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ABSTRACT. In this paper we define a matrix sequence called the Pell matrix sequence
whose elements consist of Pell numbers. Using a positive parameter k, we generalize the
Pell matrix sequence to a k-Pell matrix sequence and using two parameters s,t we gen-
eralize them to (s, t)-Pell matrix sequences. We give the basic properties of these matrix
sequences. Then, using these properties we obtain exponential representations of the Pell
matrix sequence and its generalizations in different ways.

1. Introduction and Preliminaries

Sequences of positive integers have long been studied and many special integer
sequences are known to have applications in different areas of science. Many re-
searchers devote their attention to special sequences, such a Pell, Pell-Lucas, and
Modified Pell sequences, which satisfy a second-order recurrence relation. Horadam
studied various properties of Pell numbers and Pell polynomials. Ercolano found
generating matrices for Pell sequences. Many mathematicians have looked at gen-
eralizations of Pell sequences one gets by adding one or two parameters to the
recursion relation but not altering the initial conditions. Identities and generalting
functions for the k-Pell numbers were established in [3]. The authors of [2] investi-
gated (s,t)-Pell and (s, t)-Pell-Lucas sequences and their matrix representations. In
[4], (s,t)-Pell and Pell-Lucas numbers are studied using matrix methods. In [5], the
exponential representations of the Jacobsthal matrix sequences were found. In this
paper we give the definitions of Pell sequence and its parametrized generalizations.
Using the elements of the sequence, we establish matrix sequences for the integer
sequences. We demonstrate the exponential matrices for the Pell matrix sequence
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and its generalizations by various methods.
As seen [1, 6], the recurrence relation with initial conditions for the Pell sequence
is given as
Pn=2pn-1+pn-2, po=0 andpy =1, n=>2.

The characteristic equation for the recurrence relation of the Pell sequence is

22—2x-1=0

with roots 71 = 1+ /2 and 79 = 1 — /2. Tt is easily seen that 71 + ry =
2, mro=—land ri —ry = 24/2. The Binet formula for showing Pell numbers as
a function of the roots r1, ro is established as

7’”—7"“
1.1 y = 42
(1.1) b T —T2

The sequence can be generalized using one parameter k, which is any positive
integer. The k-Pell sequence {pyn},y in [3] is demonstrated by

Pk = 2Pkn—1+ kPkn—2, pro =0 and py1 =1, n=>2.
It has the characteristic equation

22 -2 —k=0

with roots

re1=1+V1+k and 7,0 =1—-V1+Ek.

So, the following properties are established

(12) TkATk2 = —k, Tkl +Tk2 = 2, Tkl — Tk2 = 2vV1 + k.

The Binet formula for the k-Pell sequence with roots ry ; and rj 2 is given by

TE1~ TR
(13) Pkn = —_—
Tk, — Tk,2
As established in [4, 5], the two-parameter Pell sequence (s,t) -Pell sequence

{pn(s,t)},cy is obtained by the following recurrence relation
DPn (Sat) = 28p’ﬂ*1 (Svt) + tp’ﬂ*Q (Svt) P pO(Sat) = 07 p1(87t) = 17” > 2;

where s,t are real numbers such that s > 0, # 0 and s2+¢ > 0. The characteristic
equation of this recurrence relation is

22— 2 —t=0
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with roots ri(s,t) = s+ vs?2 +tand 7a(s,t) = s — v/s? + t. The roots satisfy the
relations:

(1.4)
ri(s,t)ra(s, t) = —t, 7ri(s,t) +ra(s,t) =2s, 7ri(s,t) — ra2(s,t) =2v/s2 4+ t.
The Binet formula for (s, t)-Pell numbers with the roots r1(s,t), r2(s, t) is given by

r(s,t) — ri(s,t)
ri(s,t) — ro(s,t)’

(1.5) Pn(s:1) =

2. Pell and Its Generalized Matrix Sequences

The Pell matrix sequence { P, },y is defined in [2] by the recurrence relation

10 2 1
(2.1) Py = 2P, + Py_1, P0:<0 1),131:(1 0).

The elements of Pell matrix sequence are the elements of Pell sequence such that

P, = Pn+1 Pn _
Pn Pn—1

The k-Pell matrix sequence { Py .}, oy is established by

1 0 2 1
(2.2)  Pipt1 =2Pin +kPypn_1, Ppo= ( 0 1 >, Py = ( k0 )
The elements of k-Pell matrix sequence are the elements of k-Pell sequence such
that
Pr,n+1 Pr,n
P, = ’ ’ )
k, ( kpk,n kpk,nfl )
The (s,t)-Pell matrix sequence {P,(s,t)},cy is defined in [4, 5] by
(2.3)

Poy1(s,t) =25P, (s,t)+tP,_1 (s,t), Py(s,t) = ( (1) (1) ) , Pi(s,t) = ( 2; (1) > .
The elements of (s,t)-Pell matrix sequence are the elements of (s,t)-Pell sequence

such that (s,) )
_ | Pnt1(s,t Pn (8,1
Pn (S, t) - < tpn (5, t) tpn—l (Sa t) > .

Lemma 2.1. Assume s,t are real numbers such that s,t > 0, t # 0, n > 1 an
integer, k any positive integer, the following identities hold:

P, =P, Pin=PF', P,(st)=P"(s1).
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Proof. The proof is made by induction method. We want to prove the last equality

that P, (s,t) = Pl*(s,t). For n = 1, it is easily seen that the assumption is
true. Assume that P (s,t) = Pf (s,t) is true for k < n. We want to seek for the
assumption is valid for k =n + 1:

P (s,t) = Pl (s,t)Pi(s,t) = P, (s,t) Py (s,1)
n (S’t) n (57t) 2s 1
- ( ptptzl(s,t) tpljz—l (s,1) ) ( t 0 )

28pn+1 (8’ t) +tpn (87 t) Prn+1 (S, t)
tpn-i—l (Sa t) tpn (Sa t)
= Pn+1 (57 t) .

If we choose s =t =1 in this equality, we get the first equality.
Similarly, If we choose s = 1, t = k, we get the second equality. O

Lemma 2.2. Assume s,t are real numbers such that s, >0, t 20 and n > 1 an
integer, k any positive integer, the following identities hold:

Pm+n =P, P, Pk,nz+71, :Pk,mpk,na Pm+n (S,t) =P, (Svt)Pn (57t)-
Proof. The proof is made by induction method. We want to prove the second
equality that Py y4n = PimPin. For n =0, it is easily seen that the assumption
is true. Assume that Py 15 = Py mPrs is true for i < n. We want to seek for the
assumption is valid for ¢ =n + 1:

Pk,m+n+1 = 2Pk7m+n + kPk7m+n—1 = 2Pk7mPk,n + kPk,mPkm—l
= Pk,m(2Pk,n + kPk:,nfl) = Pk,mPk,n+1~

The other proofs are made by using the same procedure.

3. The Exponential Representations of Pell Matrix Sequences

In this section, we want to present the exponential representations of the nth
element of Pell matrix sequence and the nth element of generalized Pell matrix
sequences. If a function f(z) of a complex variable z has a Maclaurin series expan-

o0 o0
sion f(z) = 3" arz* which converges for |z| < R, then the matrix series Y ajA*
- k=0
converges, provided A is square and each of its eigenvalues has absolute value less

than R. In such a case, f(A) is defined as f(A4) = > apA* .
k=0

Theorem 3.1. For any integer n > 0, the exponential representation of the nth
element of (s,t)-Pell matriz sequence is in the following form:

ePn(st) _ —(=t)™ Zp"k n(s, t 2+ank s,t) 5. 1)
k=
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where Iy is the identity matriz and p,(s,t) is defined in [/]. The theorem gives
us the opportunity finding the exponential representations of the nth element of
(s,t)-Pell matriz sequence using the nth power of first element of (s,t)-Pell matriz
sequence. Similarly, the exponential representation of the nth element of k-Pell
matriz sequence 1s

oo

Py on pk ni— ny k:nl n
e =—(—k E
( ) o Pk P

and the exponential representation of the nth element of the Pell matriz sequence
18
(o) (o]
EP" _ Pnk Pln B (71)n Pnk—n IQ.
k:op”k! ‘ P k!

Proof. The eigenvalues of Pi(s,t) = ( 215 é ) are 11(s,t) = s+ Vs2+t

and ro(s,t) = s — Vs> +t. By Lemma 2.1, we know that P, (s,t) = P (s,t).
Therefore, the eigenvalues of P, (s,t) are rf'(s,t) = (s +v/s? + t)n and 75(s,t) =
(s — /8% + t)n. By the equality e/»(5:t) = a1 P (s,t) + apla, we get

er?(s,t) — 0117"?(8,75) + ag, 67‘;(5725) = alrg(s,t) + ag-

By these equations, the values of ag, a; are found. If we substitute the values of ag,
ay, it is obtained that

oPalsit) _ 7"?(8, t)erg‘(s,t) — 7"721(8, t)er?(&t) L+ erT(s:t) _ or3 (s:t) Pn(s, t),
i (s,t) = r3(s,t) ri(s,t) = ry(s,t)

=

Applying the Maclaurin series expansion of expx and (1.4), (1.5), we obtain the
following:

eri(s0) _ erh (5.1 i( s, —r;”%s,t)) 1 & pan(s,t)

(s, t) —ri(s — (s, t) )R = pn(s, 1)k

=0

1
(s, t)e"? (1) = ph stZr?kst Zr”knstg,
k=0 ’

and
o0 o0

ry (s, t)e D = rli(s,1)) (s,t)% = (=) (s, t)kl

k=0 k=0
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If the results are combined

Falet) (r?(s,t)er?w—r%(&t)e’"“s’“)lrﬁ(er?(s’”‘”;(s’”)pn<s,t)

(s, t) =15 (s,1) (s, t) —r3(s,t)

“Zr”k (s, t —— (= ZTnk "(s,t) 1 Io/ (r{(s;t) = r3(s,t))

pnk(s7t)
A 2B gy
kzopn(s,t)k! (5,2)
= pnkfn(sat) = pnk(sat)
= (S Pkl PoklS 1) png 4.
(=) . (s, t)k! 2+}§pn(s,t)k! (s:?)

If we choose s =t = 1, we can apply this result for classic Pell matrix sequence

defined in (2.1). The eigenvalues of P, = < ? (1) ) matrix are r; = 1+ /2 and
ro =1—1/2. By rire = —

n n
7] nery 7"26 et — e
-[2 + n n -Pn
=Ty Ty =T

o0

Py,

e

o
n pnk:—nI

k=0

where P, is the nth element of the classic Pell matrix sequence.

If we choose s =1, t =k, we can apply this result for k-Pell matrix sequence

defined in (2.2). The eigenvalues of Py, 1 = ( 129 é ) matrix are 1++/1 4+ kand 1—

V1+ k. By Lemma 2.1, the eigenvalues of Py, matrix as 7‘}5,1 :(1 + 1+ k:)nand
Tho = (1 -1+ k)n . By the Binet formula for Py, and 741752 = —k

n o ry n o ry n n
Py Tpa€ "2 = T gl ™! ekt — k2
e ki — - = .[2 + . on Pk,n
T —-T T - T
k,1 k,2 k,1 k,2
= 1 = 1 p
_ n ni—n n ni—n n k,ni
= |(-k) Tk,2 e (=k) Tk1 o I/ (Tk,1
i=0 : i=0 : pk nt
=y D
k,ni— k,nt
= (Y Y et
i—0 Pre,nt: izopk,nl-

where Py ,, is the nth element of the k-Pell matrix sequence.

The following theorem shows us a second way for expressing the exponential
representation of the nth element of (s,t)-Pell matrix sequence. O
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Theorem 3.2. For any integer n > 0, the exponential representation of the nth

element of (s,t)-Pell matriz sequence is in the following form:

ri(s,t
Po(sit) _ e () 0 1
(& = U |: 0 e,,.;t(&t) U

where U is an invertible matriz and
67‘1”(5,2&)

0 o = pni—l(87t> > pnl(87t) Tl(S,t) 0
0  erzlst) } _;t il Iz_; il 0 rast) |°

This result has more advantage for finding the exponential representations of the
nth element of (s,t)-Pell matriz sequence. Because we only need the elements of
the sequence (pp(s,t)).

Proof. Because of the eigenvalues of P, (s,t) are (ri(s,t))" and (ro(s,t))", there is
an invertible U matrix such that

Pu(s, ) :U[ (r(s,1)" o ]U‘l.

Therefore, the exponential form is

()" g
Pr(st) _ € -1

Then, we obtain

(1 (s,t)" 0 (s e (s e
0 e(r2(s)" N ri(s,t) — ra(s,t) 2

(6(7“2(5,25))71 _ 6(7“1(5,15))"> |: 7’1(57t) 0 :l

r1(s,t) — ra(s,t) 0 ro(s,t)

> rp (s, ) — (s, 1) 1
Z(it) ( r1(s,t) — ra(s,t) ) 2'!12]

i=0
+§: (ra”'(s,t) - ri“’(s,t)) 1 [ ri(s,t) 0 }
=\ ri(s,t) —ra(s,t) ) il 0 r2(s,1)
. = pnifl(svt) = pni(s7t) r1(57t) 0
- Zt il IQ_Z il 0 rafsyt) |
i=0 =0
If we choose s =t = 1, we can apply this result for classic Pell matrix sequence as

eP"U{eTIL 0 }Ul
0 e




402 Sukran Uygun

where

et 0 (e — et I+ e —er? ry 0
0 er: N ry—To 2 ry — 1o 0 ro
0 ni—1 ni—1
Ty Ty —r3*\1|r 0
= _— I —_
;( L — T2 )Z'2+Z§%<T1—7‘2>i!|:0 7‘2]

_ prnl pnl 0
_ Z ) {0 ]

If we choose s = 1, t = k, we can apply this result for k-Pell matrix sequence.
The eigenvalues of matrix are 1 + 1+ k and 1 — /14 k. By Lemma 2.1, the
eigenvalues of Py, matrix as rj; :(1 +v1+ k)n and  rp, = (1 —V1+ k:)n By

the Binet formula for Py ,, and r 1752 = —k, we get
oo
ekt 0 _
efen = U n Ut
0 e"k.2
where
n n n n
ek, 0 rp1€ k2 —rp e k1 ekl — eTk,2 Tho1 0
a | o= ’ L+ S =2 |
0 e Tk — Tk,2 Th1 = Tk,2 0 7r2

[e%s} ni—1 ni—1 ni
Zk Tk Tk Z Tkl_rk2 11 r: 0
Tk, — Tk,2 Tkl — Tk,2 7! 0 Tk,2

1= =0

0
k(zpknz 1>]2+Zpkrnz|: - Ol+k:|

a

Theorem 3.3. Forn > 0, the exponential representation of the (2n)th element of
Pell matrix sequence is given in the following form:

oPon — Ponk—1 = Donk rr 0
2_<p1+z ) Zk'[o 7"2:|'

k=0

Proof. By using Lemma 2.2, there is an invertible U matrix such that

P. P,P,=U gt 0 Ut
2n = I'mdf'n = O T%n .

By using the properties of the exponential matrix, we have

2n
e 0
efrn = U
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We also obtain

2n 2n 2n 2n 2n
el 0 rie™2 —ryet ez —eh rr 0
pr2n == - I2 + - 3
0 e rL—Ta rL— T2 0 ro

k=0 k=0
and
rie’2 —rge Z (T%m — m 1) 1_ ~DP2ni—1
r — T2 i—o T —To Z' P Z'
By combining the results, the proof is completed. O

Exponential representation of (2n)th k-Pell and (s, t)-Pell matrix sequences can
be obtained by using the same procedure. We give the results as

0o D o0 D , 0
Proon _ k,2ni—1 k,2ng k,1
¢ _k<z il >[2+Z il [ 0 }
i=1 i=0

Tk,2

Pon(s,t) _ Pank—1(8,1) ank s,t) [ ri(s,t) 0
(& =1 (Z %l IQ"’Z 0 TQ(S,t) .

k=1

Theorem 3.4. For n > 0, the exponential representation of the (2n)th element of
(s,t)-Pell matriz sequence is computed in the following form:

efen(s:it) — _y2n - Pank—2n(8,1) = Pank(s,t) P2n(8 t)

I +
= Don (s, t)k! k:Opgn(s,t)k! !

Proof. The eigenvalues of Pi(s,t) are ri(s,t) = s+ vs?2+t and ra(s,t) = s —
V/s? + t. The eigenvalues of Py, (s,t) are ri"(s,t) = (s +V/s2 + 1) " and r2n(s,t) =
(s —Vs2+ t)2n . By the equality e2r(5:t) = a1Psy,(s,t) 4+ aplz, we get

e’ (s:t) —alr "(s,t) + ag, s’ (s:t) —alr "(s,t) + ag.

By these equations, the values of ag, a; are found. If we substitute the values of ag,
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a1, it is obtained that

ePen(sit)  — (T%n(s’t) ers" (=) — p3n(s, i) e ’(S,t)> I

(s, 8) — 13 (s, 1)
ri(s,t) _ or3"(s,t)
e e
Py, (s,t
*(r%"w)—@ ", t)) e )

n ’I'L n n I
— [Zk' onk—2 (s t)—rlk (s,t>)‘| r%”(s,t)er (5. 0)

= Donk (s, 1)
Ponkl5Y) b (st
= pgn(s,t)k! 2n(5,%)
p2nk 2n S, t p2nk S t 2
= —" I + "(s,t
2 pon(s, R ZanSt .

If we choose s =t = 1, we can apply this result for the classic Pell matrix sequence

o e
P, _ P2nk Pzn p2nk72nI

e = - 2-
k:0p2nk! ank'

k=0

If we choose s =1, t =k, we can apply this result for k-Pell matrix sequence

p - p

k,2ni—2n k,2ni
€Pk‘" _ an ) - [2 . kZ,Wi
Pk,2nt: i—0 Pk, 2nt:

=0

4. Conclusion

The exponential representations of the Pell matrix sequence and its generalized
matrix sequences are investigated in this study. The elements of the sequences are
2 x 2 matrices. This study can be extended to 3 x 3 matrices. The other special
integer sequences can also be used for finding exponential representations of them.
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