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SOME SUMS VIA EULER’S TRANSFORM

NESE OMﬁR7 SIBEL KOPARAL*, AND LAID ELKHIRI

Abstract. In this paper, we give some sums involving the generalized
harmonic numbers H}, () and the (g,r)-binomial coefficient (i)q , by

using Euler’s transform. For example, for (c,r) € Zt x RT,
-1
" HLH ™ (o)

ii(*l)k (Zj;)mzf(ch%)ln(lJrca)Jrc,

n=0 k=0
and
n n g a ) T
SO0, HEe 000,

where o is appropriate parameter, H/ (o) is the generalized hyperhar-
monic number of order r and (i)q is the g-binomial coefficient.

1. Introduction

For m € Z, the polylogarithm( [1,2]) is defined by

(1) Lim ()= L
n=0

n m

The harmonic numbers, denoted by H,,, are defined by

n
1
Hy=0 and anz%fornzl,
k=1

and their generating function is given as

iH o —In(1—1¢)
" 11—t

n=0
As known, harmonic numbers are interesting research objects( [9, 14, 20, 22,
25,27]). Recently, these numbers have been generalized by several authors.
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There are a lot of works involving harmonic numbers and generalized of them
( [10-12,17,23,24]).
For instance, Guo and Cha [17] defined the generalized harmonic numbers
by
(2) Hy(0) =0 and Hn(a):zz forn > 1,
k=1
where o is appropriate parameter, and their generating function is
oo
. —In(l—ot)
(3) ZHn(U)t =1
n=0
When o = 1/a for o € RY, Hy(1/a) := Y _; = are called the generalized
harmonic numbers given by Gencev [16].
In [25], Omiir et al. defined the generalized hyperharmonic numbers of order
r, H' (o), as follows: H} (o) =0, for r < 0 or n <0,

o -
Hl(0)=—and H. (0) =Y H (o) f >1
R0) =T and B o) = 3BT @) formr 2 1,
where o is as above, and their generating function is
. —In(1—ot
(4) ZHn<O')tn = (1(_75)7)
n=0

In [20], Koparal et al. defined the generalized harmonic numbers, H,, ,,, (o)
by

nok
(5) Hym (o) =0and Hy, , (0) = Z T for n,m > 1,
el

where o is as above.
For m =1, (5) reduced to (2) as Hy 1 (o) = Hy, (o). Their generating function
is

(6) S Hy (o) 1 = 2 (78
n=0

1—-1
For a,b € Z7, it is known that

fa+n—b tb
7 =
v 1;)( n—b ) (1—t)

Let ¢ > 1 and L > 0 be two integers. The g—binomial coefficient (é)q
defined by

Z(L> = (L4t 24 10"
n q

n=0
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is a natural extension of the binomial coefficient. For an appropriate introduc-
tion of these numbers see Smith and Hogatt [26], Bollinger [6] and Andrews
and Baxter [3].

Messahel et al. [21] defined the r— binomial coefficient (ﬁ)q’r by

(8) i(—l)" (i) = (LAt +tD (1204 qt7Y)

n=0
They established a connection between these coefficients and the partial r—Bell
polynomials, and many combinatorial properties of these new coefficients.
In [7], let f(z) be a function defined and integrable on (—r, A] for some
r >0, A > 0. Also, let f(x) be analytic in a neighborhood of the origin with
Taylor series f (z) =Y .-, fnz™. Boyadzhiev gave that

) :/f@)d“’i(ﬁlyz_:@kil

0

By using Euler’s transform for power series, some authors deal with various
binomial identities with harmonic numbers( [1,2,5,7,8,14,15,18,19,25]).

Boyadzhiev [8] studied some binomial sums with harmonic numbers by using
the Euler transform. The author proved the identity as follows: For n € N and
A e C,

n 2 n

> (Z) PN Hy = ()" Hy— (A A+p)" 4 /\? A+ 24+ n) .

k=1
The author also gave the following expansion in a neighborhood of zero,

N o\, ,, —In(l-ot)
(10) Zﬂ Hn <B>t —1_7&,

where o, 8 are appropriate parameters. In particular 8 = 1, (10) reduces to
(3). Also there is the generating function given by

= = n—k—1 n n — 11’1(1 — Ut)
(11) > (ﬁ kZ:O(aJrﬁ) MlokHy + o Hn> = T A

n=1

n=1
In [15], Frontczak proved a new expression for binomial sums with harmonic
numbers. His derivation is based on elementary analysis of the Euler’s trans-
form of these sums. The author discovered some known identities involving
skew-harmonic, and Fibonacci and Lucas numbers. For example, for n € ZT,

n n—1
Z (Z) uk}\n—kH]: — (,LL _ )\)HH,; + Aan 4 U Z(u + A)kAn_k_lankfl
k=0 k=0

n—1

F2AD (AN (=N H
k=0
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where H, =37, (_11);“

In [4], Batir and Sofo obtained some general combinatorics formulas. Ap-
plying these formulas, they obtained some new identities and gave some known
identities included in the works of Frontczak and Boyadzhiev. For example, for
n € Nand A € C,

" /n " H, —2H, + H,_, - 1
MNeH2 = (1 Ny . k -2y —— |
Z(k) E= (14 ( > k(14 )P ;m(uw

k=0 k=1

with H, = 0 are skew-harmonic numbers.

In [25], Omiir et al. gave that for r > 2,

S e

k=0
IS () e
and
" ik: (" o e = =,

where o, 5 are appropriate parameters.
The generalized derangement numbers d,, , are introduced by Munarini [22]

" r(r+n—Fk\n!
dTL,T:Z(_]‘) < n—k )k'

k=0

as

and can be generated by

oo

tn et
1 Ny = —
( 3) ’ nl (1 o t)'f‘-‘rl

n=0

It is clear that d,, o = d,,. The first few generalized derangement numbers d,,
are

dO,T = 17 dlﬂ‘ =T, dQ,T = T2 +r+ 1a d3,’r = Tg + 3T2 +or+2.

In [13], Daglh and Qi obtained identities involving generalized derangement
numbers and generalized harmonic numbers. For example, for n,r € N,

> () =S (3):

k=0 k=0

The Stirling numbers of the second kind Ss(n, k) are defined by

" = Z Sa(n, k):z:&,
k=0
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where 2 stands for the falling factorial defined by #% = 1 and 22 = z(z —
1)...(@ — n+ 1). Their generating function is given by

(14) nZkSg n, k) =7 (e —1) for k > 0.

2. Main Results

In this section, we will give some sums involving the generalized harmonic
numbers H,, , (¢) and H} (o), and the (¢g,7)— binomial coefficient (i)qT by

using Euler’s transform.

Lemma 2.1. [8] Let a function analytical on the unit disk be f(t) =
oo o fnt™. The Euler’s transform can be given as

T ( ) ZZ( Hn) WA

n=0 k=0

where \, i are appropriate parameters.

Theorem 2.2. Let a function analytical on the unit disk be f(t) = Y0 fat™.
For positive integer ¢, we have

o Juser e S5 (0

20 n=0 k=0

and
r_ n—+r
(16) / (1+2)""f dx—ZZ( )( >fk
20 n=0k=0 \"" ntl
Proof. Using Lemma 2.1, with the substitution x = ﬁ, we have
c c/(1+c)
r—1 1 t
1+2) " f(x)de = (1—t)r+1f T3 dt
x=0 t=0
e/(+c)

/ Z Z (” ’ 7’) fithdr = Z Z (Z iL T) (n+ f;:ikl)"“ '

=0 n=0 k=0 n=0 k=0

The proof of (16) is similar to the proof of (15). O

If we take r = 1 in (15), we have (9).
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Corollary 2.3. For positive integer ¢, we have
S () e e
_ n+l -
=0 o \ Elln+1)(c+1)

Proof. Taking f (z) = # in (15), by (13), we have

j(Hx)’”‘lf(z)dx /cexd:zzecl,

=0 =0
and
S (1) e ey (1) e
n 1 n+1-
oo\t R/ (n+1) (1 o= =k B (1) (e+ )"
From here, we have the proof. O

Corollary 2.4. For (c,r) € Z*x R, we have

ZZ <n+r> - f;ﬁf:i;l)“ — <c+ i) In(1+co) +ec,

n=0 k=0

where o is as above.
Proof. From (4), taking
ln 1 —|— ox) — n
[@ =g = (V"H o)z
n (15), we have

c

/(1+3U)r_1f(x)dx:—/Cln(1+ax)da:

z=0

= —(zIn(1+o02))|,_ 0+/< 1+0m>d$

=0

1
= —(x—l—)ln(l—i—am)—i—x
o

(&

=0

(17) = —<c+clf> In(1+ co) +c,

=N+ Ry
Z; (n—k) (n+1) (c+1)"*!

B X - k(T HHT (0)
(18) - Z ( 1) <7’L _ k‘) (n + 1) (C+ 1)n+1'
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Thus, from (17) and (18), the proof is complete. O

Note that for 0 = 1, Corollary 2.4 becomes

n+r crtipgr=i
(19) ZZ ( + )( A, =—(c+DIn(c+1)+ec

n=0 k=0 n+1)(c+1)""

and when ¢ =1 and e — 1 in (19), respectively,
o n n—r H;;71

— = -2In2+1

S50t () G g = 2

and

c© n ntl r—1
ki (TN (n+1\H. "
S () () e =

n=0 k=0 =0

Now, using (12) in (15) and partial integration, we have the following result.

Corollary 2.5. For positive integer ¢ and integers m,r such that m # r
and r > 2, we have

5_03 > zk: = (m o z) (Z ! l:) (n+ 1)CZ:L DAk

n=0 k=0 i=0
1 T—m _ 1 1 T—m
_ et ) 5 _ et D) In(c+1).
(r—m) r—m

For example, for r =3, m =2 and ¢ = e — 1, then
n k n+1 k.t,_J TL+1 ’I'L+3 i
XYY (T (e =
n=0 k=0 i=0 j=0 J
Theorem 2.6. Let n and m be any positive integers. Then
m—1+n n J—1\/n—7+m-—2
—1)* Him (
o ("= S A0 ()

where o is as above.

Proof. For (6), by applying Lemma 2.1, the left hand side is

e () - B ()
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From (1) and (7), we have

(1+t)mf<1+t>
— 1+tm 1;,“” i
- Y (’”Z‘Q)tkiifi@l)’f(“,i‘l)tk
k=0 =0 k=0
_ ;(_1)k< —I—r: 2>t’“z;;;<—1)k (thk
=0 i= =1
0o k - oo k i B k—
= e (T e (1)
k=0 k=0 =0
I R AV B AP
@ = 3y ey 5 (1))
n=0 j=0 =0

At the same time, by using Euler’s transform, the right hand side is

ZZ ,Lk( 1+n)ft"

n=0 k=0

1) S 3 e (el I TS

n=0 k=0

Thus, comparing coefficients in (20) and (21), the proof is obtained.

Corollary 2.7. Let n and m be any positive integers. Then

n 7

(—1)"Hih m,_Hi i\ Hy o (0) S (n,1)
2.2 ("2
LA n\ ok (m—1)"" .
- ()" () k182 (i, K)
Sy ()=

where o is as above.

Proof. From (6), by applying Lemma 2.1, we have

i (15) = 0 (4 e
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From here, when t = e™® — 1, by (1) and (14), the left hand side is

M=V Li (o (1—ev))

k!
k=0 k=1
X m-1)F | S ok k! n
= Z( k' ) J)kZZ(— )kkim*'SQ (n,k)x

k=0 n=1k=1

> L F(m—1)""" k!
99 _ k(e m =) R
(22) DB )() ) B e

At the same time, by using Euler’s transform and by (14), the right hand side
is

o (M ) e <)

S (m N 1;i>i!Hk7m o) =D

71— 7!

B
=

I
[ L[]e L[]

k=0
n g . 1 . n
(23) = } 3o (it (mi B ]j ’)i!Hk,m (o) Sa (n, i) %
n=0i=0 k=0
Thus, comparing coefficients in (22) and (23), the proof is obtained. O

Theorem 2.8. Let n and r be any positive integers. Then

o £0E-SEH )0,

= =0 k=0
and
(25) gg”“k (Z) (k . z) @2
nok _ .y r r
_ (4)"}%%(*1)”’6 Qk(k 1:—2@'L+ )<n—k) <f>2
Proof. For

f(t)=2(§>2 = (1t +63)" (1207,
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by applying Lemma 2.1, the left hand side is
L
1 . 1 (1—t+4+12 1+2\"
1—t"\1—t) 1-t\ (1-¢)? 1—t

1
(1- t)2L+7-+1 (

T—t+2)" (1 +1)".

From Binomial Theorem, (7) and (8), we have

()

_ i <l€+2kL+r>tk wo(_l)k <£>2tk O_OO (;)tk

_ ikg <>2< k+2L+r>ti§<;>tk
e io]zokio (i >2<jkj+—2lf+r) (")

At the same time, by using Euler’s transform, the right hand side is

oSS SEO0,

n=0 k=0 n=0 k=0
Thus, comparing coefficients in (26) and (27), the proof of (24) is obtained.
Similarly, using

)=+t (1 -ty i)zn: M<)2<nii)tn’

the proof of (25) is similar to the proof of (24). O
Corollary 2.9. Let n and r be any positive integers. Then

B () (e

i=0 j=0 k=

Zn: Z (—1)i4! (;) (’;)2”’52 (n,).

i=0 k=0
Proof. Whent=1—e"%in (26) and (27), we have

oo n

(28) ZZi ()(jkf,f”)(ni)(l—ez)”

n=0 j=0 k=0

EE0(), 0

n=0 k=0
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i (L ]7k+2L+7' r gn
- B k—HZ!( > ( j >( > —1)" Sy (n,i) —

) i zj:i!<£>2<j—kj+_2lf+r)<ir .>32(n72.)<—1>”;’“”m",

T -
3 ()(), 0

- ik;“”"“(;i) (i)Q i (1" 2 () %

. izz(‘”@ (1), o sy

Thus, by (28), comparing coefficients in (29) and (30), the proof is obtained.
O
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