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A STUDY OF THE C-GRAPH AND PROPER C-GRAPH
OF THE SYMMETRIC GROUP S,, n e Nt

SINU N. VIJAYAN*, ANJALY KISHORE

ABSTRACT. Defined the proper C-graph G*(I") of a group I of order n as
a subgraph of the C-graph G(T') induced by the vertex set I" \ {i}, where
i is the identity element of the group I'. Observed that, the number of
undirected edges of these two graphs are same, but the number of directed
edges of G*(T") is n — 1 less than that of G(I"). Established a characteriza-
tion of the groups for which the proper C-graph is a complete undirected
graph. Obtained a method to identify permutations in S, that are either
a transposition or a product of disjoint transpositions, directly from the
corresponding proper C-graph G*(Sy).
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1. Introduction

Representing algebraic structures as graphs is an easy way to study its
properties, and is a largely focused area for research. Many graphical rep-
resentations of algebraic strucutres such as, groups, semigroups, commutative
and non commutative rings are available in the literature. In fact, most of
these are on groups, like Cayley graph[11][4], Commuting graph[19], Directed
power graph[16], Divisibility graph, Annhilator graph[15], Relative non nil-n
graph[3] Enhanced power graph[7], Non exterior square graph[20], Co-prime or-
der graph[24], Non commuting graph [2]. The Undirected power graph[13] and
Identity graph[10] are constructed for semigroups. The Zero divisor graph is
defined for both commutative[6], and non commutative [21] rings. The Total
graph[9] is also a graphical representation of commutative rings. Most of the
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above mentioned graphs are undirected except probably the Cayley graph and
Directed power graph.

C-graph is another representation of the algebraic structure group, with ver-
tex set as the group itself. The construction of C-graph is based on the question,
‘What is the key role of an element in the group that distinguishes it from other
elements?’[22]. In a group theoretical view, it can be the order of each element,
or more clearly, it can be the set of all elements generated by an element (cyclic
subgroup) in the group. Thus, in this graph, the adjacency relation between
vertices is based on the cyclic subgroups generated by corresponding elements
of the group. A study of the structural properties of C-graphs on the basis of
corresponding group structure and vice versa can be carry out in this area of
research.

Main objective of this paper is to deduce the concept of proper C-graph of
a group from its C-graph and discuss some of the structural properties of the
proper C-graph of the symmtric group S,, n € N. The paper comprises of two
sections - the first one is on the induced subgraph of C-graph and the other is
on the proper C-graph of groups.

Throughout this paper, I' is a group and G is a graph. For an element a in
T, o(a) is the order of a. The identity element of the group is denoted by i.

2. Preliminaries and Notations

To start this discussion of interconnection between two branches of mathe-
matics, namely Abstract Algebra and Graph Theory, some basic understanding
of group theory is required. Let us begin with few elementary definitions as
follows;

Definition 2.1. [11] A permutation of a set A is a function ¢ : A — A that is
both one to one and onto. In other words, a permutation of A is a one-to-one
function from A onto A.

Definition 2.2. [11] Let A be the finite set A= {1,2,...,n}. The group of all
permutations of A is the symmetric group on n letters, and is denoted by S,,.

Definition 2.3. [11] A permutation o € S, is a cycle, if it has at most one
orbit containing more than one element. The length of a cycle is the number of
elements in its largest orbit.

Definition 2.4. [11] A cycle of length 2 is a transposition

Before entering into the definition of C-graph of a group, let us discuss the
notion of comparability of elements of a group.

Observations[22] For a group I" and two distinct elements « and y of T',
(1) If either (z) C (y) or (y) C (x), then we can say that (z) and (y) are
comparable in I'" and so are the elements x and y.
(2) For any two comparable elements  and y of T,
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(a) If (z) C (y), then (x) is weaker and (y) is stronger cyclic subgroups
and also x is weaker and y is stronger element in the group T.

(b) If (x) = (y), then the two cyclic subgroups are equal in strength
and so are the elements x and y.

Thus, for any two comparable elements z and y of I', the element which
generates weaker cyclic subgroup is the weaker element and the other is stronger.
So, the power of generating more elements of the group is considered as a measure
of strength for comparable elements.

C-graph is the graphical representation based on the concept of comparability
of elements of a group.

Given below is the definition of C-graph of a group.

Definition 2.5. [22] For a group T', the C-graph G = (I, E, E') is the graph
whose vertex set V(G) =T and for z,y €T, x £y,

if (x) C (y), then there is a directed edge from x to y.

if {x) = (y), then there is an undirected edge between x and y.
where E 1is the set of all undirected edges and E' is the set of all directed edges
of G.

For two elements x and y of the group I', an undirected edge between them
in the corresponding C-graph G = (T', E, E’), is denoted as zy and a directed
edge from z to y is denoted as x — .

Given below observations explain how the adjacencies in C-graph reveals the
comparability of elements of the group.

Observations[22] For a group I' and C-graph G = (T', E, E’),

(1) Any two elements x and y are comparable in the group I if and only if
there is an edge between x and y in the C-graph G.

(2) For z,y €T,
x — y in G if and only if x is weaker and y is stronger in I'.
zy in G if and only if  and y are equal in strength in T'.

That is, the C-graph is defined as a mixed graph(a graph with both directed
and undirected edges), in order to analyse the pattern of communication be-
tween nodes. Here, an undirected edge represents the two way communication
between the nodes and a directed edge denotes the one way communication(in
which the direction imply the flow of communication) betweeen the nodes. Thus,
if we consider it as a communication network, the flow of communication is more
explicit here.

For a vertex x of the C-graph G of T, there are three types of degrees namely,
degree, the number of undirected edges incident with z, in-degree, the number
of directed edges with x as their terminal vertex and out-degree, the number
of directed edges with x as their initial vertex. These three degrees are denoted
by deg(z), deg™ (z) and deg™ () respectively, for a vertex z of the C-graph G(T").
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3. Induced subgraph

In this section, the nature of the subgraph of the C-graph G(I") induced
by a subgroup H of the group I is studied. For this, let us recall the definition
of induced subgraph of a group.

Definition 3.1. Let G = (V, E) be any graph, and let S C V be any subset of
vertices of G. Then, the induced subgraph Gg is the graph whose vertex set is
S and whose edge set consists of all of the edges in E that have endpoints in S.
That is, for any two vertices u,v € S, u and v are adjacent in Gg if and only if
they are adjacent in G.

Note 3.1. LetI' be a group and G(T') be its C-graph, then corresponding to any
subgroup H of T', G(T') g denotes the subgraph of G(I') induced by the subset H
of the vertex set I

Theorem 3.1. For a group T' and subgroup H of T, G(I')y = G(H), where
G(H) is the C-graph of H (This is possible, since being a subgroup of I, H itself
is a group).

Proof. From the definition of C-graph of a group and induced subgraph, it is
clear that, V(G(I')g) = H = V(G(H)).
Now, let z,y € H
Casel: 2 —yinGT)y <=z —yin G(T).

< (z) C(y)inT.

<= (z) C (y) in H.

<=z —yin G(H).
Case 2 : zy in G(I')y < zy in G(H), by an argument similar to case 1.
Thus, G(T') gy and G(H) are two graphs with the same vertex set and adjacencies.
Hence, G(T')g = G(H). O

That is, the above theorem says that, for any subgroup H of a group T,
the induced subgraph of the C-graph G(T') induced by H is same as the C-graph
of the subgroup H.

4. Proper C-graph of a group

In this section the subgraph of G(I") induced by the set of all non identity
elements of the group is studied. The resultant graph is named as proper C-graph
G*(T") of a group I". The purpose of considering G*(T") is to reduce the complexity
of C-graph of larger groups, so that some characteristics of non identity elements
of the group can be more easily identified. Because of the presence of directed
edges from the identity to all the non identity elements, the C-graph G of any
group I of order n has the following two properties;

(1) No isolated vertices are in G.
(2) Number of directed edges in G > n-1.
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Thus, the identity vertex performs like a center of the network, which can
pass information or data to all the other vertices, but no data is sent back to this
center vertex. So, in order to study the transmission of data between the non
identity vertices, which received data from the identity, the proper C-graph can
be used. Also, this leads to the identification of the stability of communication
between the non identity elements of the group.

According to the concept of comparability of elements of a group (in which
the ordering of elements of a group is done on the basis of the cyclic subgroups
generated by each element), the identity element has the property that, it is
weaker than every other element of the group, and it is the only element with
this property in any group. This leads to the uniqueness of the identity element
in the group. So, here onwards, the identity element is named as the unique
Totally weaker element T, of the group. In other words we can say that,
every element of the group is atleast comparable to the identity. More clearly,
every element of the group is atleast stronger than the identity. Similarly, in the
corresponding C-graph, presence of directed edges from the identity to all the
other vertices, make the identity Totally weaker vertex T, in the C-graph.
Also, this T, ensures the fact that there is no isolated vertex in the C-graph G
of a group T'.

Now, we consider the Totally weaker vertex of a subgroup of the C-graph.

Definition 4.1. A vertex x of a subgraph H of the C-graph G(I') of a group T’
1s said to be a Totally weaker vertex, if it is weaker than every other vertex
of H. In that case, x is denoted as Ty (H).

Next, we are going to consider stronger elements and stronger vertices of a
group and C-graph respectively.

Definition 4.2. An element y in a group I is said to be a Totally stronger
element, if for any x # y in T, either y is stronger than or equal in strength
that of x.

Definition 4.3. A vertex y in a C-graph G(T') of a group T is said to be a
Totally stronger vertex, if for any other vertex x in G(T'), either there is an
undirected edge connecting x and y or a directed edge from x to y in G(I).

Note 4.1. (1) A group can have more than one Totally stronger elements.
The set of all Totally stronger elements of a group I is denoted by Ts.(T').
(2) Similarly, a C-graph G(T') can have more than one Totally stronger ver-
tices. The set of all Totally stronger vertices in a C-graph G(T') is de-

noted as Ty, (G(T)).

Definition 4.4. Let T be a group and G(T') be its C-graph, the proper C-graph
of T, denoted as G*(T') is the subgraph induced by the set T'\ {i}, where i is the
identity element in I'. That is, G*(I') = G(T)r\ 14} -
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Example 4.1. Given below are the C-graph and proper C-graph of the group
I =53

(oY @
&) CND @
O D @ ™

Fig.1 C-graph G(S3) Fig.2 Proper C-graph G*(Ss3)
Example 4.2. C-graph and proper C-graph of the group I's = Zg

Fig.8 C-graph G2(Zsg) Fig.4 C-graph G5(Zs)

Remark 4.1. Let ' be a finite group of order n, G(I') and G*(T") be its C-
graph and proper C-graph respectively. then, G and G* have the same number
of undirected edges. Also, the number of directed edges of G* is n — 1 less than
the number of directed edges of G.

Theorem 4.1. (Cauchy’s Theorem)[11] Let T be a finite group and let p divides
[T|. Then T has an element of order p and, consequently, a subgroup of order p.

Theorem 4.2. [22] Let T be a finite group and G = (T, E, E') be the C-graph of
I'. For any element a of the group I', order of a can be deduced from the C-graph
G. In particular, o(a) = deg(a) + deg™ (a) + 1.

Proposition 4.1. [22] For any prime p, the C-graph G = (T, E, E") of the finite
group Z, has the following properties.
(1) G contains a complete subgraph with p — 1 wvertices all of its edges are
undirected.
(2) G consists of only p — 1 directed edges, all of it are of the form (0,t)
wheret =1,2,3,...,p— 1.
(3) deg(0) = deg(0) = 0, deg*(0) =p— 1.
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(4) deg(z)=p—1, if x #0.
(5) deg™ (x)fl deg () =0, if x #0.

Note 4.2. For a finite group ', C-graph G and proper C-graph G*, the following
are true.

(1 ) deg(a) in G = deg(a) in G*,Va €T, a #1i.
(2) deg™(a) in G = deg™(a) in G*,Va €T, a#i.
(3) deg=(a) in G =deg™(a) in G* +1,Va €T, a #i.

That is, every element other than ¢ in I', has the same degree in both
C-graph and proper C-graph, the same is true in the case of out-degree also.
But, the in-degree of each vertex in G is one more than the in-degree of that
vertex in G*

The following theorem gives a necessary and sufficient condition for the
proper C-graph G* of a finite group I' to be complete in terms of the order
of the group.

Theorem 4.3. The proper C-graph G* of a finite group I' of order n is a com-
plete undirected graph if and only if n is prime.

Proof. Suppose that G* is a complete undirected graph, ie, G* = K, ;. If
possible, let us assume that n is a composite number, then there exist a prime
number p, 1 # p # n, such that p divides n. Now, Cauchy’s theorem assures,
there exist an element a in I such that o(a) = p and o({a)) = p.

By theorem 4.2

o(a) = deg(a) +deg™ (a) + 1, YaeT (1)

where deg(a) and deg~ (a) are the degree and in-degree of the vertex a in G.
= o(a) =deg(a) in G* + deg™(a) in G* +1+1,Va €T, a # 4,
by note 4.1

which is a contradiction. Therefore, the order n of the group I' is a prime
number.

Conversely, suppose that, n = p, a prime number, then I' & Z,. Now, by (1)
and (2) of proposition 4.1, G* = . That is, the proper C- graph G* of I is
a complete undirected graph. O

Rest of this section discusses some observations of the proper C-graph
of the symmetric group S,, n € N. For this, consider the below theorem on
permutations of a finite set.

Theorem 4.4. [11] Every permutation o of a finite set is a product of disjoint
cycles.

Theorem 4.5. Consider the symmetric group S, of order n, n € N. A vertex
x in the proper C-graph G*(S,) with deg(x) =t and deg™ (z) = 0, where t is an
odd number such that 0 <t <n—2,is at+2 cycle in S,.
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Proof. For the vertex x in the proper C-graph G*(S,,),
o(x) = deg(z)+deg—(x)+1in G(S,) by theorem 4.2
= deg(x) + deg™ (z) in G*(S,) + 2 by note 4.1
= t+0+4+2
= t+2
That is, x is a permutation of order ¢ + 2. Now, it is only need to prove that x
is a cycle. For this, consider (x).
deg(zr) =t == There exist ¢ disjoint vertices, say y;,
j=1,2,...,t different from z in G*(S,),
such that xy;is an undirected edge.
= (z)=(y;) j=1,2,...t
= y;€(x) j=1,2,...t
Thus, (x) = {i,2,91,Y2, -, Yt }-
Suppose that z is not a cycle. Then, by the theorem 4.4, x is a product of cycles.
Let © = zyxo - - - xk, where z,,,’s are disjoint cycles with length ¢,,,. Then, order
of the permutation z is the least common multiple of the lengths of the cycles
Tm, m=1,2,...,k.
That is, t =o(x) =lem(ty, ta, ... tk)
Claim : Vm =1,2,...,k, t,, is odd.
Suppose that, for an i € {1,2,...,k}, & =2d,d € N.
Then,
t = lcm(thtg,...,tl,...,tk)
= multiple of #;
= multiple of 2
—> t is even, which is a contradiction.
Now, choose a prime number p satisfying one of the following conditions.
(1) p=t;, for some j =1,2,...,k
(2) p divides ¢, for some j =1,2,...,k
Then, clearly p divides t.
Applying Cauchy’s theorem to (x) gives a subgroup H of (z), so that o(H) = p,
since (x) is cyclic, H is also cyclic.
That is, 3y € Sy, y # 1, y # x such that, H = (y) C (z) and [{(y)| =p
= 3 a directed edge y — = in G(S,), y # i.
= J a directed edge y — x in G*(S,).
= deg~ (z) > 1 in G*(S,), which is a contradiction.
.". The permutation x in .S, is a cycle of length ¢ + 2. O

Thus, a vertex in the proper C-graph G* of the symmetric group S,, with
an odd degree and nil in-degree corresponds to an odd cycle in S,,.

Note 4.3. The number t such that deg(x) =t and deg™ () = 0 as mentioned
in theorem 4.5 can not be even.

If possible, Suppose that t is even.

Consider {y € T 1y # x and (y) = (x)} = {x1,22,... 2} (say), since deg(zr) =
t. Let A = {x,x1,22,...2}, then o(A) = t + 1 is odd. Here, A is a set of
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permutations in S, all of which generates the same cyclic subgroup. Since, |A|
s odd, by pairing of elements of A with its inverse results in isolation of a single
element say xy, and then, x,;l =, = xi =1, the identity permutation in S,
= (xk) = {i,zx}, which is a contradiction.

*. There does not exist a vertex x in G*(Sy,),n € N, with deg(z) =t, deg™ (x) =
0,0<t<n—2,1t1s even.

Theorem 4.6. Any vertex x in the proper C-graph G*(S,) of the symmetric

)
group S,, n € N with deg(x) = deg™(z) = deg*(z) = 0 corresponds to a
transposition in S,.

Proof. Consider a vertex x in G*(S,,) with deg(x) = deg™ (z) = deg™ (x) = 0.

o(r) = deg(z)+deg=(z)+1in G
= deg(z) 4+ deg™(z) in G* + 2
= 2
Then, the permutation z is either a transposition or a product of disjoint trans-

positions.
If possible, suppose that, x is not a transpostion, then x is of the form
T = T1%3 ... T, where x;’s are ¢ disjoint transpostions.
= P1a1)(P2g2) - - - Pe-1at-1)(Peqr),  t < 5.pj.q5 € {1,2,...n},

p; and g; are all distinct
j=1,2,...t

Clearly z2? = i, the identity permutation in S,, and so o(z) = 2. Now, consider a

permutation y = (p1¢:qi—1 - - - @2q1PtP—1 - - . p2) in S,. (Obviously y € S,,, since

pj,q; € {1,2,...,n} and p;, ¢; are distinct). Here y is a cycle in S, of length 2¢.

Claim : yt =2

yip1) = @

y2(p1) = yyp)) =yla) = ¢
3/3(171) = yly 2(]91)) =yY(q—1) = -2
yt'(Pl) = q

y(qr) = (t-1

v(a) = yy(@) =y(@-1) = q-—2
Vi) =

That is, in y*, the k" element of y maps to (k + t)** element of the cycle v,
k=1,2,....t.

So, we have
yt(Qt—l) = Pt—1
yt(fh) = P2
') = m
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Y (p—1) = @1

R
=y = (11q1)(P2@2) - - - (Pe—1Gt—1) (Prar) = .
= z € (y).

= (x) C (y) in S,,.
=z — yin G(Sy).
= x — y in G*(5,).
which is a contradiction, since deg™ (z) =0 in G*(S,,).
*. The permutation z in §,, is a transposition. (|

Thus, the theorem says that every isolated vertex in G*(S,), n € N corre-
sponds to a transpostion.

Corollary 4.1. Any vertex x in the proper C-graph G*(S,) of the symmetric
group Sy, n € N with deg(x) = deg™ (z) = 0 corresponds to a permutation that
is the product of disjoint transpositions in S,.

Proof. Directly follows from the proof of theorem 4.6 (]

Example 4.3. Consider the symmetric group Sy = {xo, x1, T2, T3, T4, X5, Tg, T7,
$8,$9,$10,$117$12,$13,$1479615,$16,$1773618,$19,$207$21,1‘22,$23}, where ¢ s
the identity permutation, v, = (12), zo = (23), z3 = (132), x4 = (123), x5 =
(13), z¢ = (34), 7 = (12)(34), x5 = (243), xg = (1432), 10 = (1243), 11 =
(143), T12 = (234), Ir13 = (1342), T14 — (24), T15 — (142), T16 — (13)(24),
17 = (1423), Ir18 = (1234), 19 = (134), 20 = (124), T21 — (14), X9 = (1324),
x93 = (14)(23). The C-graph and proper C-graph of Sy are given below.

/%@.@

Fig.5 C-graph G(S4)
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@@@

Fig.6 Proper C-graph G*(Sy)
Here, in G*(S4),

o Forx = x3,24,%8,T12,%11,T19,L15, T20, deg(x) = 1, an odd number and
deg™ (x) = 0, these 8 vertices corresponds to 8 three cycles in the group
Sy.

o For x = 11,12, %5, e, T14, 21, deg(x) = deg™ (z) = deg™(z) = 0, these
6 vertices corresponds to 6 transpositions in Sy.

e For x = x7,216, %23, deg(x) = deg™ (z) = 0, these 3 vertices corresponds
to 3 double transpositions (product of two disjoint transpositions) in Sy.

5. Conclusion

C-graph is a mixed graphical representation of groups which discusses
some group theoretical properties from the graph itself. That is, it is a picto-
rial representation of a group, in which the adjacency between the vertices is
an indication of comparability. The identical characteristics of the vertex corre-
sponding to ¢ in every group (ie, irrespective of the group) allow an opportunity
to avoid that vertex from C-graph and to form the proper C-graph. This proper
C-graph can be studied further to identify some structural properties of groups
in a more convenient way.
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