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CONE C-CLASS FUNCTIONS USING (CLRΓL)-PROPERTY ON

CONE b-NORMED SPACES WITH APPLICATION

K. Maheshwaran∗, Arslan Hojat Ansari, Stojan N Radenovic,
M.S. Khan, and Yumnam Mahendra Singh

Abstract. In this article, we demonstrate the conditions for the existence of com-
mon fixed points (CFP ) theorems for four self-maps satisfying the common limit
range (CLR)-property on cone b-normed spaces (CbNS) via C-class functions. Fur-
thermore, we have a unique common fixed point for two weakly compatible (WC)
pairings. Towards the end, the existence and uniqueness of common solutions for
systems of functional equations arising in dynamic programming are discussed as an
application of our main result.

1. Introduction

In 1989, Bakhtin [6] introduced b-metric space an extension of metric space. He
established the renowned contraction principle in metric spaces extension in b-metric
spaces. Huang and Zhang [11] gave the notion of cone metric space, replacing the
set of real numbers by ordered Banach Space and introduced some fixed point theo-
rems for function satisfying contractive conditions in Banach Spaces. Rezapour and
Hamalbarani [24] were generalized result of [11] by omitting the normality condition,
which is milestone in developing fixed point theory in cone metric space; for more
information see [2, 14]. Sintunavarat and Kumam [25] recently proposed a novel idea
of the (CLR)-property (common limit range property) that does not impose such
constraints. The importance of the (CLR)-property ensures that range subspace
closeness is not required. In 2011, Sintunavarat and Kumam [25] prove some common
fixed point theorems under weakly compatible mappings using new property that is
(CLR)-property. Recently many mathematicians use this property (CLR)-Property
in different spaces to prove fixed point theorem. In 2013, Jitendra [15] put his efforts
to proved common fixed point theorem in Metric Space by Property (E.A.) as well as
(CLR)-property and given an example and prove common fixed point theorem from
both methods and Pathak [22] prove their main theorem using (CLR)-property for
two pairs of self-mappings in complex-valued metric space under weak compatibility.
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In 2016, Rao [23] proved common coupled fixed point theorem in partial metric space
by (CLR)-property. Khan et al. [18] used a new technique to prove fixed point the-
orems on metric space by altering distances between the points employing suitably
equipped continuous control functions. Ansari [3] introduced the notion of C-class
function as a major generalization of Banach contraction principle and obtained some
fixed point results.

We provide the sufficient conditions for the existence of (CFP ) theorems for four
self-maps satisfying the (CLR) property on (CbNS) via C-class functions. We explore
the existence and uniqueness of common solutions for a system of functional equations
that arise in dynamic programming are discussed as an application of our main result.

2. Preliminaries

Definition 2.1. [11] Let (E, ∥.∥) be the real Banach space. A subset P of E is
called a cone if and only if:

(b1) P is closed, non empty and P ̸= {0}
(b2) ah+ bg ∈ P for all h, g ∈ P and non negative real numbers a, b
(b3) P ∩ (−P ) = {0}.
Given a cone P ⊂ E, we define a partial ordering ⪯ with respect to P by h ⪯ g if

and only if g − h ∈ P . We will write h ≺ g to indicate that h ⪯ g but h ̸= g, while
h, g will stand for g − h ∈ intP , where intP denotes the interior of P . The cone P
is called normal if there is a number k > 0 such that 0 ≤ h ≤ g implies ∥h∥ ≤ k∥g∥
for all h, g ∈ E. The least positive number satisfying the above is called the normal
constant.

Definition 2.2. [13, 27] Let M be a nonempty set and b ≥ 1 be a given real
number. A mapping Dc

b : M ×M → E is said to be cone b-metric if and only if,
for all h, g, υ ∈M , the following conditions are satisfied:

(cb1) D
c
b(h, g) = 0 if and only if h = g,

(cb2) D
c
b(h, g) = Dc

b(g, h),
(cb3) D

c
b(h, g) ≤ b[Dc

b(h, υ) +Dc
b(υ, g)].

If b = 1, then the mapping (Dc
b) is cone metric space (for more details, we refer

to [11]). Then (M,Dc
b) is called a cone b-metric space.

The following example shows that cone b-metric need not be a cone metric.

Example 2.3. [12] Let E = R2

P = {(h, g) : h, g ≥ 0}
M = R and Dc

b :M ×M → E such that

Dc
b(h, g) = (|h− g|p, α|h− g|p)

where α ≥ 0 and p > 1 are two real constants. Then (M,Dc
b) is a cone b-metric space

with the coefficient b = 2p > 1, but not a cone metric space. In fact, we only need to
prove (iii) in Definition (2.2) as follows:
Let h, g, υ ∈M . Set µ = h− υ, ν = υ − g, so h− g = µ+ ν. From the inequality

(a+ b)p ≤ (2max{a, b})p ≤ 2p(ap + bp) for alla, b ≥ 0.
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we have

|h− g|p = |µ+ ν|p ≤ (|µ|+ |ν|)p ≤ 2p(|µ|p + |ν|p) = 2p(|h− υ|p + |υ − g|p)
which implies that Dc

b(h, g) ≤ b[Dc
b(h, υ) +Dc

b(υ, g)] with b = 2p > 1. But

|h− g|p ≤ |h− g|p + |υ − g|p

is impossible for all h > υ > g. Indeed, taking account of the inequality

(a+ b)p > ap + bp for alla, b ≥ 0,

|h− g|p = |µ+ ν|p = (µ+ ν)p > µp + νp = |h− υ|p + |υ − g|p

for all h > υ > g. Thus, Dc
b(h, g) ≤ Dc

b(h, g) +Dc
b(g, υ) is not satisfied, i.e., (M,Dc

b)
is not a cone metric space.

Definition 2.4. [26] Let M be a vector space over R. Suppose the mapping
∥.∥ :M → E satisfies

(i) ∥h∥ ≥ 0 for allh ∈M
(ii) ∥h∥ = 0 if and only if h = 0
(iii) ∥h+ g∥ ≤ ∥h∥+ ∥g∥ for all h, g ∈M
(iv) ∥kh∥ = |k|∥h∥ for all k ∈ R

Then ∥.∥ is called a norm onM , and (M, ∥.∥) is called a cone normed space. Clearly
each cone normed space is a cone metric space with metric defined by Dc

b(h, g) =
∥h− g∥

Example 2.5. [27] Let M = R2, E = R2, and P = {(h, g) ∈ E|h, g ≥ 0}, we
define ∥ (h, g) ∥= (|h|2, |g|2). Then (M, ∥.∥) is a (CbNS).

Proof. First, according to the definition 2.4 of ∥ (h, g) ∥, we obtain

∥ (h, g) ∥= (|h|2, |g|2) ≥ 0,

for all µ = (h, g) ∈M . It is obvious that ∥ (h, g) ∥= 0 iff (h, g) = 0. Then, we have

(h+ g)p ≤ hp + gp, for all h, g ≥ 0, 0 < p ≤ 1,

(h+ g)p ≤ 2p−1(hp + gp), for all h, g ≥ 0, p ≥ 1.

We check for any (h1, g1), (h2, g2) ∈M , thus, it follows

∥ (h1, g1) + (h2, g2, ∥ =∥ (h1 + h2, g1 + g2) ∥
= (|h1 + h2|2, |g1 + g2|2)
≤ 2(|h1|2 + |h2|2, |g1|2 + |g2|2)
= 2(|h1|2, |h2|2, ) + 2( |g1|2, |g2|2)
= 2 ∥ (h1, g1) ∥ +2 ∥ (h2, g2) ∥ .

If any µ = (h, g) ∈M,k ∈ R, there are

∥ kµ ∥ =∥ k(h, g) ∥=∥ (kh, kg) ∥= |kh|2, |kg|2 = |k|2(|h|2, |g|2) = |k|2 ∥ µ ∥ .
According, by definition (2.4), (M, ∥.∥) is a (CbNS) with coefficient b = 2 > 1.

Definition 2.6. [12,27] Let (M, ∥.∥) be a (CbNS), h ∈M and {hn} be a sequence
in M. Then

(i) {hn} converges to h whenever, for every c ∈ E with 0 ≪ c, there is a natural
number N such that ∥(hn, h)∥ ≪ c for all n ≥ N.We denote this by lim

n→+∞
hn = h

or hn → h(n→ +∞).
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(ii) {hn} is a Cauchy sequence whenever, for every c ∈ E with 0 ≪ c, there is a
natural number N such that ∥(hn, hm)∥ ≪ c for all n,m ≥ N

(iii) (M, ∥.∥) is a complete cone normed b-metric space if every Cauchy sequence is
convergent. A complete cone normed space is a cone Banach space.

Lemma 2.7. [27] Let (M, ∥.∥) be a (CbNS). P be a normal cone with constant
K. Let {µp} be a sequence in M . Then

(i) {µp} b-converges to h if and only if ∥µp − µ∥ → 0 as p→ +∞.
(ii) {µp} is a b-Cauchy sequence if and only if ∥µp − µm∥ → 0 as p,m→ +∞.
(iii) If the {µp} b-converges to µ and {gn} b-converges to ν then ∥µp−νp∥ → ∥µ−ν∥.

Lemma 2.8. [5] Let (M, ∥.∥) be a (CbNS) with b ≥ 1. Suppose that {hn} and
{gn} are b-convergent to h and g, respectively. Then we have,

1

b2
∥h− g∥ ≤ lim

n→+∞
inf ∥hn − gn∥ ≤ lim

n→+∞
sup∥hn − gn∥ ≤ b2∥h− g∥.

In particular, ifM = L, then we have lim
n→+∞

∥(hn−gn)∥ = 0, moreover for each υ ∈M ,

we have

1

b
∥h− υ∥ ≤ lim

n→+∞
inf ∥hn − υ∥ ≤ lim

n→+∞
sup ∥hn − υ∥ ≤ b∥h− υ∥.

Definition 2.9. [1] Let ℵ and ג be two self maps defined on a (CbNS) (M, ∥.∥)
maps ℵ and ג are said to be (WC) if they commute at coincidence points, that is if
ℵh = hג for all h ∈M then ℵגh = .ℵhג

Example 2.10. Define ℵ, ג : R → R by ℵ(h) = h
4
, for all h ∈ R and (h)ג =

h2, for all h ∈ R. Here, 0 and 1
4
are two coincidence points for the maps ℵ and .ג

Note that ℵ and ג commute at 0, i.e.ℵ(0)ג = ℵ(0)ג = 0, but ℵ1)ג
4
) = ℵ( 1

16
) = 1

64
and

ℵ(1ג
4
) = )ג 1

16
) = 1

256
so ℵ and ג are not (WC) on R.

Lemma 2.11. [1] Let ℵ and ג be (WC) self-maps of a (CbNS) (M, ∥.∥). If ℵ and ג
have a unique point of coincidence, that is x = ℵh = hג then x is the unique (CFP )
of ℵ and .ג

Lemma 2.12. Let (M, ∥.∥) is a (CbNS). If there exits two sequences {hn} and
{gn} such that lim

n→+∞
∥hn − gn∥ = 0, whenever {hn} is a sequence in M such that

lim
n→+∞

hn = T for some T ∈M then lim
n→+∞

gn = T .

Proof. By a triangle inequality in (CbNS), we have ∥(gn − T )∥ ≤ b(∥gn − hn∥ +
∥hn −T ∥). Now by taking the upper limit when n→ +∞ in the above inequality we
get

lim
n→+∞

sup ∥gn − T ∥ ≤ b( lim
n→+∞

sup ∥hn − gn∥+ lim
n→+∞

sup ∥hn − T ∥) = 0.

Definition 2.13. [16] Let (M, ∥.∥) be a (CbNS). A pair {ℵ, {ג is said to be
compatible if lim

n→+∞
∥ℵגhn−גℵhn∥ = 0, for every sequence {hn} inM with lim

n→+∞
ℵhn =

lim
n→+∞

hnג = T for some T ∈M.
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Definition 2.14. [25] Let (M, ∥.∥) be a (CbNS) and ℵ, ג :M →M , two mapping
ℵ and ג are said to satisfy the (CLR)-property of ℵ if

lim
n→+∞

{hn}ג = lim
n→+∞

ℵ{hn} = ℵ(h) for some h ∈M

Example 2.15. Let M = [0,+∞) and define Dc
b(h, g) = ∥h− g∥ for all h, g ∈ M

and ℵ, ג :M →M , defined by (h)ג = h+2 and ℵ(h) = 3h, for all h ∈M . Consider
the sequence {hn} = {1 + 1

n
}. Then

lim
n→+∞

{hn}ג = lim
n→+∞

1}ג + 1

n
} = lim

n→+∞
{3 + 1

n
} = 3;

lim
n→+∞

ℵ{hn} = lim
n→+∞

ℵ{1 + 1

n
} = lim

n→+∞
{3 + 3

n
} = 3;

Thus,

lim
n→+∞

{hn}ג = lim
n→+∞

ℵ{hn} = 3 = ℵ(1).

So ℵ and ג are satisfy the (CLRℵ)-property.

Definition 2.16. [4] A mapping F : P 2 → P is called C-class function if it is
continuous and satisfies following axioms:

1 F(s, t) ≤ sfor all (s, t) ∈ P ;
2 F(s, t) = s implies that either s = 0 or t = 0.

Let us denote C the family of C-class functions.

Remark 2.17. [4] Clearly, for some F we have F(0, 0) = 0.

Example 2.18. [4] The following functions F : P 2 → P are elements of C, for all
s, t ∈ [0,+∞) :

1 F(s, t) = s− t,F(s, t) = s⇒ t = 0;
2 F(s, t) = ms, 0 < m < 1,F(s, t) = s⇒ s = 0;
3 F(s, t) = sβ(s), β : [0,+∞) → [0, 1) is continuous, F(s, t) = s⇒ s = 0;
4 F(s, t) = Ψ(s), where Ψ : P → P,Ψ(0) = 0,Ψ(s) > 0 for all s ∈ P with
ssuch that 0 and Ψ(S) ≤ sfor all s ∈ P.

5 F(s, t) = s − ϕ(s),F(s, t) = s ⇒ s = 0, here ϕ : [0,+∞) → [0,+∞) is a
continuous function such that ϕ(t) = 0 ⇔ t = 0.

Definition 2.19. [18] A function ψ : R+
0 → R+

0 is called an altering distance
function if the condition hold:

(i) ψ is continuous and non decreasing.
(ii) ψ(t) = 0 iif and only if t = 0.

Definition 2.20. [3] An ultra altering distance function is a non decreasing and
continuous mapping ϕ : R+

0 → R+
0 such that ϕ(t) > 0, t > 0 and ϕ(0) = 0.

Lemma 2.21. [3] Let ψ and ϕ are altering and ultra alterng distance functions
respectively, F ∈ C and {qn} a decreasing sequence in P such that

ψ(qn+1) ≤ F(ψ(qn), ϕ(qn)) for all n ≥ 1.

Then limn→+∞ qn = 0.
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3. Main Results

Throughout this article, we denote ψ ∈ Ψ is an altering distance function, ϕ ∈ Φ
is an ultra altering distance function. Now, we prove our main result.

Lemma 3.1. Let (M, ∥.∥) be a complete (CbNS) with the norm Dc
b(h, 0) = ∥h∥ and

the co-efficient b ≥ 1. Suppose that the mappings ℵ, ,Γ,ג and L are four self-mappings
of a (CbNS) (M, ∥.∥) satisfies the following conditions:

ψ(∥(ℵh− ∥(gג ≤ F (ψ(ℸ(h, g)), ϕ(ℸ(h, g))) (3.1)

for all h, g ∈M, where

ℸ(h, g) = max

{
∥Γh− Lg∥, ∥ℵh−Γh∥

1+∥ℵh−Γh∥ ,
∥g−Lgג∥

∥g−Lgג∥+1 ,
∥ℵh−Lg∥+∥Γh−גg∥

2b
, ∥ℵh−Γh∥+∥גg−Lg∥

2b

}
.

Further assume that

1. The pairs (ℵ,Γ) and (L,ג) satisfied the (CLRΓ) and (CLRL) properties respec-
tively.

2. ℵ(M) ⊆ L(M) and (M)ג ⊆ Γ(M).
3. Γ(M) and L(M) are closed in M .
4. {gnג} converges for each sequence {gn} inM whenever {Lgn} converges (respec-

tively {ℵhn} converges for every sequence {hn} inM whenever {Γhn} converges).

Then the pair (ℵ,Γ) and (L,ג) share the (CLR)-property of Γ.

Proof. If the pair (ℵ,Γ) satisfy the (CLRΓ), there is sequence {hn} in M such that

lim
n→+∞

ℵhn = lim
n→+∞

Γhn = T

where T ∈ Γ(M). Now, since ℵ(M) ⊆ L(M), every sequence {hn}, there is a sequence
{gn} in M such that ℵhn = Lgn. As L(M) is closed, so

lim
n→+∞

Lgn = lim
n→+∞

ℵhn = T .

So that T ∈ L(M) and in all T ∈ Γ(M) ∩ L(M). Thus, we get ℵhn → T ,Γhn → T ,
Lgn → T , as n→ +∞.

Let us show that gnג → T as n→ +∞. On the contrary suppose that gnג → ∫ (̸= T )
as n→ +∞. Putting h = hn and g = gn in (3.1), we get

ψ(∥ℵhn − (∥gnג ≤ F (ψ(ℸ(hn, gn)), ϕ(ℸ(hn, gn))) (3.2)
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= F(ψ(max{∥Γhn − Lgn∥,
∥ℵhn − Γhn∥

1 + ∥ℵhn − Γhn∥
,

gnג∥ − Lgn∥
1 + gnג∥ − Lgn∥

,

∥ℵhn − Lgn∥+ ∥Γhn − ∥gnג
2b

,
∥ℵhn − Γhn∥+ gnג∥ − Lgn∥

2b
}),

ϕ(max{∥Γhn − Lgn∥,
∥ℵhn − Γhn∥

1 + ∥ℵhn − Γhn∥
,

gnג∥ − Lgn∥
1 + gnג∥ − Lgn∥

,

∥ℵhn − Lgn∥+ ∥Γhn − ∥gnג
2b

,
∥ℵhn − Γhn∥+ gnג∥ − Lgn∥

2b
}))

= F(ψ(max{∥Γhn − ℵhn∥,
∥ℵhn − Γhn∥

1 + ∥ℵhn − Γhn∥
,

gnג∥ − ℵhn∥
1 + gnג∥ − ℵhn∥

,

∥ℵhn − ℵhn∥+ ∥Γhn − ∥gnג
2b

,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}),

ϕ(max{∥Γhn − ℵhn∥,
∥ℵhn − Γhn∥

1 + ∥ℵhn − Γhn∥
,

gnג∥ − ℵhn∥
1 + gnג∥ − ℵhn∥

,

∥ℵhn − ℵhn∥+ ∥Γhn − ∥gnג
2b

,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}))

≤ F(ψ(max{∥Γhn − ℵhn∥, ∥ℵhn − Γhn∥, gnג∥ − ℵhn∥,
∥Γhn − ∥gnג

2b
,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}),

ϕ(max{∥Γhn − ℵhn∥, ∥ℵhn − Γhn∥, gnג∥ − ℵhn∥,
∥Γhn − ∥gnג

2b
,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}))

≤ F(ψ(max{∥Γhn − ℵhn∥, ∥ℵhn − Γhn∥, gnג∥ − ℵhn∥,
b[∥Γhn − ℵhn∥+ ∥ℵhn − [∥gnג

2b
,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}),

ϕ(max{∥Γhn − ℵhn∥, ∥ℵhn − Γhn∥, gnג∥ − ℵhn∥,
b[∥Γhn − ℵhn∥+ ∥ℵhn − [∥gnג

2b
,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}))

= F(ψ(max{∥Γhn − ℵhn∥, ∥ℵhn − Γhn∥, gnג∥ − ℵhn∥,
∥Γhn − ℵhn∥+ ∥ℵhn − ∥gnג

2
,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}),

ϕ(max{∥Γhn − ℵhn∥, ∥ℵhn − Γhn∥, gnג∥ − ℵhn∥,
∥Γhn − ℵhn∥+ ∥ℵhn − ∥gnג

2
,
∥ℵhn − Γhn∥+ gnג∥ − ℵhn∥

2b
}))

= F

(
ψ(max{∥T − ∫∥, ∥ℵhn − ∥gnג

2
}), ϕ(max{∥T − ∫∥, ∥ℵhn − ∥gnג

2
})
)

implies that

ψ(∥T − ∫∥) ≤ F(ψ(∥T − ∫∥), ϕ(∥T − ∫∥)) (3.3)

Taking n→ +∞, we get

ψ(∥T − ∫∥) ≤ F(ψ( lim
n→+∞

∥T − ∫∥), ϕ( lim
n→+∞

∥T − ∫∥))
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So either, ψ(limn→+∞ ∥T −∫∥) = 0 or ϕ(limn→+∞ ∥T −∫∥) = 0. Thus limn→+∞ ∥T −
∫∥ = 0 implies that T = ∫ , a contradiction. Hence, ∫ → T which shows that the
pairs (ℵ,Γ) and (L,ג) share the(CLR)-property of ΓL which completes the proof.
Using the above lemma, in the following theorem, we show the existence of unique
(CFP ).

Theorem 3.2. Let (M, ∥.∥) be a complete (CbNS) with the norm Dc
b(h, 0) = ∥h∥

and the co-efficient b ≥ 1. suppose that the mappings ℵ, Γ,ג and L are four self-
mappings of a cone normed b-metric space (M, ∥.∥) satisfying (3.1). If the pairs (ℵ,Γ)
and (L,ג) have a point of coincidence. Moreover if (ℵ,Γ) and (L,ג) are (WC) the
ℵ, Γ,ג and L have a unique (CFP ) .

Proof. Since the pairs (ℵ,Γ) and (L,ג) satisfying the (CLR)-property of ΓL, so
there exists sequence {hn} and {gn} in M such that

lim
n→+∞

ℵhn = lim
n→+∞

Γhn = lim
n→+∞

gnג = lim
n→+∞

Lgn = T .

where T ∈ Γ(M) ∩ L(M) since Γ(M) ⊆ L(M) so a point ∫ ∈ M such that Γ∫ = T
we show that ℵ∫ = Γ∫ . Putting h = ∫ , g = gn in (3.1), we get

ψ(∥ℵ∫ − (∥gnג ≤ F(ψ(ℸ(∫ , gn)), ϕ(ℸ(∫ , gn))) (3.4)

= F(ψ(max{∥Γ∫ − Lgn∥,
∥ℵ∫ − Γ∫∥

1 + ∥ℵ∫ − Γ∫∥
,

gnג∥ − Lgn∥
1 + gnג∥ − Lgn∥

,

∥ℵ∫ − Lgn∥+ ∥Γ∫ − ∥gnג
2b

,
∥ℵ∫ − Γ∫∥+ gnג∥ − Lgn∥

2b
}),

ϕ(max{∥Γ∫ − Lgn∥,
∥ℵ∫ − Γ∫∥

1 + ∥ℵ∫ − Γ∫∥
,

gnג∥ − Lgn∥
1 + gnג∥ − Lgn∥

,

∥ℵ∫ − Lgn∥+ ∥Γ∫ − ∥gnג
2b

,
∥ℵ∫ − Γ∫∥+ gnג∥ − Lgn∥

2b
}))

= F(ψ(max{∥T − Lgn∥,
∥ℵ∫ − T ∥

1 + ∥ℵ∫ − T ∥
,

gnג∥ − Lgn∥
1 + gnג∥ − Lgn∥

,

∥ℵ∫ − Lgn∥+ ∥T − ∥gnג
2b

,
∥ℵ∫ − T ∥+ gnג∥ − Lgn∥

2b
}),

ϕ(max{∥T − Lgn∥,
∥ℵ∫ − T ∥

1 + ∥ℵ∫ − T ∥
,

gnג∥ − Lgn∥
1 + gnג∥ − Lgn∥

,

∥ℵ∫ − Lgn∥+ ∥T − ∥gnג
2b

,
∥ℵ∫ − T ∥+ gnג∥ − Lgn∥

2b
}))

≤ F(ψ(max{∥T − Lgn∥, ∥ℵ∫ − T ∥, gnג∥ − Lgn∥,
∥ℵ∫ − Lgn∥+ ∥T − ∥gnג

2b
,
∥ℵ∫ − T ∥+ gnג∥ − Lgn∥

2b
}),

ϕ(max{∥T − Lgn∥, ∥ℵ∫ − T ∥, gnג∥ − Lgn∥,
∥ℵ∫ − Lgn∥+ ∥T − ∥gnג

2b
,
∥ℵ∫ − T ∥+ gnג∥ − Lgn∥

2b
}))

Making n→ +∞, we get
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ψ(∥ℵ∫ − (∥gnג ≤ F

(
ψ( lim

n→+∞
ℸ(∫ , gn)), ϕ( lim

n→+∞
ℸ(∫ , gn))

)
= F(ψ(max{∥T − T ∥, ∥ℵ∫ − T ∥, ∥T − T ∥, ∥ℵ∫ − T ∥+ ∥T − T ∥

2b
,

∥ℵ∫ − T ∥+ ∥T − T ∥
2b

}),

ϕ(max{∥T − T ∥, ∥ℵ∫ − T ∥, ∥T − T ∥, ∥ℵ∫ − T ∥+ ∥T − T ∥
2b

,

∥ℵ∫ − T ∥+ ∥T − T ∥
2b

}))

= F

(
ψ(max{∥ℵ∫ − T ∥, ∥ℵ∫ − T ∥

2b
}), ϕ(max{∥ℵ∫ − T ∥, ∥ℵ∫ − T ∥

2b
})
)

implies that

ψ(∥ℵ∫ − T ∥) ≤ F(ψ(∥ℵ∫ − T ∥)), ϕ(∥ℵ∫ − T ∥))
thus either ψ(∥ℵ∫ − T ∥) = 0 or ϕ(∥ℵ∫ − T ∥) = 0. Hence ℵ∫ = T = Γ∫ . Therefore, ∫
is the point of confidence of the pair (ℵ,Γ). As T ∈ L(M), there exist a point γ ∈M
such that Lγ = T . We assert that γג = Lγ. Putting h = ∫ and g = γ in equation
(3.1) we get

ψ(∥ℵ∫ − (∥γג ≤ F(ψ(ℸ(∫ , γ)), ϕ(ℸ(∫ , γ))) (3.5)

= F(ψ(max{∥Γ∫ − Lγ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
γג∥ − Lγ∥

1 + γג∥ − Lγ∥
,

∥ℵ∫ − Lγ∥+ ∥Γ∫ − ∥γג
2b

,
∥ℵ∫ − Γ∫∥+ γג∥ − Lγ∥

2b
}),

ϕ(max{∥Γ∫ − Lγ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
γג∥ − Lγ∥

1 + γג∥ − Lγ∥
,

∥ℵ∫ − Lγ∥+ ∥Γ∫ − ∥γג
2b

,
∥ℵ∫ − Γ∫∥+ γג∥ − Lγ∥

2b
}))

= F(ψ(max{∥Γ∫ − T ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
γג∥ − T ∥

1 + γג∥ − T ∥
,

∥ℵ∫ − T ∥+ ∥Γ∫ − ∥γג
2b

,
∥ℵ∫ − Γ∫∥+ γג∥ − T ∥

2b
}),

ϕ(max{∥Γ∫ − T ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
γג∥ − T ∥

1 + γג∥ − T ∥
,

∥ℵ∫ − T ∥+ ∥Γ∫ − ∥γג
2b

,
∥ℵ∫ − Γ∫∥+ γג∥ − T ∥

2b
}))

≤ F(ψ(max{∥Γ∫ − T ∥, ∥ℵ∫ − Γ∫∥, γג∥ − T ∥,
∥ℵ∫ − T ∥+ ∥Γ∫ − ∥γג

2b
,
∥ℵ∫ − Γ∫∥+ γג∥ − T ∥

2b
}),

ϕ(max{∥Γ∫ − T ∥, ∥ℵ∫ − Γ∫∥, γג∥ − T ∥,
∥ℵ∫ − T ∥+ ∥Γ∫ − ∥γג

2b
,
∥ℵ∫ − Γ∫∥+ γג∥ − T ∥

2b
}))
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= F(ψ(max{∥T − T ∥, ∥T − T ∥, γג∥ − T ∥, ∥T − T ∥+ ∥T − ∥γג
2b

,

∥T − T ∥+ γג∥ − T ∥
2b

}),

ϕ(max{∥T − T ∥, ∥T − T ∥, γג∥ − T ∥, ∥T − T ∥+ ∥T − ∥γג
2b

,

∥T − T ∥+ γג∥ − T ∥
2b

}))

= F(ψ(max{∥גγ − T ∥, ∥T − ∥γג
2b

}), ϕ(max{∥גγ − T ∥, ∥T − ∥γג
2b

}))

which implies that

ψ(∥גγ − T ∥) ≤ F (ψ(∥גγ − T ∥), ϕ(∥גγ − T ∥)) .

Thus either ψ(∥גγ −T ∥) = 0 or ϕ(∥גγ −T ∥) = 0. Hence, γג = T i.e. γג = T = Lγ.
Hence γ is a point of coincidence of pair .(L,ג)

Since the pair (ℵ,Γ) is weakly compatible and ℵT = ΓT . Therefore, ℵT = ℵΓ∫ =
Γℵ∫ = ΓT . Now we show that T is a (CFP ) of the pair (ℵ,Γ). Putting h = T , g = γ
in (3.1), we get

ψ(∥ℵT − (∥γג ≤ F(ψ(ℸ(T , γ)), ϕ(ℸ(T , γ))) (3.6)

= F(ψ(max{∥ΓT − Lγ∥, ∥ℵT − ΓT ∥
1 + ∥ℵT − ΓT ∥

,
γג∥ − Lγ∥

1 + γג∥ − Lγ∥
,

∥ℵT − Lγ∥+ ∥ΓT − ∥γג
2b

,
∥ℵT − ΓT ∥+ γג∥ − Lγ∥

2b
}),

ϕ(max{∥ΓT − Lγ∥, ∥ℵT − ΓT ∥
1 + ∥ℵT − ΓT ∥

,
γג∥ − Lγ∥

1 + γג∥ − Lγ∥
,

∥ℵT − Lγ∥+ ∥ΓT − ∥γג
2b

,
∥ℵT − ΓT ∥+ γג∥ − Lγ∥

2b
}))

= F(ψ(max{∥ℵT − Lγ∥, ∥ℵT − ℵT ∥
1 + ∥ℵT − ℵT ∥

,
γג∥ − Lγ∥

1 + γג∥ − Lγ∥
,

∥ℵT − Lγ∥+ ∥ℵT − ∥γג
2b

,
∥ℵT − ℵT ∥+ γג∥ − T ∥

2b
}),

ϕ(max{∥ℵT − Lγ∥, ∥ℵT − ℵT ∥
1 + ∥ℵT − ℵT ∥

,
γג∥ − Lγ∥

1 + γג∥ − Lγ∥
,

∥ℵT − Lγ∥+ ∥ℵT − ∥γג
2b

,
∥ℵT − ℵT ∥+ γג∥ − T ∥

2b
}))

≤ F(ψ(max{∥ℵT − Lγ∥, ∥ℵT − ℵT ∥, γג∥ − Lγ∥,
∥ℵT − Lγ∥+ ∥ℵT − ∥γג

2b
,
∥ℵT − ℵT ∥+ γג∥ − Lγ∥

2b
}),

ϕ(max{∥ℵT − Lγ∥, ∥ℵT − ℵT ∥, γג∥ − Lγ∥,
∥ℵT − Lγ∥+ ∥ℵT − ∥γג

2b
,
∥ℵT − ℵT ∥+ γג∥ − Lγ∥

2b
}))



Common fixed point theorems for C-class functions 571

= F(ψ(max{∥ℵT − T ∥, ∥ℵT − ℵT ∥, ∥T − T ∥, ∥ℵT − T ∥+ ∥ℵT − T ∥
2b

,

∥ℵT − ℵT ∥+ ∥T − T ∥
2b

}).

ϕ(max{∥ℵT − T ∥, ∥ℵT − ℵT ∥, ∥T − T ∥, ∥ℵT − T ∥+ ∥ℵT − T ∥
2b

,

∥ℵT − ℵT ∥+ ∥T − T ∥
2b

}))

= F(ψ(max{∥ℵT − T ∥, ∥ℵT − T ∥
b

}), ϕ(max{∥ℵT − T ∥, ∥ℵT − T ∥
b

})).

Implies that,

ψ(∥ℵT − T ∥) ≤ F(ψ(∥ℵT − T ∥), ϕ(∥ℵT − T ∥)).

Thus either, ψ(∥ℵT − T ∥) = 0 or ϕ(∥ℵT − T ∥) = 0, which gives that, ℵT =
T , i.e,ℵT = T = ΓT . Which show that T is a (CFP ) of the pair (ℵ,Γ).

Similarly, Putting h = ∫ , g = T in (3.1), we get

ψ(∥ℵ∫ − Tג ∥) ≤ F(ψ(ℸ(∫ , T )), ϕ(ℸ(∫ , T ))) (3.7)

= F(ψ(max{∥Γ∫ − LT ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
Tג∥ − LT ∥

1 + Tג∥ − LT ∥
,

∥ℵ∫ − LT ∥+ ∥Γ∫ − Tג ∥
2b

,
∥ℵ∫ − Γ∫∥+ Tג∥ − LT ∥

2b
}),

ϕ(max{∥Γ∫ − LT ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
Tג∥ − LT ∥

1 + Tג∥ − LT ∥
,

∥ℵ∫ − LT ∥+ ∥Γ∫ − Tג ∥
2b

,
∥ℵ∫ − Γ∫∥+ Tג∥ − LT ∥

2b
}))

= F(ψ(max{∥Γ∫ − LT ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
∥LT − LT ∥

1 + ∥LT − LT ∥
,

∥ℵ∫ − LT ∥+ ∥Γ∫ − LT ∥
2b

,
∥ℵ∫ − Γ∫∥+ ∥LT − LT ∥

2b
}),

ϕ(max{∥Γ∫ − LT ∥, ∥ℵ∫ − Γ∫∥
1 + ∥ℵ∫ − Γ∫∥

,
∥LT − LT ∥

1 + ∥LT − LT ∥
,

∥ℵ∫ − LT ∥+ ∥Γ∫ − LT ∥
2b

,
∥ℵ∫ − Γ∫∥+ ∥LT − LT ∥

2b
}))

≤ F(ψ(max{∥Γ∫ − LT ∥, ∥ℵ∫ − Γ∫∥, ∥LT − LT ∥,
∥ℵ∫ − LT ∥+ ∥Γ∫ − LT ∥

2b
,
∥ℵ∫ − Γ∫∥+ ∥LT − LT ∥

2b
}),

ϕ(max{∥Γ∫ − LT ∥, ∥ℵ∫ − Γ∫∥, ∥LT − LT ∥,
∥ℵ∫ − LT ∥+ ∥Γ∫ − LT ∥

2b
,
∥ℵ∫ − Γ∫∥+ ∥LT − LT ∥

2b
}))
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= F(ψ(max{∥T − LT ∥, ∥T − T ∥, ∥LT − LT ∥,
∥T − LT ∥+ ∥T − LT ∥

2b
,
∥T − T ∥+ ∥LT − LT ∥

2b
}).

ϕ(max{∥T − LT ∥, ∥T − T ∥, ∥LT − LT ∥,
∥T − LT ∥+ ∥T − LT ∥

2b
,
∥T − T ∥+ ∥LT − LT ∥

2b
}))

= F(ψ(max{∥T − LT ∥, ∥T − LT ∥
b

}), ϕ(max{∥T − LT ∥, ∥T − LT ∥
b

})).

Implies that,

ψ(∥T − LT ∥) ≤ F(ψ(∥T − LT ∥), ϕ(∥T − LT ∥)).
Thus either, ψ(∥T − LT ∥) = 0 or ϕ(∥T − LT ∥) = 0, which gives that, T = LT ,
i.e., Tג = LT = T . Hence T is a (CFP ) of ℵ, Γ,ג and L.
To prove that T is the unique (CFP ), let I be another (CFP ) of ℵ, Γ,ג and L. Using
(3.1), h = T , g = I, we get

ψ(∥ℵT − (∥Iג ≤ F(ψ(ℸ(T , I)), ϕ(ℸ(T , I))) (3.8)

= F(ψ(max{∥ΓT − LI∥, ∥ℵT − ΓT ∥
1 + ∥ℵT − ΓT ∥

,
−Iג∥ LI∥

1 + −Iג∥ LI∥
,

∥ℵT − LI∥+ ∥ΓT − ∥Iג
2b

,
∥ℵT − ΓT ∥+ −Iג∥ LI∥

2b
}),

ϕ(max{∥ΓT − LI∥, ∥ℵT − ΓT ∥
1 + ∥ℵT − ΓT ∥

,
−Iג∥ LI∥

1 + −Iג∥ LI∥
,

∥ℵT − LI∥+ ∥ΓT − ∥Iג
2b

,
∥ℵT − ΓT ∥+ −Iג∥ LI∥

2b
}))

= F(ψ(max{∥T − I∥, ∥T − T ∥
1 + ∥T − T ∥

,
∥I− I∥

1 + ∥I− I∥
,

∥T − I∥+ ∥T − I∥
2b

,
∥T − T ∥+ ∥I− T ∥

2b
}),

ϕ(max{∥T − I∥, ∥T − T ∥
1 + ∥T − T ∥

,
∥I− I∥

1 + ∥I− I∥
,

∥T − I∥+ ∥T − I∥
2b

,
∥T − T ∥+ ∥I− T ∥

2b
}))

≤ F(ψ(max{∥T − I∥, ∥T − T ∥, ∥I− I∥, ∥T − I∥+ ∥T − I∥
2b

,

∥T − T ∥+ ∥I− T ∥
2b

}),

ϕ(max{∥T − I∥, ∥T − T ∥, ∥I− I∥, ∥T − I∥+ ∥T − I∥
2b

,

∥T − T ∥+ ∥I− T ∥
2b

}))

= F(ψ(max{∥T − I∥, ∥T − T ∥, ∥I− I∥, ∥T − I∥
b

,
∥I− T ∥∥

2b
}),

ϕ(max{∥T − I∥, ∥T − T ∥, ∥I− I∥, ∥T − I∥
b

,
∥I− T ∥∥

2b
})).
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Which implies that

ψ(∥T − I∥) ≤ F(ψ(∥T − I∥), ϕ(∥T − I∥)).
Thus either ψ(∥T −I∥) = 0 or ϕ(∥T −I∥) = 0. which gives that ∥T = I∥ i.e, T = I.
Hence, T is the unique (CFP ) of ℵ, Γ,ג and L.

Corollary 3.3. Let (M, ∥.∥)) be a complete CNbMS with the norm Dc
b(h, 0) =

∥h∥ and the co-efficient b ≥ 1. Suppose that the mappings ℵ,L be self-mapping of a
(CbNS) (M, ∥.∥) satisfying:

ψ(∥ℵh− ℵg∥) ≤ F(ψ(ℸ(h, g)), ϕ(ℸ(h, g)))

for all h, g, where ℸ(h, g) = max{∥Lh−Lg∥, ∥ℵh−Lh∥, ∥ℵg−Lg∥, ∥ℵh−Lg∥+Lh−ℵg∥
2b

}. If
the pairs (ℵ,L) satisfies (CLR)-property of L then, ℵ and L have a common point of
coincidence in M . Moreover if ℵ and L are (WC), then the pair (ℵ,L) has a unique
(CFP ).

Proof. By putting ℵ = ג and L = Γ in Theorem (3.2), the result can be proved.

Corollary 3.4. Let (M, ∥.∥) be a complete (CbNS) with the normDc
b(h, 0) = ∥h∥

and the co-efficient b ≥ 1. Suppose that the mappings ℵ, ,Γ,ג and L be a self mapping
of a (CbNS) (M, ∥.∥) satisfying

ψ(∥ℵh− (∥gג ≤ F(ψ(ℸ(h, g)), ϕ(ℸ(h, g))),

for all h, g, where ℸ(h, g) = max{∥Γh − Lg∥, ∥ℵh − Γh∥, gג∥ − Lg∥, ∥ℵh−Lg∥+∥Γh−גg∥
2b

}.
If the pairs (ℵ,Γ) and (L,ג) satisfy the (CLR)-property of ΓL, then (ℵ,Γ) and (L,ג)
have a point of coincidence. Moreover, if (ℵ,Γ) and (L,ג) are compatible, then ℵ, Γ,ג
and L have a unique (CFP ).

Proof. By taking ψ(t) = t in Theorem (3.2), we complete the proof.

Example 3.5. Let M = (0, 1], E = R2 and P = {(h, g) ∈ E : h, g ≥ 0} and
Dc

b :M ×M → E as Dc
b(h, g) = ∥ h− g ∥2, for all h, g ∈M and ℵ, Γ,L,ג :M →M .

Then (M, ∥ . ∥) is a complete (CNbMS) with co-efficient b = 2.

ℵ(h) =


1
2
if h ∈ (0, 1

2
]

1
5
if h ∈ (1

2
, 1]

, (h)ג =


1
2
if h ∈ (0, 1

2
]

1
3
if h ∈ (1

2
, 1]

Γ(h) =


1
2
if h ∈ (0, 1

2
]

1
7
if h ∈ (1

2
, 1]

, L(h) =


1
2
if h ∈ (0, 1

2
]

1
9
if h ∈ (1

2
, 1]

First we verify condition (1) of Lemma (3.1)

Let {hn} =
{

1
1+2n

}
n≥1

and {gn} =
{

1
3+1n

}
n≥1

be two sequence in M . Then

lim
n→+∞

ℵ(hn) = lim
n→+∞

ℵ
(

1

1 + 2n

)
=

1

2

lim
n→+∞

Γ(hn) = lim
n→+∞

Γ

(
1

1 + 2n

)
=

1

2
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lim
n→+∞

(gn)ג = lim
n→+∞

ג
(

1

3 + 1n

)
=

1

2

lim
n→+∞

L(gn) = lim
n→+∞

L

(
1

3 + 1n

)
=

1

2

Thus lim
n→+∞

ℵ(hn) = lim
n→+∞

Γ(hn) = lim
n→+∞

(gn)ג = lim
n→+∞

L(gn) =
1

2
∈ Γ(M) ∩ L(M).

That is, (ℵ,Γ) and (L,ג) satisfies the common (CLRΓL)-property.

Next, to verify inequality (3.1). Let us define the function ψ, ϕ : R+
0 → R+

0 by
ψ (t) = 2t and ϕ (t) = t

4
.

Case (i): Let h, g ∈ (0, 1
2
]. Then ℵ(h) = Γ(h) = (g)ג = L(g) = 1

2
and from the

inequality (3.1)

L.H.S = ψ(∥ ℵh− gג ∥2) = ψ(∥ 1
2
− 1

2
∥2) = ψ(0) = 2(0) = 0

R.H.S = F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

= F(ψ(max{∥ Γh− Lg ∥2, ∥ ℵh− Γh ∥2

1 + ∥ ℵh− Γh ∥2
,

∥ −gג Lg ∥2

1 + ∥ −gג Lg ∥2
,

∥ ℵh− Lg ∥2 + ∥ Γh− gג ∥2

2b
,
∥ ℵh− Γh ∥2 + ∥ −gג Lg ∥2

2b
}),

ϕ(max{∥ Γh− Lg ∥2, ∥ ℵh− Γh ∥2

1 + ∥ ℵh− Γh ∥2
,

∥ −gג Lg ∥2

1 + ∥ −gג Lg ∥2
,

∥ ℵh− Lg ∥2 + ∥ Γh− gג ∥2

2b
,
∥ ℵh− Γh ∥2 + ∥ −gג Lg ∥2

2b
}))

= F(ψ(max{∥ 1

2
− 1

2
∥
2

,
∥ 1

2
− 1

2
∥2

1 + ∥ 1
2
− 1

2
∥2
,

∥ 1
2
− 1

2
∥2

1 + ∥ 1
2
− 1

2
∥2
,

∥ 1
2
− 1

2
∥2 + ∥ 1

2
− 1

2
∥2

4
,
∥ 1

2
− 1

2
∥2 + ∥ 1

2
− 1

2
∥2

4
}),

ϕ(max{∥ 1

2
− 1

2
∥
2

,
∥ 1

2
− 1

2
∥2

1 + ∥ 1
2
− 1

2
∥2
,

∥ 1
2
− 1

2
∥2

1 + ∥ 1
2
− 1

2
∥2
,

∥ 1
2
− 1

2
∥2 + ∥ 1

2
− 1

2
∥2

4
,
∥ 1

2
− 1

2
∥2 + ∥ 1

2
− 1

2
∥2

4
}))

R.H.S = ψ(0)− ϕ(0) = 2(0)− 0
4
= 0. Therefore, L.H.S = R.H.S

Case (ii): Let h, g ∈ (1
2
, 1]
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L.H.S = ψ(∥ ℵh− gג ∥2) = ψ
(
∥ 1

5
− 1

3
∥2
)
= ψ( 4

225
) = ( 8

225
) = 0.03555

R.H.S = F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

= F(ψ(max{∥ Γh− Lg ∥2, ∥ ℵh− Γh ∥2
1 + ∥ ℵh− Γh ∥2

,
∥ −gג Lg ∥2

1 + ∥ −gג Lg ∥2
,

∥ ℵh− Lg ∥2 + ∥ Γh− gג ∥2

2b
,
∥ ℵh− Γh ∥2 + ∥ −gג Lg ∥2

2b
}),

ϕ(max{∥ Γh− Lg ∥2, ∥ ℵh− Γh ∥2
1 + ∥ ℵh− Γh ∥2

,
∥ −gג Lg ∥2

1 + ∥ −gג Lg ∥2
,

∥ ℵh− Lg ∥2 + ∥ Γh− gג ∥2

2b
,
∥ ℵh− Γh ∥2 + ∥ −gג Lg ∥2

2b
}))

= F

(
ψ

(
max

{
∥ 1

7
− 1

9
∥
2

,
∥ 1

5 − 1
7 ∥2

1 + ∥ 1
5 − 1

7 ∥2
,

∥ 1
3 − 1

9 ∥2

1 + ∥ 1
3 − 1

9 ∥2
,

∥ 1
5 − 1

9 ∥2 + ∥ 1
7 − 1

3 ∥2

4
,
∥ 1

5 − 1
7 ∥2 + ∥ 1

3 − 1
9 ∥2

4

})
,

ϕ

(
max

{
∥ 1

7
− 1

9
∥
2

,
∥ 1

5 − 1
7 ∥2

1 + ∥ 1
5 − 1

7 ∥2
,

∥ 1
3 − 1

9 ∥2

1 + ∥ 1
3 − 1

9 ∥2
,

∥ 1
5 − 1

9 ∥2 + ∥ 1
7 − 1

3 ∥2

4
,
∥ 1

5 − 1
7 ∥2 + ∥ 1

3 − 1
9 ∥2

4

}))
= F

(
ψ

(
max

{
∥ 9

63
− 7

63
∥
2

,
∥ 7

35 − 5
35 ∥2

1 + ∥ 7
35 − 5

35 ∥2
,

∥ 3
9 − 1

9 ∥2

1 + ∥ 3
9 − 1

9 ∥2
,

∥ 9
45 − 5

45 ∥2 + ∥ 3
21 − 7

21 ∥2

4
,
∥ 7

35 − 5
35 ∥2 + ∥ 3

9 − 1
9 ∥2

4

})
,

ϕ

(
max

{
∥ 9

63
− 7

63
∥
2

,
∥ 7

35 − 5
35 ∥2

1 + ∥ 7
35 − 5

35 ∥2
,

∥ 3
9 − 1

9 ∥2

1 + ∥ 3
9 − 1

9 ∥2
,

∥ 9
45 − 5

45 ∥2 + ∥ 3
21 − 7

21 ∥2

4
,
∥ 7

35 − 5
35 ∥2 + ∥ 3

9 − 1
9 ∥2

4

}))
= F

(
ψ

(
max

{
∥ 2

63
∥
2

,
∥ 2

35 ∥2

1 + ∥ 2
35 ∥2

,
∥ 2

9 ∥2

1 + ∥ 2
9 ∥2

,
∥ 4

45 ∥2 + ∥ 4
21 ∥2

4
,
∥ 2

35 ∥2 + ∥ 2
9 ∥2

4

})
,

ϕ

(
max

{
∥ 2

63
∥
2

,
∥ 2

35 ∥2

1 + ∥ 2
35 ∥2

,
∥ 2

9 ∥2

1 + ∥ 2
9 ∥2

,
∥ 4

45 ∥2 + ∥ 4
21 ∥2

4
,
∥ 2

35 ∥2 + ∥ 2
9 ∥2

4

}))

= F

(
ψ

(
max

{(
4

3969

)
,

(
4

1225

)
1 +

(
4

1225

) , (
4
81

)
1 +

(
4
81

) , ( 16
2025

)
+
(

16
441

)
4

,

(
4

1225

)
+
(

4
81

)
4

})
,

ϕ

(
max

{(
4

3969

)
,

(
4

1225

)
1 +

(
4

1225

) , (
4
81

)
1 +

(
4
81

) , ( 16
2025

)
+
(

16
441

)
4

,

(
4

1225

)
+
(

4
81

)
4

}))
= F

(
ψ

(
max

{(
4

3969

)
,

(
4

1225

)(
1229
1225

) , ( 4
81

)(
85
81

) , ( 7056
893025

)
+
(

32400
893025

)
4

,

(
324

99225

)
+
(

4900
99225

)
4

})
,

ϕ

(
max

{(
4

3969

)
,

(
4

1225

)(
1229
1225

) , ( 4
81

)(
85
81

) , ( 7056
893025

)
+
(

32400
893025

)
4

,

(
324

99225

)
+
(

4900
99225

)
4

}))
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= F

(
ψ

(
max

{(
4

3969

)
,

(
4

1225

)
×
(
1225

1229

)
,

(
4

81

)
×
(
81

85

)
,(

39546

893025

)
×
(
1

4

)
,

(
5224

99225

)
×
(
1

4

) })
,

ϕ

(
max

{(
4

3969

)
,

(
4

1225

)
×
(
1225

1229

)
,

(
4

81

)
×
(
81

85

)
,(

39546

893025

)
×
(
1

4

)
,

(
5224

99225

)
×
(
1

4

) }))
= F

(
ψ

(
max

{(
4

3969

)
,

(
4

1229

)
,

(
4

85

)
,

(
39456

3572100

)
,

(
5224

396900

)})
,

ϕ

(
max

{(
4

3969

)
,

(
4

1229

)
,

(
4

85

)
,

(
39456

3572100

)
,

(
5224

396900

)}))

= F(ψ(max{(0.001) , (0.003) , (0.047) , (0.011) , (0.013)}),

ϕ(max{(0.001) , (0.003) , (0.047) , (0.011) , (0.013)}))

= F(ψ((0.047)), ϕ((0.047)))

R.H.S = ψ (0.047)− ϕ (0.047) = (0.094)− (0.01175) = (0.08225)
Therefore, the inequality (3.1) holds. (0.03555) < (0.08225). L.H.S < R.H.S

ψ(∥ ℵh− gג ∥) ≤ F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

Therefore from Theorem (3.2) the mappings ℵ, Γ,ג and L have a unique common
fixed point h = 1

2
.

Example 3.6. Let (M, ∥ . ∥) be a (CNbMS) with co-efficient b = 2 and E =
R2, P = {(h, g) ∈ E|h, g > 0} ⊂ R2, M = [0,+∞), Dc

b : M ×M → E, such that
Dc

b(h, g) = (∥ h− g ∥2, α ∥ h− g ∥2) , for all h, g ∈M , where α ≥ 0 is a constant and
ℵ, Γ,L,ג : M → M . Let us define the function ψ, ϕ : R+

0 → R+
0 by ψ (t) = t and

ϕ (t) = kt for some k > 0.

ℵ(h) = (h)ג =


h
12
, if h ∈ [0, 1]

h+11
12
, if h ∈ (1,+∞)

, Γ(h) = L(h) =


h
6
, if h ∈ [0, 1]

h+5
6
, if h ∈ (1,+∞)

First we verify that condition (1) of Lemma (3.1)

Let {hn} =
{

1
n

}
n≥1

and {gn} =
{

1
n+1

}
n≥1

be two sequence in M . Then we have
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limn→+∞ ℵ{hn} = limn→+∞ ℵ
{

1
n

}
= limn→+∞

{
1

12n

}
= 0

limn→+∞ Γ{hn} = limn→+∞ Γ
{

1
n

}
= limn→+∞

{
1
6n

}
= 0

limn→+∞ {gn}ג = limn→+∞ ג
{

1
n+1

}
= limn→+∞

{
1

12(n+1)

}
= 0

limn→+∞ L{gn} = limn→+∞ L
{

1
n+1

}
= limn→+∞

{
1

6(n+1)

}
= 0

Since h(0) = L(0) = 0 we have 0 ∈ Γ(M) ∩ L(M). Therefore there exists sequence
{hn} and {gn} in M such that

lim
n→+∞

ℵ{hn} = lim
n→+∞

Γ{hn} = lim
n→+∞

{gn}ג = lim
n→+∞

L{gn}

That is, (ℵ,Γ) and (L,ג) satisfies the common (CLRΓL)-property. Next, to verify
inequality (3.1).

ψ(∥ ℵh− gג ∥) ≤ F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

ℸ(h, g) = max
{
∥ Γh− Lg ∥, ∥ℵh−Γh∥

1+∥ℵh−Γh∥ ,
∥g−Lgג∥

∥g−Lgג∥+1 ,
∥ℵh−Lg∥+∥Γh−גg∥

2b
, ∥ℵh−Γh∥+∥גg−Lg∥

2b

}
Case (i): When h, g ∈ [0, 1]

L.H.S = ψ (∥ ℵh− gג ∥2, α ∥ ℵh− gג ∥2 )

= ψ
(
∥ h

12
− g

12
∥2, α ∥ h

12
− g

12
∥2
)

= ψ
(

1
144

∥ h− g ∥2, 1
144

α ∥ h− g ∥2
)

=
(

1
144
, 1
144
α
)
ψ (∥ h− g ∥2)
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R.H.S = F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

= F(ψ(max{(∥ h

6
− g

6
∥2, α ∥ h

6
− g

6
∥2),(

∥ g
12 − g

6 ∥2, α ∥ g
12 − g

6 ∥2
)

1 +
(
∥ g

12 − g
6 ∥2, α ∥ g

12 − g
6 ∥2

) ,
(
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

)
1 +

(
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

) ,
((

∥ h
12 − g

6 ∥2, α ∥ h
12 − g

6 ∥2
)
+
(
∥ h

6 − g
12 ∥2, α ∥ h

6 − g
12 ∥2

))
4

,((
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

)
+
(
∥ g

12 − g
6 ∥2, α ∥ g

12 − g
6 ∥2

))
4

}),

ϕ(max{(∥ h

6
− g

6
∥2, α ∥ h

6
− g

6
∥2),(

∥ g
12 − g

6 ∥2, α ∥ g
12 − g

6 ∥2
)

1 +
(
∥ g

12 − g
6 ∥2, α ∥ g

12 − g
6 ∥2

) ,
(
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

)
1 +

(
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

) ,
((

∥ h
12 − g

6 ∥2, α ∥ h
12 − g

6 ∥2
)
+
(
∥ h

6 − g
12 ∥2, α ∥ h

6 − g
12 ∥2

))
4

,((
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

)
+
(
∥ g

12 − g
6 ∥2, α ∥ g

12 − g
6 ∥2

))
4

}))

= F(ψ(max{(∥ h− g

6
∥2, α ∥ h− g

6
∥2),(

∥ g−2g
12 ∥2, α ∥ g−2g

12 ∥2
)

1 +
(
∥ g−2g

12 ∥2, α ∥ g−2g
12 ∥2

) ,
(
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

)
1 +

(
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

) ,
((

∥ h−2g
12 ∥2, α ∥ h−2g

12 ∥2
)
+
(
∥ 2h−g

12 ∥2, α ∥ 2h−g
12 ∥2

))
4

,((
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

)
+
(
∥ g−2g

12 ∥2, α ∥ g−2g
12 ∥2

))
4

}),

ϕ(max{(∥ h− g

6
∥2, α ∥ h− g

6
∥2),(

∥ g−2g
12 ∥2, α ∥ g−2g

12 ∥2
)

1 +
(
∥ g−2g

12 ∥2, α ∥ g−2g
12 ∥2

) ,
(
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

)
1 +

(
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

) ,
((

∥ h−2g
12 ∥2, α ∥ h−2g

12 ∥2
)
+
(
∥ 2h−g

12 ∥2, α ∥ 2h−g
12 ∥2

))
4

,((
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

)
+
(
∥ g−2g

12 ∥2, α ∥ g−2g
12 ∥2

))
4

}))
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= F(ψ(max{
(

1

36
∥ h− g ∥2, 1

36
α ∥ h− g ∥2

)
,(

1
144 ∥ g− 2g ∥2, 1

144 α ∥ g− 2g ∥2
)

1 +
(

1
144 ∥ g− 2g ∥2, 1

144 α ∥ g− 2g ∥2
) , (

1
144 ∥ h− 2h ∥2, 1

144 α ∥ h− 2h ∥2
)

1 +
(

1
144 ∥ h− 2h ∥2, 1

144α ∥ h− 2h ∥2
) ,((

1
144 ∥ h− 2g ∥2, 1

144α ∥ h− 2g ∥2
)
+
(

1
144 ∥ 2h− g ∥2, 1

144 α ∥ 2h− g ∥2
))

4
,((

1
144 ∥ h− 2h ∥2, 1

144α ∥ h− 2h ∥2
)
+
(

1
144 ∥ g− 2g ∥2, 1

144α ∥ g− 2g ∥2
))

4
}),

ϕ(max{
(

1

36
∥ h− g ∥2, 1

36
α ∥ h− g ∥2

)
,(

1
144 ∥ g− 2g ∥2, 1

144 α ∥ g− 2g ∥2
)

1 +
(

1
144 ∥ g− 2g ∥2, 1

144 α ∥ g− 2g ∥2
) , (

1
144 ∥ h− 2h ∥2, 1

144 α ∥ h− 2h ∥2
)

1 +
(

1
144 ∥ h− 3h ∥2, 1

144α ∥ h− 3h ∥2
) ,((

1
144 ∥ h− 2g ∥2, 1

144α ∥ h− 2g ∥2
)
+
(

1
144 ∥ 2h− g ∥2, 1

144 α ∥ 2h− g ∥2
))

4
,((

1
144 ∥ h− 2h ∥2, 1

144α ∥ h− 2h ∥2
)
+
(

1
144 ∥ g− 2g ∥2, 1

144α ∥ g− 2g ∥2
))

4
}))

R.H.S = F(ψ(max{
((

1

36
,
1

36
α

)
∥ h− g ∥2

)
,((

1
144 ,

1
144 α

)
∥ g− 2g ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ g− 2g ∥2

) , (
1

144 ,
1

144 α
) (

∥ h− 2h ∥2
)

1 +
((

1
144 ,

1
144α

)
∥ h− 2h ∥2

) ,((
1

144 ,
1

144α
)
∥ h− 2g ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2h− g ∥2

)
4

,((
1

144 ,
1

144α
)
∥ h− 2h ∥2

)
+
((

1
144 ,

1
144α

)
∥ g− 2g ∥2

)
4

}),

ϕ(max{
((

1

36
,
1

36
α

)
∥ h− g ∥2

)
,((

1
144 ,

1
144 α

)
∥ g− 2g ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ g− 2g ∥2

) , (
1

144 ,
1

144 α
) (

∥ h− 2h ∥2
)

1 +
((

1
144 ,

1
144α

)
∥ h− 2h ∥2

) ,((
1

144 ,
1

144α
)
∥ h− 2g ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2h− g ∥2

)
4

,((
1

144 ,
1

144α
)
∥ h− 2h ∥2

)
+
((

1
144 ,

1
144α

)
∥ g− 2g ∥2

)
4

})),

= F

(
ψ

((
1

36
,
1

36
α

)
∥ h− g ∥2

)
, ϕ

((
1

36
,
1

36
α

)
∥ h− g ∥2

))
= ψ

((
1

36
,
1

36
α

)
∥ h− g ∥2

)
, ϕ

((
1

36
,
1

36
α

)
∥ h− g ∥2

)
=

(
1

36
,
1

36
α

)(
ψ
(
∥ h− g ∥2

)
− ϕ

(
∥ h− g ∥2

))
(

1

144
,

1

144
α

)
ψ
(
∥ h− g ∥2

)
≤
(

1

36
,
1

36
α

)(
ψ
(
∥ h− g ∥2

)
− ϕ

(
∥ h− g ∥2

))
Therefore, L.H.S ≤ R.H.S. Clearly inequality (3.1) is satisfied for each h, g ∈ [0, 1]
and α ≥ 0.
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Case (ii): When h ∈ [0, 1] and g ∈ (1,+∞)

L.H.S = ψ
(
∥ ℵh− gג ∥2, α ∥ ℵh− gג ∥2

)
= ψ

(
∥ h

12 − g+11
12 ∥2, α ∥ h

12 − g+11
12 ∥2

)
= ψ

(
1

144 ∥ h− (g+ 11) ∥2, 1
144 α ∥ h− (g+ 11) ∥2

)
=
(

1
144 ,

1
144α

)
ψ
(
∥ h− (g+ 11) ∥2

)
R.H.S = F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

= F(ψ(max{
(
∥ h

6
− g+ 5

6
∥2, α ∥ h

6
− g+ 5

6
∥2
)
,(

∥ h
12 − h

6 ∥2, α ∥ h
12 − h

6 ∥2
)

1 +
(
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

) , (
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

)
1 +

(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

) ,
((

∥ h
12 − g+5

6 ∥2, α ∥ h
12 − g+5

6 ∥2
)
+
(
∥ h

6 − g+11
12 ∥2, α ∥ h

6 − g+11
12 ∥2

))
4

,((
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

)
+
(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

))
4

}),

ϕ(max{
(
∥ h

6
− g+ 5

6
∥2, α ∥ h

6
− g+ 5

6
∥2
)
,(

∥ h
12 − h

6 ∥2, α ∥ h
12 − h

6 ∥2
)

1 +
(
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

) , (
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

)
1 +

(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

) ,
((

∥ h
12 − g+5

6 ∥2, α ∥ h
12 − g+5

6 ∥2
)
+
(
∥ h

6 − g+11
12 ∥2, α ∥ h

6 − g+11
12 ∥2

))
4

,((
∥ h

12 − h
6 ∥2, α ∥ h

12 − h
6 ∥2

)
+
(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

))
4

}))

= F(ψ(max{
(
∥ h− (g+ 5)

6
∥2, α ∥ h− (g+ 5)

6
∥2
)
,(

∥ h−2h
12 ∥2, α ∥ h−2h

12 ∥2
)

1 +
(
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

) ,
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

)
1 +

(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

) ,
((

∥ h−2(g+5)
12 ∥2, α ∥ h−2(g+5)

12 ∥2
)
+
(
∥ 2h−(g+11)

12 ∥2, α ∥ 2h−(g+11)
12 ∥2

))
4

,((
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

)
+
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

))
4

}),

ϕ(max{
(
∥ h− (g+ 5)

6
∥2, α ∥ h− (g+ 5)

6
∥2
)
,(

∥ h−2h
12 ∥2, α ∥ h−2h

12 ∥2
)

1 +
(
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

) ,
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

)
1 +

(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

) ,
((

∥ h−2(g+5)
12 ∥2, α ∥ h−2(g+5)

12 ∥2
)
+
(
∥ 2h−(g+11)

12 ∥2, α ∥ 2h−(g+11)
12 ∥2

))
4

,((
∥ h−2h

12 ∥2, α ∥ h−2h
12 ∥2

)
+
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

))
4

}))
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= F(ψ(max{
((

1

36
,
1

36
α

)
∥ h− (g+ 5) ∥2

)
,((

1
144 ,

1
144 α

)
∥ h− 2h ∥2

)
1 +

((
1

144 ,
1

144α
)
∥ h− 2h ∥2

) , ((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

) ,((
1

144 ,
1

144α
)
∥ h− 2(g+ 5) ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2h− (g+ 11) ∥2

)
4

,((
1

144 ,
1

144α
)
∥ h− 2h ∥2

)
+
((

1
144 ,

1
144α

)
∥ (g+ 11)− 2(g+ 5) ∥2

)
4

}),

ϕ(max{
((

1

36
,
1

36
α

)
∥ h− (g+ 5) ∥2

)
,((

1
144 ,

1
144 α

)
∥ h− 2h ∥2

)
1 +

((
1

144 ,
1

144α
)
∥ h− 2h ∥2

) , ((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

) ,((
1

144 ,
1

144α
)
∥ h− 2(g+ 5) ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2h− (g+ 11) ∥2

)
4

,((
1

144 ,
1

144α
)
∥ h− 2h ∥2

)
+
((

1
144 ,

1
144α

)
∥ (g+ 11)− 2(g+ 5) ∥2

)
4

}))

= F

(
ψ(

(
1

36
,
1

36
α

)
∥ h− (g+ 5) ∥2), ϕ(

(
1

36
,
1

36
α

)
∥ h− (g+ 5) ∥2)

)
= ψ

((
1

36
,
1

36
α

)
∥ h− (g+ 5) ∥2

)
− ϕ

((
1

36
,
1

36
α

)
∥ h− (g+ 5) ∥2

)
R.H.S =

(
1

36
,
1

36
α

)(
ψ
(
∥ h− (g+ 5) ∥2

)
− ϕ

(
∥ h− (g+ 5) ∥2

))

Therefore, L.H.S ≤ R.H.S. Calculating the same as in case (i), we conclude that
inequality (3.1) is satisfied for each h ∈ [0, 1] and g ∈ (1,+∞) and α ≥ 0.

Case (iii): When h ∈ (1,+∞) and g ∈ [0, 1]

L.H.S = ψ (∥ ℵh− gג ∥2, α ∥ ℵh− gג ∥2 )

= ψ
(
∥ h+11

12
− g

12
∥2, α ∥ h+11

12
− g

12
∥2
)

= ψ
(

1
144

∥ (h+ 11)− g ∥2, 1
144

α ∥ (h+ 11)− g ∥2
)

=
(

1
144
, 1
144
α
)
ψ (∥ (h+ 11)− g ∥2)
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R.H.S = F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

= F(ψ(max{
(
∥ h+ 5

6
− g

6
∥2, α ∥ h+ 5

6
− g

6
∥2
)
,(

∥ h+11
12

− h+5
6

∥2, α ∥ h+11
12

− h+5
6

∥2
)

1 +
(
∥ h+11

12
− h+5

6
∥2, α ∥ h+11

12
− h+5

6
∥2
) , (

∥ g
12

− g
6
∥2, α ∥ g

12
− g

6
∥2
)

1 +
(
∥ g

12
− g

6
∥2, α ∥ g

12
− g

6
∥2
) ,((

∥ h+11
12

− g
6
∥2, α ∥ h+11

12
− g

6
∥2
)
+
(
∥ h+5

6
− g

12
∥2, α ∥ h+5

6
− g

12
∥2
))

4
,((

∥ h+11
12

− h+5
6

∥2, α ∥ h+11
12

− h+5
6

∥2
)
+
(
∥ g

12
− g

6
∥2, α ∥ g

12
− g

6
∥2
))

4
}),

ϕ(max{
(
∥ h+ 5

6
− g

6
∥2, α ∥ h+ 5

6
− g

6
∥2
)
,(

∥ h+11
12

− h+5
6

∥2, α ∥ h+11
12

− h+5
6

∥2
)

1 +
(
∥ h+11

12
− h+5

6
∥2, α ∥ h+11

12
− h+5

6
∥2
) , (

∥ g
12

− g
6
∥2, α ∥ g

12
− g

6
∥2
)

1 +
(
∥ g

12
− g

6
∥2, α ∥ g

12
− g

6
∥2
) ,((

∥ h+11
12

− g
6
∥2, α ∥ h+11

12
− g

6
∥2
)
+
(
∥ h+5

6
− g

12
∥2, α ∥ h+5

6
− g

12
∥2
))

4
,((

∥ h+11
12

− h+5
6

∥2, α ∥ h+11
12

− h+5
6

∥2
)
+
(
∥ g

12
− g

6
∥2, α ∥ g

12
− g

6
∥2
))

4
}))

= F(ψ(max{
(
∥ (h+ 5)− g

6
∥2, α ∥ (h+ 5)− g

6
∥2
)
,(

∥ (h+11)−2(h+5)
12

∥2, α ∥ (h+11)−2(h+5)
12

∥2
)

1 +
(
∥ (h+11)−2(h+5)

12
∥2, α ∥ (h+11)−2(h+5)

12
∥2
) , (

∥ g−2g
12

∥2, α ∥ g−2g
12

∥2
)

1 +
(
∥ g−2g

12
∥2, α ∥ g−2g

12
∥2
) ,

((
∥ (h+11)−2g

12
∥2, α ∥ (h+11)−2g

12
∥2
)
+
(
∥ 2(h+5)−g

12
∥2, α ∥ 2(h+5)−g

12
∥2
))

4
,((

∥ (h+11)−2(h+5)
12

∥2, α ∥ (h+11)−2(h+5)
12

∥2
)
+
(
∥ g−2g

12
∥2, α ∥ g−2g

12
∥2
))

4
}),

ϕ(max{
(
∥ (h+ 5)− g

6
∥2, α ∥ (h+ 5)− g

6
∥2
)
,(

∥ (h+11)−2(h+5)
12

∥2, α ∥ (h+11)−2(h+5)
12

∥2
)

1 +
(
∥ (h+11)−2(h+5)

12
∥2, α ∥ (h+11)−2(h+5)

12
∥2
) , (

∥ g−2g
12

∥2, α ∥ g−2g
12

∥2
)

1 +
(
∥ g−2g

12
∥2, α ∥ g−2g

12
∥2
) ,

((
∥ (h+11)−2g

12
∥2, α ∥ (h+11)−2g

12
∥2
)
+
(
∥ 2(h+5)−g

12
∥2, α ∥ 2(h+5)−g

12
∥2
))

4
,((

∥ (h+11)−2(h+5)
12

∥2, α ∥ (h+11)−2(h+5)
12

∥2
)
+
(
∥ g−2g

12
∥2, α ∥ g−2g

12
∥2
))

4
}))
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= F(ψ(max{
((

1

36
,
1

36
α

)
∥ (h+ 5)− g ∥2

)
,((

1
144 ,

1
144 α

)
∥ (h+ 11)− 2(h+ 5) ∥2

)
1 +

((
1

144 ,
1

144α
)
∥ (h+ 11)− 2(h+ 5) ∥2

) , ((
1

144 ,
1

144 α
)
∥ g− 2g ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ g− 2g ∥2

) ,((
1

144 ,
1

144α
)
∥ (h+ 11)− 2g ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2(h+ 5)− g ∥2

)
4

,((
1

144 ,
1

144α
)
∥ (h+ 15)− 2(h+ 5) ∥2

)
+
((

1
144 ,

1
144α

)
∥ g− 2g ∥2

)
4

}),

ϕ(max{
((

1

36
,
1

36
α

)
∥ (h+ 5)− g ∥2

)
,((

1
144 ,

1
144 α

)
∥ (h+ 11)− 2(h+ 5) ∥2

)
1 +

((
1

144 ,
1

144α
)
∥ (h+ 11)− 2(h+ 5) ∥2

) , ((
1

144 ,
1

144 α
)
∥ g− 2g ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ g− 2g ∥2

) ,((
1

144 ,
1

144α
)
∥ (h+ 11)− 2g ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2(h+ 5)− g ∥2

)
4

,((
1

144 ,
1

144α
)
∥ (h+ 15)− 2(h+ 5) ∥2

)
+
((

1
144 ,

1
144α

)
∥ g− 2g ∥2

)
4

}))

= F

(
ψ(

(
1

36
,
1

36
α

)
∥ (h+ 5)− g ∥2), ϕ(

(
1

36
,
1

36
α

)
∥ (h+ 5)− g ∥2)

)
= ψ

((
1

36
,
1

36
α

)
∥ (h+ 5)− g ∥2

)
− ϕ

((
1

36
,
1

36
α

)
∥ (h+ 5)− g ∥2

)
R.H.S =

(
1

36
,
1

36
α

)(
ψ
(
∥ (h+ 5)− g ∥2

)
− ϕ

(
∥ (h+ 5)− g ∥2

))

Therefore, L.H.S ≤ R.H.S. Inequality (3.1) is satisfied for each h ∈ (1,+∞) and
g ∈ [0, 1] and α ≥ 0.

Case (iv): When h, g ∈ (1,+∞)

L.H.S = ψ
(
∥ ℵh− gג ∥2, α ∥ ℵh− gג ∥2

)
= ψ

(
∥ h+11

12 − g+11
12 ∥2, α ∥ h+11

12 − g+11
12 ∥2

)
= ψ

(
1

144 ∥ (h+ 11)− (g+ 11) ∥2, 1
144 α ∥ (h+ 11)− (g+ 11) ∥2

)
=
(

1
144 ,

1
144α

)
ψ
(
∥ (h+ 11)− (g+ 11) ∥2

)
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R.H.S = F(ψ (ℸ(h, g)) , ϕ (ℸ(h, g)))

= F(ψ(max{
(
∥ h+ 5

6
− g+ 5

6
∥2, α ∥ h+ 5

6
− g+ 5

6
∥2
)
,(

∥ h+11
12 − h+5

6 ∥2, α ∥ h+11
12 − h+5

6 ∥2
)

1 +
(
∥ h+11

12 − h+5
6 ∥2, α ∥ h+11

12 − h+5
6 ∥2

) , (
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

)
1 +

(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

) ,
((

∥ h+11
12 − g+5

6 ∥2, α ∥ h+11
12 − g+5

6 ∥2
)
+
(
∥ h+5

6 − g+11
12 ∥2, α ∥ h+5

6 − g+11
12 ∥2

))
4

,((
∥ h+11

12 − h+5
6 ∥2, α ∥ h+11

12 − h+5
6 ∥2

)
+
(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

))
4

}),

ϕ(max{
(
∥ h+ 5

6
− g+ 5

6
∥2, α ∥ h+ 5

6
− g+ 5

6
∥2
)
,(

∥ h+11
12 − h+5

6 ∥2, α ∥ h+11
12 − h+5

6 ∥2
)

1 +
(
∥ h+11

12 − h+5
6 ∥2, α ∥ h+11

12 − h+5
6 ∥2

) , (
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

)
1 +

(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

) ,
((

∥ h+11
12 − g+5

6 ∥2, α ∥ h+11
12 − g+5

6 ∥2
)
+
(
∥ h+5

6 − g+11
12 ∥2, α ∥ h+5

6 − g+11
12 ∥2

))
4

,((
∥ h+11

12 − h+5
6 ∥2, α ∥ h+11

12 − h+5
6 ∥2

)
+
(
∥ g+11

12 − g+5
6 ∥2, α ∥ g+11

12 − g+5
6 ∥2

))
4

}))

= F(ψ(max{
(
∥ (h+ 5)− (g+ 5)

6
∥2, α ∥ (h+ 5)− (g+ 5)

6
∥2
)
,(

∥ (h+11)−2(h+5)
12 ∥2, α ∥ (h+11)−2(h+5)

12 ∥2
)

1 +
(
∥ (h+11)−2(h+5)

12 ∥2, α ∥ (h+11)−2(h+5)
12 ∥2

) ,
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

)
1 +

(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

) ,
((

∥ (h+11)−2(g+5)
12 ∥2, α ∥ (h+11)−2(g+5)

12 ∥2
)
+
(
∥ 2(h+5)−(g+11)

12 ∥2, α ∥ 2(h+5)−(g+11)
12 ∥2

))
4

,((
∥ (h+11)−2(h+5)

12 ∥2, α ∥ (h+11)−2(h+5)
12 ∥2

)
+
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

))
4

}),

ϕ(max{
(
∥ (h+ 5)− (g+ 5)

6
∥2, α ∥ (h+ 5)− (g+ 5)

6
∥2
)
,(

∥ (h+11)−2(h+5)
12 ∥2, α ∥ (h+11)−2(h+5)

12 ∥2
)

1 +
(
∥ (h+11)−2(h+5)

12 ∥2, α ∥ (h+11)−2(h+5)
12 ∥2

) ,
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

)
1 +

(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

) ,
((

∥ (h+11)−2(g+5)
12 ∥2, α ∥ (h+11)−2(g+5)

12 ∥2
)
+
(
∥ 2(h+5)−(g+11)

12 ∥2, α ∥ 2(h+5)−(g+11)
12 ∥2

))
4

,((
∥ (h+11)−2(h+5)

12 ∥2, α ∥ (h+11)−2(h+5)
12 ∥2

)
+
(
∥ (g+11)−2(g+5)

12 ∥2, α ∥ (g+11)−2(g+5)
12 ∥2

))
4

}))
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= F(ψ(max{
((

1

36
,
1

36
α

)
∥ (h+ 5)− (g+ 5) ∥2

)
,((

1
144 ,

1
144 α

)
∥ (h+ 11)− 2(h+ 5) ∥2

)
1 +

((
1

144 ,
1

144α
)
∥ (h+ 11)− 2(h+ 5) ∥2

) , ((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

) ,((
1

144 ,
1

144α
)
∥ (h+ 11)− 2(g+ 5) ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2(h+ 5)− (g+ 11) ∥2

)
4

,((
1

144 ,
1

144α
)
∥ (h+ 15)− 2(h+ 5) ∥2

)
+
((

1
144 ,

1
144α

)
∥ (g+ 11)− 2(g+ 5) ∥2

)
4

}),

ϕ(max{
((

1

36
,
1

36
α

)
∥ (h+ 5)− (g+ 5) ∥2

)
,((

1
144 ,

1
144 α

)
∥ (h+ 11)− 2(h+ 5) ∥2

)
1 +

((
1

144 ,
1

144α
)
∥ (h+ 11)− 2(h+ 5) ∥2

) , ((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

)
1 +

((
1

144 ,
1

144 α
)
∥ (g+ 11)− 2(g+ 5) ∥2

) ,((
1

144 ,
1

144α
)
∥ (h+ 11)− 2(g+ 5) ∥2

)
+
((

1
144 ,

1
144 α

)
∥ 2(h+ 5)− (g+ 11) ∥2

)
4

,((
1

144 ,
1

144α
)
∥ (h+ 15)− 2(h+ 5) ∥2

)
+
((

1
144 ,

1
144α

)
∥ (g+ 11)− 2(g+ 5) ∥2

)
4

}))

= F

(
ψ

((
1

36
,
1

36
α

)
∥ (h+ 5)− (g+ 5) ∥2

)
, ϕ

((
1

36
,
1

36
α

)
∥ (h+ 5)− (g+ 5) ∥2

))
=

(
1

36
,
1

36
α

)(
ψ
(
∥ (h+ 5)− (g+ 5) ∥2

)
− ϕ

(
∥ (h+ 5)− (g+ 5) ∥2

))
Therefore, L.H.S ≤ R.H.S. Inequality (3.1) is satisfied for each h, g ∈ (1,+∞) and
α ≥ 0. Thus all the conditions of Theorem (3.2) are satisfied and 0 remains the unique
common fixed point of the mappings ℵ, Γ,ג and L.

4. Application

We have find the existence and uniqueness of common solutions for a system of
functional equations arising in dynamic programming, it was formed by Bellman and
Lee [7] with the help of our main Theorem (3.2).

Let (P, ∥.∥) and (Q, ∥.∥) are nored liner spaces, M ⊆ P and D ⊆ Q. Taking M
and D signify the state and decision spaces, respectively. Let B(M) denotes the set
of all real-valued functions on M . It is easy to verify that B(M) is a linear space over
R under usual definitions of addition and scalar multiplication, and with the norm
∥.∥ for an arbitrary h ∈ B(M), define

∥h∥ = sup{|h(y)| : y ∈M}.

Let ∥h−g∥ = sup |h(y)−g(y)| for all h, g ∈ B(M). Then (B(M), ∥.∥) is a normed liner
space. As proposed in Bellman and Lee [7], the fundamental form of the functional
equation in dynamic programming is

ℵ(y) = optz∈DH(y, z,ℵ(ℶ(y, z))), for all y ∈M,

where y and z denote the state and decision vectors, respectively. ℶ denotes the
transformation of the process, ℵ(y) denotes the optimal return function with the
initial state y and opt represents sup or inf. For the existence and uniqueness of a
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solution to the following functional equation arising in dynamic programming, Liu et
al. [19] proved fixed point theorems providing a contractive condition of integral type.

ℵ(y) = opt z∈D {J(y, z) + H1 (y, z,ℵ (ℶ(y, z)))} , for all y ∈M,

Further, Liu and colleagues [20] developed common fixed point theorems that meet
contractive conditions of the integral type, and they used these findings to verify the
existence and uniqueness of common solutions to the following system of functional
equations occurring in dynamic programming.

Pi(y) =optz∈D {J(y, z) + Hi (y, z,Pi (ℶ(y, z)))} , for all y ∈M, i = 1, 2;

Ti(y) =optz∈D {J(y, z) + Ti (y, z,Ti (ℶ(y, z)))} , for all y ∈M, i = 1, 2;

(4.1)

where J :M ×D → R,ℶ :M ×D →M and Hi,Ti :M ×D ×R → R.

Theorem 4.1. Let Hi,Ti :M ×D×R → R for i = 1, 2 be four bounded functions
and let Si,Qi : B(M) → B(M) be four operators defined by

Sih(y) = optz∈D {J(y, z) + Hi (y, z, h (ℶ(y, z)))} , for all (y, h) ∈M ×B(M), i = 1, 2
(4.2)

Qig(y) = optz∈D {J(y, z) + Ti (y, z, g (ℶ(y, z)))} , for all (y, g) ∈M ×B(M), i = 1, 2.
(4.3)

Assume that the following conditions hold:

1. there exists Si = {S1,S2}such that for all sequence {hn}n≥1 ⊂ B(M),

lim
n→+∞

S1{hn} = lim
n→+∞

S2{hn} = h∗ ∈ B(M)

and

lim
n→+∞

sup
y∈M

∥S1S2{hn} −S2S1{hn}∥ = 0

2. there exists Qi = {Q1,Q2}such that for all sequence {gn}n≥1 ⊂ B(M),

lim
n→+∞

Q1{gn} = lim
n→+∞

Q2{gn} = g∗ ∈ B(M)

and

lim
n→+∞

sup
y∈M

∥Q1Q2{gn} −Q2Q1{gn}∥ = 0

3. S1(B(M)) ⊆ Q2(B(M)) and S2(B(M)) ⊆ T1(B(M))

4.

ψ

(∫ |H1(y,z,h(ℶ(y,z)))−T1(y,z,g(ℶ(y,z)))|

0

φ(t)dt

)
≤ F

(
ψ

(∫ ℸ(h,g)

0

φ(t)dt

)
, ϕ

(∫ ℸ(h,g)

0

φ(t)dt

))
,

(4.4)
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where

ℸ(h, g) = max{ ∥ Q1h−S2g ∥, ∥ S1h−Q1h ∥
1+ ∥ S1h−Q1h ∥

,
∥ S2g−Q2g ∥

1+ ∥ S2g−Q2g ∥
,

∥ S1h−Q2g ∥ + ∥ Q1h−S2g ∥
2b

,
∥ S1h−Q1h ∥ + ∥ S2g−Q2g ∥

2b
}

where h, g ∈ B(M), y ∈ M, z ∈ D,ψ ∈ Ψ, ϕ ∈ Φ and φ : R+ → R+ is a non-negative
summable Lebesgue integrable function such that∫ ϵ

0

φ(t) dt > 0,

for each ϵ > 0. Then the system of functional equations (4.1) has a unique bounded
solution.

Proof. Then the system of functional equations (4.1) have a unique bounded solu-
tion if and only if the operator (4.2) and (4.3) have a common fixed point. Now, since
Hi and Ti are bounded for i = 1, 2, there exists a positive number Ω > 0 such that

sup {| |Hi(y, z, t)| , |Ti(y, z, t)| : (y, z, t) ∈M ×D ×R, i = 1, 2} ≤ Ω,

from (4.2) and (4.3) we obtain S(h) and Q(g) are bounded for each h, g ∈ B(M),
which yields that S and Q are self mappings in B(M). By using a property from the
integration theory [10] and the properties of φ, we conclude that for each positive num-
ber ω, there exists a positive number β(ω). it follows from φ : R+ → R+, for all ϵ >
0 ∃ ω > 0 such that∫

Υ

φ(t)dt < ϵ, for all Υ ⊂ R+with m(Υ) ≤ β(ω),

wherem(Υ) denotes the Lebesgue measure of Υ. Let y ∈M, h1, h2 ∈ B(M). Suppose
that opt tz∈D = supz∈D. Then using (4.2) and (4.3) we can find z1, z2 ∈ D such that

S1h(y) < J (y, z1) + H1 (y, z1, h1 (ℶ (y, z1))) + β(ω), (4.5)

Q1g(y) < J (y, z2) + T1 (y, z2, g (ℶ (y, z2))) + β(ω), (4.6)

S1h(y) ≥ J (y, z2) + H1 (y, z2, h (ℶ (y, z2))) , (4.7)

Q1g(y) ≥ J (y, z1) + T1 (y, z1, g (ℶ (y, z1))) . (4.8)

From (4.5) and (4.8), we get

S1h(y)−Q1g(y) < H1 (y, z1, h (ℶ (y, z1)))− T1 (y, z1, g (ℶ (y, z1))) + β(ω)

≤ |H1 (y, z1, h (ℶ (y, z1)))− T1 (y, z1, g (ℶ (y, z1)))|+ β(ω).

Hence we get

S1h(y)−Q1g(y) < |H1 (y, z1, h (ℶ (y, z1)))− T1 (y, z1, g (ℶ (y, z1))) |+ β(ω) (4.9)

From (4.6) and (4.7), we get

Q1g(y)−S1h(y) < T1 (y, z2, g (ℶ (y, z2)))− H1 (y, z2, h (ℶ (y, z2))) + β(ω)

≤ |T1 (y, z2, g (ℶ (y, z2)))− H1 (y, z2, h (ℶ (y, z2)))|+ β(ω).
(4.10)

From (4.9) and (4.10), we get

|S1h(y)−Q1g(y)| < max {L1,L2}+ β(ω),
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where

L1 = |H1 (y, z1, h (ℶ (y, z1)))− T1 (y, z1, g (ℶ (y, z1)))| ,
L2 = |T1 (y, z2, g (ℶ (y, z2)))− H1 (y, z2, h (ℶ (y, z2)))| .

(4.11)

It follows from (4.4) and (4.11)

ψ
(∫ |Sh(y)−Qg(y)|

0
ϕ(t)dt

)
≤ ψ

(∫ max|L1,L2|+β(ω)

0
φ(t)dt

)
= max

{
ψ
(∫ L1+β(ω)

0
φ(t)dt

)
, ψ
(∫ L2+β(ω)

0
φ(t)dt

)}
= max

{
ψ
(∫ L1

0
φ(t)dt+

∫ L1+β(ω)

L1
φ(t)dt

)
,

ψ
(∫ L2

0
φ(t)dt+

∫ L2+β(ω)

L2
φ(t)dt

)}
≤ max

{
ψ
(∫ L1

0
φ(t)dt

)
+ ψ

(∫ L1+β(ω)

L1
φ(t)dt

)
,

ψ
(∫ L2

0
φ(t)dt

)
+ ψ

(∫ L2+β(ω)

L2
φ(t)dt

)}
≤ max

{
ψ
(∫ L1

0
φ(t)dt

)
, ψ
(∫ L2

0
φ(t)dt

)}
+max

{
ψ
(∫ L1+β(ω)

L1
φ(t)dt

)
, ψ
(∫ L2+β(ω)

L2
φ(t)dt

)}
≤ F

(
ψ
(∫ ℸ(h,w)

0
φ(t)dt

)
, ϕ
(∫ ℸ(h,w)

0
φ(t)dt

))
+ (ϵ)

Taking ϵ→ 0+in the above inequality and using ψ ∈ Ψ, we get

ψ

(∫ ∥Sh−Qg∥

0

φ(t)dt

)
≤ F

(
ψ

(∫ ℸ(h,g)

0

φ(t)dt

)
, ϕ

(∫ ℸ(h,g)

0

φ(t)dt

))
.

where

ℸ(h, g) = max{ ∥ Q1h−S2g ∥, ∥ S1h−Q1h ∥
1+ ∥ S1h−Q1h ∥

,
∥ S2g−Q2g ∥

1+ ∥ S2g−Q2g ∥
,

∥ S1h−Q2g ∥ + ∥ Q1h−S2g ∥
2b

,
∥ S1h−Q1h ∥ + ∥ S2g−Q2g ∥

2b
}

If ℵ = S1, ג = S2, Γ = T1, and L = T2, it is easy to observe that all the hypotheses
of Theorem (3.2) are satisfied. Hence the mappings S1 and Q1 have a unique common
fixed point in B(M), and hence the system of functional equations (4.1) has a unique
bounded common solution.
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5. Conclusion

This article illustrates the work establishing the (CLR)- properties for four self-
maps via ultra-altering and altering distance mapping within the framework of com-
mon fixed points theorems for cone b-normed spaces. We use this application to
discover the existence and uniqueness of a common solution for a set of functional
equations that arise in dynamic programming. An example is given in support of our
main result. Our findings provide up new possibilities for the researchers working in
the area.
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