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STANDARD FRACTIONAL VECTOR CROSS PRODUCT

IN EUCLIDEAN 3-SPACE

MANISHA M. KANKAREJ∗ AND JAI P. SINGH

Abstract. In this paper we are able to define a standard fractional vec-
tor cross product(SFVCP) of two vectors in a Euclidean 3-space where it

satisfies all the conditions of geometrical reality. For γ = 1 this definition

satisfies the conditions of standard vector cross product(SVCP). The for-
mulae for euclidean norm and fractional triple vector cross product of two

vectors with standard fractional vector cross product are presented. Frac-

tional curl and divergence of an electromagnetic vector field are presented
using the new definition. All the properties are further supported with par-

ticular cases at γ = 0, γ = 1 and examples on standard orthogonal basis

in R3. This concept has application in electrodynamics, elastodynamics,
fluid flow etc.
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1. Introduction

Crowe [1] laid the foundation of vector analysis. Das [5] modified the exist-
ing definition of vector cross product and gave another definition of fractional
cross product. He also studied fractional curl with application in vector field
of electromagnetic theory. Later Tripathi and Kim [3] presented α - fractional
cross product operation of two vectors in Euclidean 3-space which resembled the
definition given by Das [5]. Recently Kankarej and Singh [2] extended this work
to define β - fractional cross product operation of two vectors. In this paper we
present new definition of fractional vector cross product called standard frac-
tional vector cross product (SFVCP) in Euclidean 3-space. This new fractional
product satisfies all the conditions of geometrical reality which makes it more
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useful in the real setup.

To be in 3-dimensional space a vector product must be represented in 3-
dimension, which is satisfied in new definition.
For γ = 0, the vector cross product operation is represented in 2-dimensional
plane.
For 0 ≤ γ ≤ 1, the vector cross product operation is an arbitrary vector in
3-dimension.
For γ = 1, the vector cross product behaves like a standard vector cross prod-
uct(SVCP).

All mentioned concepts make it geometrically real and visually more pre-
sentable. Further this new definition can be applied in various fields of elec-
trodynamics, elastodynamics, fluid flow etc. In later sections of this paper we
have presented properties of norm of fractional cross product of two vectors and
fractional triple vector cross product. In the last section fractional curl and
divergence are discussed.

2. Main results

With the new definition of SFVCP presented in this research, we have given
the
1. Graphical representation of new definition.
2. Matrix representation of new definition.
3. Some properties with respect to new definition.
4. Divergence, Curl, Divergence of curl and Curl of divergence of an electromag-
netic vector field.
It is noticed that all the results follow the properties of standard vector cross
product at γ = 1.

3. Standard fractional vector cross product (SFVCP)

Definition 3.1. Let R3 be the euclidean 3-space endowed with standard inner
product ⟨., .⟩. Let (e1, e2, e3) is a standard orthonormal basis of R3 and γ ∈ [0, 1]
a real number. Then, for vectors a = a1e1 + a2e2 + a3e3, b = b1e1 + b2e2 + b3e3
in R3, the standard fractional vector cross product is represented as

a×γ b =
{
(a2b3 − a3b2) sin

(γπ
2

)
+ (a2 + a3)b1 cos

(γπ
2

)}
− (b2 + b3)a1 cos

(γπ
2

)}
e1

+
{
(a3b1 − a1b3) sin

(γπ
2

)
+ (a3 + a1)b2 cos

(γπ
2

)}
− (b3 + b1)a2 cos

({γπ
2

)}
e2

+
{
(a1b2 − a2b1) sin

(γπ
2

)
+ (a1 + a2)b3 cos

(γπ
2

)}
− (b1 + b2)a3 cos

(γπ
2

)}
e3

(1)

From (1) we have,
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ei ×γ ej = cos
(γπ
2

)
ej + sin

(γπ
2

)
ek − cos

(γπ
2

)
ei (2)

ej ×γ ei = cos
(γπ
2

)
ei − sin

(γπ
2

)
ek − cos

(γπ
2

)
ej (3)

el ×γ el = 0 for l = {1, 2, 3} (4)

where (i, j, k) remains a cyclic permutation of class (1, 2, 3). The equations
(2), (3), (4) are similar to that in [6] and [3].

3.1. Graphical Representation. We can express equation (1) graphically as:

Fig 1: Graphical representation for ei × ej

Fig 1 shows that the SFVCP represented by (1) is a curve whose value moves
from x− y plane at γ = 0 to z-axis at γ = 1. The movement of the vectors for
different values of γ is represented in following Fig 2.
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Fig 2: Graphical representation for the movement of the vector in the SFVCP
ei × ej

Fig 2 verifies the fact that SFVCP represented by (1) is a curve whose value
moves from x− y plane at γ = 0 to z-axis at γ = 1.

3.2. Matrix representation. By (2), (3), (4) and linearity we can write equa-
tion (1) as

a×γ b = sin
(γπ
2

){
(a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3

}
+cos

(γπ
2

){
(a2 + a3)b1e1 + (a3 + a1)b2e2 + (a1 + a2)b3e3

}
− cos

(γπ
2

){
(b2 + b3)a1e1 + (b3 + b1)a2e2 + (b1 + b2)a3e3

} (5)

or

a×γ b = sin
(γπ
2

){
(a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3

}
+cos

(γπ
2

)
(a1 + a2 + a3)b− cos

(γπ
2

)
(b1 + b2 + b3)a

(6)

From [4] we have

a ×γ
b =
(a2 + a3) cos

( γπ
2

)
−a3 sin

( γπ
2

)
− a1 cos

( γπ
2

)
a2 sin

( γπ
2

)
− a1 cos

( γπ
2

)
a3 sin

( γπ
2

)
− a2 cos

( γπ
2

)
(a3 + a1) cos

( γπ
2

)
−a1 sin

( γπ
2

)
− a2 cos

( γπ
2

)
−a2 sin

( γπ
2

)
− a3 cos

( γπ
2

)
a1 sin

( γπ
2

)
− a3 cos

( γπ
2

)
(a1 + a2) cos

( γπ
2

)



b1

b2

b3


(7)

or

a ×γ
b =
−(b2 + b3) cos

( γπ
2

)
b3 sin

( γπ
2

)
+ b1 cos

( γπ
2

)
−b2 sin

( γπ
2

)
+ b1 cos

( γπ
2

)
−b3 sin

( γπ
2

)
+ b2 cos

( γπ
2

)
−(b3 + b1) cos

( γπ
2

)
b1 sin

( γπ
2

)
+ b2 cos

( γπ
2

)
b2 sin

( γπ
2

)
+ b3 cos

( γπ
2

)
−b1 sin

( γπ
2

)
+ b3 cos

( γπ
2

)
−(b1 + b2) cos

( γπ
2

)



a1

a2

a3


(8)

Thus considering a ∈ R3 as a fixed column vector in R3, we see that a ×γ b :
R3 → R3 is a linear function as given in eqn (7) and (8).

Particular case:

Case 1: The SFVCP for γ = 0:
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By eqn (7) we have, a×0 b =

a2 + a3 −a1 −a1
−a2 a3 + a1 −a2
−a3 −a3 a1 + a2

 b1
b2
b3


Case 2: The SFVCP for γ = 1 :
By eqn (5) and (7) we have

a× b =

∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ =
 0 −a3 a2

a3 0 −a1
−a2 a1 0

 b1
b2
b3


Example 1: Using eqn (1) we have

For γ = 0, ei ×0 ej = ej − ei, ej ×0 ei = ei − ej , el ×0 el = 0

For γ = 1, ei × ej = ek, ej × ei = −ek, el × el = 0

Thus, the SFVCP for γ = 1 is simply the SVCP.

4. Properties of standard fractional vector cross product

Theorem 4.1. The SFVCP satisfies

a×γ (b+ c) = a×γ b+ a×γ c (9)

(a+ b)×γ c = a×γ c+ b×γ c (10)

(λa+ µb)×γ c = λa×γ c+ µb×γ c (11)

Proof. From eqns (7), equations (9), (10) and (11) can be proved.
□

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:

a×0 (b+ c) = a×0 b+ a×0 c

(a+ b)×0 c = a×0 c+ b×0 c

(λa+ µb)×0 c = λa×0 c+ µb×0 c

Case 2: The SFVCP for γ = 1 behaves as SVCP.

a× (b+ c) = a× b+ a× c
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(a+ b)× c = a× c+ b× c

(λa+ µb)× c = λa× c+ µb× c

Theorem 4.2. The SFVCP satisfies

⟨a, a×γ b⟩ = cos
(γπ
2

){
a1b1(a2 + a3) + a2b2(a1 + a3) + a3b3(a1 + a2)

}
− cos

(γπ
2

){
a21(b2 + b3) + a22(b1 + b3) + a23(b1 + b2)

} (12)

⟨a, a×γ b⟩ = cos
(γπ
2

)
(a1 + a2 + a3)⟨a, b⟩ − cos

(γπ
2

)
(b1 + b2 + b3)∥a∥2 (13)

From eqns (5) and (6), equations (12) and (13) can be proved.

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:

⟨a, a×0 b⟩ =
{
a1b1(a2 + a3) + a2b2(a1 + a3) + a3b3(a1 + a2)

}
−
{
a21(b2 + b3) + a22(b1 + b3) + a23(b1 + b2)

}
⟨a, a×0 b⟩ = (a1 + a2 + a3)⟨a, b⟩ − (b1 + b2 + b3)∥a∥2

Case 2: The SFVCP for γ = 1 satisfies:

⟨a, a× b⟩ = 0

Example 2: Using eqn (1) we have

⟨ei, ei ×γ ej⟩ = − cos
(
γπ
2

)
For γ = 0, ⟨ei, ei ×0 ej⟩ = −1

For γ = 1, ⟨ei, ei × ej⟩ = 0

Theorem 4.3. The SFVCP satisfies

⟨b, a×γ b⟩ = cos
(γπ
2

){
b21(a2 + a3) + b22(a1 + a3) + b23(a1 + a2)

}
− cos

(γπ
2

){
a1b1(b2 + b3) + a2b2(b1 + b3) + a3b3(b1 + b2)

} (14)

⟨b, a×γ b⟩ = cos
(γπ
2

)
(a1 + a2 + a3)∥b∥2 − cos

(γπ
2

)
(b1 + b2 + b3)⟨a, b⟩ (15)



Standard Fractional Vector Cross Product in Euclidean 3-Space 1013

From eqns (5) and (6), equations (14) and (15) can be proved.

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:

⟨b, a×0 b⟩ =
{
b21(a2 + a3) + b22(a1 + a3) + b23(a1 + a2)

}
−
{
a1b1(b2 + b3) + a2b2(b1 + b3) + a3b3(b1 + b2)

}
⟨b, a×0 b⟩ = (a1 + a2 + a3)∥b∥2 − (b1 + b2 + b3)⟨a, b⟩

Case 2: The SFVCP for γ = 1 satisfies:

⟨a, a× b⟩ = 0

Example 3: Using eqn (1) we have

⟨ej , ei ×γ ej⟩ = cos
(
γπ
2

)
For γ = 0, ⟨ej , ei ×0 ej⟩ = 1

For γ = 1, ⟨ej , ei × ej⟩ = 0

Theorem 4.4. The SFVCP satisfies

⟨a+ b, a×γ b⟩ =

cos
(γπ
2

){
(a1 + b1)(a2 + a3)b1 + (a2 + b2)(a1 + a3)b2 + (a3 + b3)(a1 + a2)b3

}
− cos

(γπ
2

){
a1(a1 + b1)(b2 + b3) + a2(a2 + b2)(b1 + b3) + a3(a3 + b3)(b1 + b2)

}
(16)

⟨a+ b, b×γ a⟩ =

cos
(γπ
2

){
a1(a1 + b1)(b2 + b3) + a2(a2 + b2)(b1 + b3) + a3(a3 + b3)(b1 + b2)

}
− cos

(γπ
2

){
(a1 + b1)(a2 + a3)b1 + (a2 + b2)(a1 + a3)b2 + (a3 + b3)(a1 + a2)b3

}
(17)

⟨a+ b, a×γ b⟩ − ⟨a+ b, b×γ a⟩ =

2 cos
(
γπ
2

){ ∣∣∣∣∣∣
a1 + b1 a2 + b2 a3 + b3
a1 + a2 a2 + a3 a3 + a1
b1 + b2 b2 + b3 b3 + b1

∣∣∣∣∣∣−
∣∣∣∣∣∣
a1 + b1 a2 + b2 a3 + b3

a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ }
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Using eqn (12) we can prove the theorem.

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:

⟨a+ b, a×0 b⟩ ={
(a1 + b1)(a2 + a3)b1 + (a2 + b2)(a1 + a3)b2 + (a3 + b3)(a1 + a2)b3

}
−
{
a1(a1 + b1)(b2 + b3) + a2(a2 + b2)(b1 + b3) + a3(a3 + b3)(b1 + b2)

}
⟨a+ b, b×0 a⟩ ={

a1(a1 + b1)(b2 + b3) + a2(a2 + b2)(b1 + b3) + a3(a3 + b3)(b1 + b2)
}

−
{
(a1 + b1)(a2 + a3)b1 + (a2 + b2)(a1 + a3)b2 + (a3 + b3)(a1 + a2)b3

}
⟨a+ b, a×0 b⟩ − ⟨a+ b, b×0 a⟩ =

2
{ ∣∣∣∣∣∣

a1 + b1 a2 + b2 a3 + b3
a1 + a2 a2 + a3 a3 + a1
b1 + b2 b2 + b3 b3 + b1

∣∣∣∣∣∣−
∣∣∣∣∣∣
a1 + b1 a2 + b2 a3 + b3

a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ }

Case 2: The SFVCP for γ = 1 satisfies:

⟨a+ b, a× b⟩ = 0, ⟨a+ b, b× a⟩ = 0

⟨a+ b, a× b⟩ − ⟨a+ b, b× a⟩ = 0

Example 4: Using eqn (1) we have

⟨ei + ej , ei ×γ ej⟩ − ⟨ei + ej , ej ×γ ei⟩ = 0

For γ = 0, ⟨ei + ej , ei ×0 ej⟩ − ⟨ei + ej , ej ×0 ei⟩ = 0

For γ = 1, ⟨ei + ej , ei × ej⟩ − ⟨ei + ej , ej × ei⟩ = 0

Theorem 4.5. The SFVCP satisfies

(a×γ b) + (b×γ) = 0 (18)

Using eqn (5) we can prove the theorem.

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:
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(a×0 b) + (b×0 a) = 0 (19)

Case 2: The SFVCP for γ = 1 satisfies:

(a× b) + (b× a) = 0 (20)

Example 5: Using eqn (1) we have

(ei ×γ ej) + (ej ×γ ei) = 0

For γ = 0, (ei ×0 ej) + (ej ×0 ei) = 0

For γ = 1, (ei × ej) + (ej × ei) = 0

Theorem 4.6. The SFVCP satisfies

∥a×γ b∥2 =
{
∥a∥2∥b∥2 − ⟨a, b⟩2

}
sin2

(γπ
2

)
+ 2

∣∣∣∣∣∣
b1(a2 + a3) b2(a3 + a1) b3(a1 + a2)

a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ sin(γπ)
− 2

∣∣∣∣∣∣
a1(b2 + b3) a2(b1 + b3) a3(b1 + b2)

a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ sin(γπ) + {
[b1(a2 + a3)− a1(b2 + b3)]

2

+ [b2(a1 + a3)− a2(b1 + b3)]
2 + [b3(a1 + a2)− a3(b1 + b2)]

2
}
cos2

(γπ
2

)
(21)

∥b×γ a∥2 =
{
∥a∥2∥b∥2 − ⟨a, b⟩2

}
sin2

(γπ
2

)
+ 2

∣∣∣∣∣∣
a1(b2 + b3) a2(b1 + b3) a3(b1 + b2)

a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ sin(γπ)
− 2

∣∣∣∣∣∣
b1(a2 + a3) b2(a3 + a1) b3(a1 + a2)

a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ sin(γπ) + {
[a1(b2 + b3)− b1(a2 + a3)]

2

+ [a2(b1 + b3)− b2(a1 + a3)]
2 + [a3(b1 + b2)− b3(a1 + a2)]

2
}
cos2

(γπ
2

)
(22)

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:
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∥a×0 b∥2 = {[b1(a2+a3)−a1(b2+b3)]
2+[b2(a1+a3)−a2(b1+b3)]

2+[b3(a1+
a2)− a3(b1 + b2)]

2

∥b×0 a∥2 = [a1(b2+ b3)− b1(a2+a3)]
2+[a2(b1+ b3)− b2(a1+a3)]

2+[a3(b1+
b2)− b3(a1 + a2)]

2

Case 2: The SFVCP for γ = 1 satisfies:

∥a× b∥2 =
{
∥a∥2∥b∥2 − ⟨a, b⟩2

}
, ∥b× a∥2 =

{
∥a∥2∥b∥2 − ⟨a, b⟩2

}
Example 6: ∥ei ×γ ej∥2 = cos

(
γπ
2

)2
, ∥ej ×γ ei∥2 = cos

(
γπ
2

)2
For γ = 0, ∥ei ×0 ej∥2 = 1, ∥ej ×0 ei∥2 = 1

For γ = 1, ∥ei × ej∥2 = 0, ∥ej × ei∥2 = 0

Theorem 4.7. The SFVCP satisfies

⟨a×γ b, c⟩ = sin
(γπ
2

) ∣∣∣∣∣∣
c1 c2 c3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
+ cos

(γπ
2

)
(a1 + a2 + a3)⟨b, c⟩ − cos

(γπ
2

)
(b1 + b2 + b3)⟨a, c⟩

(23)

Using eqn (12) we can prove the theorem.

Particular case:

Case 1: The SFVCP for γ = 0 satisfies :

⟨a×0 b, c⟩ = (a1 + a2 + a3)⟨b, c⟩ − (b1 + b2 + b3)⟨a, c⟩

Case 2: The SFVCP for γ = 1 satisfies:

⟨a× b, c⟩ =

∣∣∣∣∣∣
c1 c2 c3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
Example 7: ⟨ei ×γ ej , ek⟩ = sin

(
γπ
2

)
For γ = 0, ⟨ei ×0 ej , ek⟩ = 0

For γ = 1, ⟨ei × ej , ek⟩ = 1
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Theorem 4.8. The SFVCP satisfies

(a×γ b)×γ c = sin
(γπ
2

)2
(⟨a, c⟩b− ⟨b, c⟩a)

+ cos
(γπ
2

){
sin

(γπ
2

)
(a1 + a2 + a3)

∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
+ sin

(γπ
2

)
(b1 + b2 + b3)

∣∣∣∣∣∣
e1 e2 e3
c1 c2 c3
a1 a2 a3

∣∣∣∣∣∣+ sin
(γπ
2

)
(c1 + c2 + c3)

∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ }

+ cos
(γπ
2

)
c

∣∣∣∣∣∣
1 1 1
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣+ (c1 + c2 + c3) cos
2
(γπ
2

)
[(a1 + a2 + a3)b

− (b1 + b2 + b3)a]

(24)

Proof. For vectors c = c1e1 + c2e2 + c3e3 and d = d1e1 + d2e2 + d3e3 in R3 in
view of eqn (6), we have

d×γ c = sin
(γπ
2

){
(d2c3 − d3c2)e1 + (d3c1 − d1c3)e2 + (d1c2 − d2c1)e3

}
+ cos

(γπ
2

){
(d2 + d3)c1e1 + (d3 + d1)c2e2 + (d1 + d2)c3e3

}
− cos

(γπ
2

){
(c2 + c3)d1e1 + (c3 + c1)d2e2 + (c1 + c2)d3e3

}
= sin

(γπ
2

){
(d2c3 − d3c2)e1 + (d3c1 − d1c3)e2 + (d1c2 − d2c1)e3

}
+ cos

(γπ
2

)
(d1 + d2 + d3)c− cos

(γπ
2

)
(c1 + c2 + b3)d

(25)

Using d = a×γ b, then from eqn (1) we have,

d1 =
{
(a2b3 − a3b2) sin

(
γπ
2

)
+ {(a2 + a3)b1 − (b2 + b3)a1} cos

(
γπ
2

)}
e1

d2 =
{
(a3b1 − a1b3) sin

(
γπ
2

)
+ {(a3 + a1)b2 − (b3 + b1)a2} cos

(
γπ
2

)}
e2

d3 =
{
(a1b2 − a2b1) sin

(
γπ
2

)
+ {(a1 + a2)b3 − (b1 + b2)a3} cos

(
γπ
2

)}
e3

Using above details with eqn (25), we can prove theorem 3.8.
□

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:
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(a×0 b)×0 c = c

∣∣∣∣∣∣
1 1 1
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
+ (c1 + c2 + c3)[(a1 + a2 + a3)b− (b1 + b2 + b3)a]

Case 2: The SFVCP for γ = 1 satisfies:
(a× b)× c = ⟨a, c⟩b− ⟨b, c⟩a

Example 8: (ei×γ ej)×γ ek = cos
(
γπ
2

)[
ei(cos

(
γπ
2

)
+sin

(
γπ
2

))
− ej(cos

(
γπ
2

)
+

sin
(
γπ
2

))
]

For γ = 0, (ei ×0 ej)×0 ek = ei − ej

For γ = 1, (ei × ej)× ek = 0

5. Divergence and Curl of standard fractional vector cross product

5.1. Curl of a Curl of standard fractional vector cross product. Using
eqn (5) we get,

a×γ b = sin
(γπ
2

) ∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
+ cos

(γπ
2

)a2 + a3 0 0
0 a3 + a1 0
0 0 a1 + a2

b1
b2
b3


− cos

(γπ
2

) 0 −a1 −a1
−a2 0 −a2
−a3 −a3 0

b1
b2
b3


(26)

Alternatively

a×γ b = sin
(γπ
2

) ∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
+ cos

(γπ
2

) 0 b1 b1
b2 0 b2
b3 b3 0

a1
a2
a3


− cos

(γπ
2

)b2 + b3 0 0
0 b3 + b1 0
0 0 b1 + b2

a1
a2
a3


(27)
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From eqn (26) and [5] for a vector field F = F1e1 + F2e2 + F3e3 the fractional
curl is:

∇×γ F = sin
(γπ
2

)
∣∣∣∣∣∣∣∣∣∣∣∣

e1 e2 e3

∂γ

∂x
∂γ

∂y
∂γ

∂z

F1 F2 F3

∣∣∣∣∣∣∣∣∣∣∣∣
+ cos

(γπ
2

)∂γ

∂y + ∂γ

∂z 0 0

0 ∂γ

∂z + ∂γ

∂x 0

0 0 ∂γ

∂x + ∂γ

∂y



F1

F2

F3



− cos
(γπ
2

)


0 −∂γ

∂x −∂γ

∂x

−∂γ

∂y 0 −∂γ

∂y

−∂γ

∂z −∂γ

∂z 0



F1

F2

F3



(28)

Alternatively, from eqn (27) we get

∇×γ F = sin
(γπ
2

)
∣∣∣∣∣∣∣∣∣∣
e1 e2 e3

∂γ

∂x
∂γ

∂y
∂γ

∂z

F1 F2 F3

∣∣∣∣∣∣∣∣∣∣
+ cos

(γπ
2

)


0 F1 F1

F2 0 F2

F3 F3 0




∂γ

∂x

∂γ

∂y

∂γ

∂z



− cos
(γπ
2

)

(F2 + F3) 0 0

0 (F3 + F1) 0

0 0 (F1 + F2)




∂γ

∂x

∂γ

∂y

∂γ

∂z



(29)
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By theorem 3.8 we get,

(a×γ b)×γ c = sin
(γπ
2

)2
(⟨a, c⟩b− ⟨a, b⟩c)

+ cos
(γπ
2

){
sin

(γπ
2

)
(a1 + a2 + a3)

∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣
+ sin

(γπ
2

)
(b1 + b2 + b3)

∣∣∣∣∣∣
e1 e2 e3
c1 c2 c3
a1 a2 a3

∣∣∣∣∣∣
+ sin

(γπ
2

)
(c1 + c2 + c3)

∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ }

+ cos
(γπ
2

)
a

∣∣∣∣∣∣
1 1 1
b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣+ (a1 + a2 + a3) cos
2
(γπ
2

)
[(b1 + b2 + b3)c

− (c1 + c2 + c3)b]

(30)
From (28) and (30) we get

∇×γ (∇×γ F ) = sin
(γπ
2

)2
(∇⟨∇, F ⟩ − F ⟨∇,∇⟩)

+ cos
(γπ
2

){
sin

(γπ
2

)
(
∂γ

∂x
+

∂γ

∂y
+

∂γ

∂z
)

∣∣∣∣∣∣∣∣∣∣
e1 e2 e3

F1 F2 F3

∂γ

∂x
∂γ

∂y
∂γ

∂z

∣∣∣∣∣∣∣∣∣∣
+ cos

(γπ
2

)
∇

∣∣∣∣∣∣
1 1 1
∂γ

∂x
∂γ

∂y
∂γ

∂z

F1 F2 F3

∣∣∣∣∣∣ }
+ cos2

(γπ
2

)
(
∂γ

∂x
+

∂γ

∂y
+

∂γ

∂z
)[(

∂γ

∂x
+

∂γ

∂y
+

∂γ

∂z
)F

−∇(F1 + F2 + F3)]

(31)

Particular case:

Case 1: The standard fractional vector cross product for γ = 0 satisfies:

∇×0 (∇×0 F ) = ∇

∣∣∣∣∣∣
1 1 1
∂0

∂x
∂0

∂y
∂0

∂z

F1 F2 F3

∣∣∣∣∣∣+ (
∂0

∂x
+

∂0

∂y
+

∂0

∂z
)[(

∂0

∂x
+

∂0

∂y
+

∂0

∂z
)F

−∇(F1 + F2 + F3)]

(32)
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Case 2: The SFVCP for γ = 1 satisfies:

∇× (∇× F ) = ∇⟨∇, F ⟩ − F ⟨∇,∇⟩ (33)

5.2. Divergence of a Curl of standard fractional vector cross product.
Using eqn (6), (23) and (29) we get,

∇.(∇×γ F ) = 0 (34)

Particular case:
Case 1: The SFVCP for γ = 0 satisfies:

∇.(∇×0 F ) = 0 (35)

Case 2: The SFVCP for γ = 1 satisfies:

∇.(∇× F ) = 0 (36)

5.3. Curl of a Divergence of standard fractional vector cross product.

∇.F =
∂γ

∂x
F1 +

∂γ

∂y
F2 +

∂γ

∂z
F3 (37)

Using eqn (28) we get,

∇×γ (∇.F ) = sin
(γπ
2

)
∣∣∣∣∣∣∣∣∣∣∣∣

e1 e2 e3

∂γ

∂x
∂γ

∂y
∂γ

∂z

∂γ

∂xF1
∂γ

∂yF2
∂γ

∂zF3

∣∣∣∣∣∣∣∣∣∣∣∣

+ cos
(γπ
2

)∂γ

∂y + ∂γ

∂z 0 0

0 ∂γ

∂z + ∂γ

∂x 0

0 0 ∂γ

∂x + ∂γ

∂y




∂γ

∂xF1

∂γ

∂yF2

∂γ

∂zF3


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− cos
(γπ
2

)


0 −∂γ

∂x −∂γ

∂x

−∂γ

∂y 0 −∂γ

∂y

−∂γ

∂z −∂γ

∂z 0





∂γ

∂xF1

∂γ

∂yF2

∂γ

∂zF3

 (38)

Particular case:

Case 1: The SFVCP for γ = 0 satisfies:

∇×0 (∇.F ) == 0 (39)

Case 2: The SFVCP for γ = 1 satisfies:

∇× (∇.F ) = 0 (40)

6. Conclusion

Fractional cross product is one of the important property in the study of
fractional calculus. In this research we have defined a new fractional cross prod-
uct named as standard fractional vector cross product (SFVCP) and further
properties for that are discussed. Later we have discussed fractional curl and
divergence of an electromagnetic vector field. Geometrical meaning of all the
results are also discussed for γ = 0 and γ = 1. It is noticed that at γ = 1 all the
results are similar to the results of standard vector cross product.
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