8 (272 ) 4678 ( 1522 ) +(3—20)S (292 ) 4208 (02)
6(1+7)

02

-1 /S(u)du

02—01

o1

ANZH4(14+7=N) 24972 = (2y=1)?) (o2 —01) .
< ( 36(1+7)2 ) 1Sl if y > %,
- AN A1y =N)2+99% +(1-27)?) (02 —01) .

( s

Remark 2.26. Corollary 2.25 will be reduced to Corollary 4 from [18] and
Corollary 6 from [1], if we take v =0 and A = 2.

Corollary 2.27. In Theorem 2.17, if we take x = &'1%, we obtain the
following 5-point Newton-Cotes type inequality:

AS(01)+(3—N)S (27172 ) 4678 (21472 ) +(3-2)S( LEE2) A8 (02) 1
: (=) 6§1+§> ) : ~ oy [ S (W du

(N +0+7=2)24+99°+(2—9) ) (02—01) 1’|
36(14+7)2

Corollary 2.28. In Corollary 2.27, taking A =0 and v = % we obtain the
following Maclaurin’s inequality

<

(5 (3o 4 25 (2242) 435 (252) - i[5y

25(02—
<2z |18,

Corollary 2.29. In Corollary 2.27, taking A = 0 and v = 2—7 we obtain the
following corrected Euler-Maclaurin’s inequality

02—01

35 (278 (52:592) + 268 (2422) 4 278 (24P92)) — /s (u) du

2401(
<0 1S

Remark 2.30. In Theorem 2.17, if we take A\ =~y = 0, then we obtain the
first inequality of (4.1) from [15].

Theorem 2.31. Let S : [01,02] — R be a continuous differentiable on
[01,02]. If 8'belongs to L! o1, 03], then we have

Oy (01,2,09:S) — Uzigl /S (u) du
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(14+v=X) T—01 A T—01
Smax{ 1+ og2—01 )7 1+y \(o2—01 )

where A,y € [0,1] and x € [Ulv %]

(1+2v)(z—01)—(02—2)
2(1+v)(o2—01)

iy IS

Proof. Using the absolute value on both sides of (1), we have
o2

Q)\,"/ (017‘%702;8) - ! /S(U) du

02—01

g1

<L / K ()] IS (8)]dt

70_2 - /’t (A4+y)oi+A(z—0o1) 01+)\(w 1) |S/ (t)|dt
g1to2
2
+ / ¢ — Lzaniez |57 (1) at
o1+o2—x
T
o1tos
2
)
+ / ‘t— (HV)Uil’);(w*m) \Sl (t)| dt
o1+o2—x
1 (1+y=N)(z—01) A (z—01)
—o02—01 (max{ . 1+ - ) 1+71 }

o2

7 |S" ()] dt / S’ ()] dt

A4v)og—A(z—07)
T+

1+29)(z—01)— (02 —2 o2—01)
+max{ ( 7)(2(1-5-17)) (o2—x) 7Wg(f+7)l }
% o1+o2—x
« / 1S ()] dt + / 1S (8)] dt
T 014502
1+v—N)(z—0 AMz—o1) | (14+2y)(z—01)—(02—2) (o2—01)
—ozial max{( * 1+)§ 4, (1+~y1 ’ . Pl e ’v2(f+~y)1 }

og1+oo

78’ (t)| dt + ] |S (t)] dt

x
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o1+o2—x g2
+ / |S” ()| dt + / IS’ (t)| dt

g1to3 (4v)og—A(z—0y)
2 14+~

1 1+v—N)(z—0o AMzxz—o 14+2y)(x—01)— (02—
<o max [ () M) | (g tor

B IS,
The proof is completed. O

Corollary 2.32. In Theorem 2.31, if we take x = %2"2, we obtain the
following Simpson-like type inequality:

1 A o1+0
e o)+ S (47) + a0 ik [ S0

o1
14+ |14+y—2)
<HH=2 s,

where we have used the fact that

1 1+y=X X v _1 1+y=XA ) _ Iyt [l4y— 2)\\
2 max{ T4y T4y Tary [ 218X\ 15 1x (1)

Remark 2.33. In Corollary 2.32, if we take

e v =\ =0, then we obtain inequality (2.17) from [15].
e v =0 and A = 1, then we obtain inequality (2.16) from [15].
e y=0and A = 3, then we obtain Corollary 2.2 from [10].

Corollary 2.34. If we assume v = 0, Corollary 2.32 gives the following
Simpson-like type inequality:

23S (01) + (1= N) S (2£22) + 3S (02) /S

02—01

<fmax{l = A A}IS]], = HEL S

Corollary 2.35. In Corollary 2.32, if we take v =0 and A = %, we obtain
the following Bullen inequality

(e s (2gm)) - i [S @) < S

Corollary 2.36. In Corollary 2.32, if we take v = 0 and A\ = -=, we obtain
the following corrected Simpson’s inequality:
o2—01 /S — 60

35 (78 (01) + 168 (2£22) + 7S (02)) —

A
‘ L
“@
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Corollary 2.37. In Corollary 2.32, taking v = 0 and \ = %, we get the
following spline inequality:

o2
(& (35 (1) + 108 (££22) + 38 (02))) — =1 /5 (w)du| < 2 1],
o1
Corollary 2.38. In Theorem 2.31, if we take x = 3"141&, we obtain the
following 5-point Newton-Cotes type inequality:

o2

AS(01)+(2-NS(FHET2 ) 14y S (A7) +(2-NS( D2 ) 4AS(02) /S (u) du

4(14+7) o2—01

g1

(I+7=2) X 1—
gmax{ 4(117) » 4(1+9)” 4(141”, 2(117)} 1571, -

Corollary 2.39. In Corollary 2.38, if we take A = % and v = 1—23, then we
obtain the following Boole inequality:

78(01)+323(0123a2 )+128("1;”2 )+32S(3"1:”2 )+75(U2) 1 /S (u) du
90 72791

S% ISl -

Corollary 2.40. In Corollary 2.38, if we take A = % and vy =
following Bullen-Simpson inequality:

a2

S(o1)+48( 27172 ) 128( 11172 145 ( TE272) 4 5(0y)
1 ( 4 ) (122 ) ( 4 ) 2 _Uzigl S(u)du SéHs/Hl

o1
Corollary 2.41. In Theorem 2.31, if we take x = %1%, we obtain the
following 5-point Newton-Cotes type inequality:

2X8(01)+(3—20)S (272 ) 4648 ( 21522 ) +(3—20)S( 222 ) 4208 (02)
6(1+7)

_02101 /S (u) du

14+y—X A [2v—1] o /
< max { 3(147) 7 3(1+7) 6(1+7)* 2(1+9) } 1571 -

Remark 2.42. Corollary 2.41 will be reduced to Corollary 1 from [18], if
we take v =0 and A = %.

Corollary 2.43. In Theorem 2.31, if we take x = 5”1%, we obtain the
following 5-point Newton-Cotes type inequality:

AS(01)+(3-N)S (27172 ) 46785 (21572 ) +(3-2)S( TLE22) 2S5 (02) 1
° 6(1+’2Y) : o2—01 S(U) du
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T4y=A A 2— 3
<max { {953 sy ateesy sy } 1S
Corollary 2.44. In Corollary 2.43, taking A = 0 and v = % we obtain the

following Maclaurin’s inequality

o2

35( 391tz +28 o1+oo +38 o1+509
( 6 ) (82 ) ( 6 )_U2i01/8(u)du§2574”8/”1'

g1

Corollary 2.45. In Corollary 2.43, taking A = 0 and v = %, then we
obtain the following corrected Euler-Maclaurin’s inequality

o2

278( 5912 965 (21to2) o7 ( 1tEo2
( 6 ) (802 ) ( 6 )702i01/5(u)du S%HS/Hl'

o1
Remark 2.46. In Theorem 2.31, if we take A\ =~y = 0, then we obtain the
third inequality of (4.1) from [15].

3. Applications

For arbitrary real numbers o1, 02 we have:
The Arithmetic mean: A (o1,09) = %

) ) Pt rtl \ B
The p-Logarithmic mean: Ly (o1,02) = (m) , 01,09 > 0,01 #

o9 and p € R\ {-1,0}.
Proposition 3.1. Let 01,09 € R with 0 < 01 < 03, then we have
134 (01,03) + 5A% (01, 09) — 8L3 (o1, o2)|

1 1
a+l 5941\ a (G, o\ 4
< (3 +5 ) ( — ) L, (01,09).
Proof. This follows from Corollary 2.7, applied to the function S (u) =
u?. O

N[ =

Proposition 3.2. Consider X a random variable with the probability den-
sity function S that takes values in the finite interval o1, 03] i.e. S : [o1,09] —
T

[0, 1] with the cumulative distribution function F (z) = Pr (X < z) = [S (u) du,
o1

we have

32F( 292 ) 1o F( b2 ) paeF (202 v o px
90 - 02—01

11
< 6o

Proof. Replace S = F in Corollary 2.39 and taking into account that
F(o1) =0,F (02) =1 and

E[X] = TUS (u) du = 09F (02) — 01 F (071) — (TF (u)du = o9 — ?F (u) du.
1 g1 o1 D
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4. Conclusion

In this paper, we have introduced a novel bi-parameterized integral identity

and leveraged it to derive a series of integral inequalities for functions with
first derivatives in the LP spaces, where 1 < p < oco. The results obtained ex-
tend and generalize several existing findings in the literature. Additionally, we
have demonstrated the practical relevance of these inequalities through various
applications, underscoring the significance of the proposed identity in math-
ematical analysis. Future work may explore further extensions and potential
applications in related fields.
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