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CERTAIN INTEGRAL TRANSFORMS OF EXTENDED
BESSEL-MAITLAND FUNCTION ASSOCIATED WITH BETA
FUNCTION

N. U. Kuan*, M. KAMARUJJAMA, AND DAUD

Abstract. This paper deals with a new extension of the generalized
Bessel-Maitland function (EGBMF) associated with the beta function.
We evaluated integral representations, recurrence relation and integral
transforms such as Mellin transform, Laplace transform, Euler trans-
form, K-transform and Whittaker transform. Furthermore, the Riemann-
Liouville fractional integrals are also discussed.

1. Introduction

The special functions of mathematical sciences have been discovered to be
of great assistance in solving the initial value problems (IVP) and the boundary
value problems (BVP) that are connected to partial differential equations and
fractional differential equations respectively. Many researchers in the field of in-
tegral transformation have produced a sizable number of papers. Some of them
have researched several integral transforms involving various special functions
of mathematical physics; these transforms are crucial in a wide range of physics
and engineering domains. Mathematicians have become far more interested in
studying certain special functions, such as Bessel functions, generalized Bessel
functions, Bessel-Maitland functions, Mittag-Leffler functions, Whittaker func-
tions, and so forth, because of the growing applications of integral transform
and special functions together in the fields of applied mathematics, mathemat-
ical physics, and engineering.

Differential equation theory and the science of the Bessel function are closely
related fields of study. Watson [27] provides an in-depth description of the
Bessel function’s use. In recent years, numerous integral transforms involving
a variety of special functions of mathematical physics have been established and
devolved by many researchers ([1],[2],[3],[5],[6],[7],[9],[10],[11],[12],[13],[15],[17],
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[23],]26]). Integral transforms involving Bessel-Maitland function play a crucial
role in many problems of physics and applied mathematics. Due to the impor-
tance of such types of transforms, we developed a new class of (p,q) beta-type
integral operators that include generalized Bessel-Maitland function and ob-
tained certain integral representations, recurrence relation, Mellin transform,
Laplace transform, Euler transform, K-transform and Whittaker transform in-
volving Bessel-Maitland function. We have mentioned several previously dis-
covered as well as newly discovered results as a major finding of our results.
For the seek of this investigation, let’s begin by reviewing the definition of well-
known functions as generalized Bessel function and Bessel-Maitland function.

Edward Maitland Wright [29] introduced Bessel function which is general-
ized to Bessel-Maitland function. It is given by

T = (_z)n
(1) JS(Z)_;F(rn+S+1)n!’ R(r) > 0,R(s) > -1,z € C.
Applied sciences, engineering, biological, chemical, and physical sciences are
among the fields in which the Bessel-Maitland function is used [27]. M. Singh
[23] further explored and analyzed the generalized Bessel-Maitland function,
which is defined as

9 Jr (5
@) Zfrn+s+1)n"
where s,7,d € C;R(r) > 0,R(s) > —1,R(d) > 0 and ¢ € NU(0,1).

By selecting the specific values of the parameters r, s, d, g, we were able to
disclose a few unique connections of the generalized Bessel-Maitland function
given by equation (2) in terms of the other special functions:

If s is interchanged by s + « and put ¢ = 1,0 = 1 and also replace z by %~
in (2), we have

(3) T (f) (5 ) ZFa—i—n—l—l )7 (2),

where J{ ,(z) represent the Bessel-Maitland function given by Pathak [19].

Also, if we take 7 = 1 and a = 1 in (3), we get

g 7225, (5)=6) 7 X rG e,

where H,(z) represents the Struve’s function [27].
If ¢ =0, (2) reduces to

(5) T00(z) = JI(2),

where J7(z) is the generalized Bessel function given (1).
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If ¢ =1,r =1, s is interchanged by s — 1 and z is interchanged by —z, (2)
becomes

(6) Jslfl,l(*z) = !

(s)

where ¢(9, s, z) is called as the confluent hypergeometric function [25].

¢(67 S7 Z)7

If 2 is interchanged by % and put ¢ =0 and r = 1, (2) reduces to

@ 28 (5) = (2) " e

where J;(z) is the ordinary Bessel function [21].
If s is interchanged by s—1 and z is interchanged by —z, (2) becomes generalized
Mittag-Leffler function [22]

(8) Ti2 o(=2) = BYA(2),

where r, 5,0 € C,R(r) > 0,R(s) > 0,R(5) > 0,9 € (0,1) UN.

If s is interchanged by s — 1, z is interchanged by —z and ¢ = 1, (2) reduces to
7,0

9) Js—l,l(_z) = Ef’s(z).

If s is interchanged by s — 1, z is interchanged by —z and ¢ = 1,0 = 1, (2)
reduces to
Jgfl,l(_z) = B, 5(2),
where 7, s € C,R(r) > 0 and E, ;(z) given by Wiman [28].
If z is interchanged by —z and s = 0,q = 1 = ¢, (2) reduces to

(10) Jon(=2) = E;(2),

where r € C,R(r) > 0 and E,(z) is the Mittag-Leffler function named after the
great Swedish mathematician Gosta Magnus Mittag-Leffler (1846-1927).
If r=keNand q €N, (2) can be written as

1 A(Qaé)Q
—qF% ;
Cls+ D" 1 At s+ 1);

—qz
kel

(11) YAOE

where J, f ’f (2) is another representation of the Bessel-Maitland function given in
[23], ¢F(.) is the generalized hypergeometric function and the symbol A(g, d)
is a g tuple given by %,‘5:—1, ...... ,‘W%.

In 1997, Chaudhry et al. [20] give the extension of the Euler-Beta function.
In 2018, Shadab et al. [8] further generalized the Euler-Beta function in terms of
Mittag-Leffler function. Recently, Khan et al. [14] also introduced an extension
of the beta function defined as

1
a,B,p _ =101 _ ,\y—1 _#
(12) By (x,y) = /0 w1 —u) " Eap ( w1 = u)”) du,

(R(x), R(y) > 0;R(p) > O; ,v, 8,0 € RT).
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Motivated by the above mention work in the present paper, we unify and gen-
eralize Bessel-Maitland function J;;g (z) in terms of extended beta function
and investigate some useful properties such as integral representations and in-
tegral transform. we also acquire the Riemann-Liouville fractional integral.
The generalized Bessel-Maitland function J;’:g (z) are expressed in terms of
Struve’s function, Mittag-Leffler function,Fox-H function, confluent hyperge-
ometric function and hypergeometric function etc. Therefore, the result pre-
sented in this paper are easily converted in terms of similar type of new and
interesting result with different arguments after some suitable parametric re-
placement.

The generalized Bessel-Maitland function associated with extended beta
function defined as :

e By (0 4 qn,l = 8)()gn(—2)"
B(6,l =0T (rn+ s+ 1)n! ’

(13) JrS (2 p,a) =
n=0

(R(1) > R(G) >0;p>0,g eN).

The Pochhammer symbol (I)4n is expressed as

Tl +qn)
(l)qn - 1‘\(1) ’
and a new generalization of the beta function defined by
' —p q
14 BC = [ w1 —w)leap( L - L
) By = [ et (T - )
where (R(p) > 0,R(q) > 0, R(z) > 0, R(y) > 0).
For p = 0,¢q = 0, we get beta function [4]
1
- - L(y)I'(z)
15 By, z) = VL1 —p)FTldp = =20
(15) )= [ - = g

The Mellin transform [24] of the function f(z) is defined as

(16) MIf(2):] = / T f)du = F (). R(n) > 0.

The Laplace transform of a function f(z) is defined by

(17) s = [ e f(t)dt, Rn) >0 € C.

0
The Euler-Beta [24] transform of the function f(z) is defined as

(18) B[f(z):c,d}:/o w11 — 0)4= L f(0)dv.
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Riemann-Liouville fractional integral operators are given by [16]

(19) 1 1)) = s |
(20) el R

which are the left and right sided operators respectively.

2. Characterization of EGBMF as integral

In this section, we express an integral representation of the EGBMF followed
by recurrence relation.

Theorem 2.1. Let, p > 0,q € N,R(l) > R(6) > 0,R(s) > 0,R(r) > —1,
the EGBMF has the following integral representation

Tz p, )

(21) 1 Yol —p q
- - -1 = 1—6—-1 R A Jr7l 7 dus.
iy e (G - )
Proof. Using (14) in (13), we acquire

Tz p, )

_ S ! gn—1 —6—1 —P q (l)qn(fz)n
— 7;)/0 w1 — w) 0 teap <u0‘ e _u)a> duB((S,l )i+ s T Dl

Reciprocate the order of summation and integration, that is sure under the
presumption given in the description of theorem, we acquire

Jrol(zp, )

_ 1 ! 1 —5-1 —-Pp q = (Dgn(—ulz)"
= B(,1-0) /0 w1 = u) " eap (ua G u)a) 2 Flrn+ s+ )l

employing (2), we get desired result. O

Corollary 2.2. Consider u = % ; in Theorem 2.1, we acquire

1+

7,051 1 > t671
T (zipa) = 3(5,1—6)/0 1+¢)

(22) .
exp{—(1+t)a(tﬂ+q)}Jg;g( r >dt.

(1+1¢)9
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Corollary 2.3. Consider u = sin® # in Theorem 2.1, we acquire
(23)

J;:{‘;;l(z;p, o) = ﬁ /02 (sin 9)2571((‘/08 9)2172571

—p - q vl 2
“rp { (371710)20‘ (C050)206 } Js,q(z S111 9)d9

Corollary 2.4. The recurrence relation for the extended generalized Bessel-
Maitland function(EGBMF') defined as

. 5 d s
(24) S Epe) = (5 + DI (0 0) + e JU (25, 0)
R() > R) >0,R(u) >0,R(w) > —-1;p>0,g eN).

Proof. Taking R.H.S of (24) and employing (13), we obtain

r,0;l d 7,031
(5 + I)Js—&-l,q(z;pa Oé) + TZ$J5+1,q(Z;pa Oé)
— Bpg(0 4 qn, 1 = 0)(1)gn(—2)" d = Bp.g(0+qn, 1 = 0)(1)gn(—2)"

=(s+1) 2 B(3,1— 0)L(rn+ s + 2)nl +rro 24 B(3,1— 0L (rn+ s + 2)nl
o~ Bpg(0 +qn, 1 = 6)(gn(—2)" . i By (6 +qn,l = 6)(1)gnn(—2)"
— B(6,l-6)L(rn+s+2)n! —  B(6,l-0)'(rn+s+2)n!

> B2 (6 +qn,l — ) (Dgn(—2)"
_ P, q
B o B(8,l = 5)T'(rn+ s+ 2)n! (rn+s+1)
_ 5 B0t anl =)D

B(0,l = 6T (rn+ s+ 1)n!

=(s+1)

= J;’g;l(z;p, Q).

3. Properties of the EGBMF with derivative

Theorem 3.1. The subsequent derivative formula of the extended gener-
alized Bessel-Maitland function is

d’ﬂ . T,8 ngqg.; n
S I () = (1) (Dg(I+q)g - (4 (n=1)g) JoS M (2 p )

(25) dzm

(R() > R(5) > 0,R(s) >0,R(r) > -1;p>0,g €N).
Proof. Taking differentiation w.r.t 'z’ in (13), we obtain

d 7,0; r,s+q;l
(26) 0 (zpa) = (D)) JE T (250, ),
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Again taking the derivative in (26), we get

d T, T,8 ;
T30 (2 a) = (CDPW (14 ) S5 (2 p, ).

In a similar manner, the n-times differentiation w.r.t. ‘z’ completes the proof
of the theorem. O

Theorem 3.2. The extended generalized Bessel-Maitland function(EGBMF)
holds the following relation for (1) > R(4) > 0,R(s) > 0,R(r) > —1;p > 0,q €
N.
dr .

— [z SJ””()\Z p, )] = 25 IT (A2 p, ).

dzm s—n,q

(27)

Proof. Replace z by Az" in (13) and multiply with 2z°, then taking its de-
rivative w.r.t. ‘z’, we get

d s yr,6;l r. _ = Bz?iq((S + qnyl - 5)(Z)qn(_/\)n(rn + S)Zrn+s_l
- [2° 5 (A" p, )] = nz% B(,l = )T'(rm+ s+ 1)n!

_Z By 4(8 + qn,1 = 0)(Dgn(=A)" 2"+
B(8,l — 5T (rn + s)n!
o1 i By (6 4qn, 1 = 0)()gn(=Az")"
B(d,1 — 5)T'(rn + s)n!

S 1,]7.61 (AZ 7p’a)

s—1,q

Differentiating n times with respect to z completes the proof of the theorem. [J

4. Integral transforms of EGBMF

In this section we find some well known integral transforms such as Mellin,
Euler-Beta, Laplace, K-transform and Whittaker transform.

Theorem 4.1. (Mellin transform) Let, a,r,s,d,l,n € C;R(r) > 0,R(s) >
—1,R() > R() > 0,R(n) > 0,R(a) > 0 and q € N. The Mellin transform of
EGBMEF holds true

{ —aantS,l Z :p, 77}

(28) 1 i Byq(0+qn,L = 0)(Dgn(=1)" Ty + 1)

- a"B(d,1 — 0) T(rn+ s+ 1)n! am”

n=0

Proof. Using (16) in EGBMF (13), we get

o0
M (eI  (z5p,0)i) :/0 t7 e I (t p, )t
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Now using (17), we have

_ = B ( (5+qn L=8)(D)gn(—t)™
—az 7,03l ( . . — - 1 —at P,q q dt
M (e 0" (0 )i ) /0 Z B(6,l—0)I'(rn+ s+ 1)n!

- 1 i B;q((s +an,l - 6)(Z)qn(—1)n /00 e—atyntn—1g,
B(6,1-6) &= T(rn+ s+ 1)n! o
1 & Bp(0+an,l = 8)gn(=1)" T(n + n)

- B(o,1 - 9) nz:% I(rn+ s+ 1)n! antn

L S BR+an = 0)gn(-1)" Ty +n)

- a"B(4,1 —0) 7;) I(rn+ s+ 1)n! am

O

Theorem 4.2. (Laplace transform) Let, r,s,0,l,n € C;R(r) > 0,R(s) >
—1,R() > R(0) > 0,R(n) > 0 and ¢ € N. The Laplace transform of EGBMF
is specified through

1 = B (04 qn, 1= 8)(1)gn(—=1)"

9 'r§l . —
(29) Q{J zp,a),n} 773(57175)712:;] L(rn+ s+ 1)n»

Proof. Using Laplace transform (16) on extended generalized Bessel-Maitland
function (13), we get

S(Jﬁjg;l(Z;p,a);n) :/0 e_”tJZ;g;l(t;p,a)dt.
Now using (17), we have

, =, BY 5+qn I=8)(D)gn(—t)"
85l . _ t pq q
£z p i) = / h Z B(6,1 = 6)I'(rn + s+ 1)n! dt

TR B;q(5+qn,z—5)(1)qn(—1)" o
5)2 /0 e dt

~ B(,I- = L(rn+ s+ 1)n!
_ 1 i B2 (6 + qn,1 = 6)(Dgn(~1)" D(n + 1)
B(évl - 5) "0 F(TTL + s+ 1)n! 77”+1
B 1 i By 0+ qn, 1= 8)(Dgn(—1)" n!
nB(0,1 —0) = L(rn+ s+ 1)n! nm
i S5+ an. 1= 8)(Dgu(~1)"
B(4, l - T(rn+s+ nn :
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Theorem 4.3. (Euler transform) Let, r,s,0,l,s € C;R(r) > 0,R(s) >
—1,R() > R(6) > 0,R(s) > 0 and g € N. The Euler transform of EGBMF is

(30) B (2"sp) s+ 1,1} = Tl (L),
Proof. Using Euler transform (18) in (13), we get
{JT‘” Tipa)is+1,1}

! = B2 (6 + qn 1—=08)()gn(—2")"
sH=1( = pra ( an
I >

B(5,l =)' (rn+ s+ 1)n! dz.

Changing the order of summation and integral which is guaranteed under con-
vergence condition, we get

_ Z "By (6—|—qn 1=0)D)gn
B(4,l =)' (rn+ s+ 1)n!

1
/ Zrn+s+1—1(1 _ z)l_ldz.
0

Applying (15) we acquire our result. O

Theorem 4.4. (K-Transform) Let, r, s,0,l, € C; R(r) > 0,R(s) > —1,R(l) >
R(5) > 0,R(p) > 0,R(u+ A) > 0 and ¢ € N. The K- transform of EGBMF is

| e Eap 75 (s @)
0

T i By (0 4 an, = ) Don( 207" it me
-~ prB(6,1—6) — T(rn+ s+ 1)n! 2 '

Proof. Use (13) in the definition of the K-transform, we obtain
| e Eap 7 s @)
0

B;‘7q(5 +qn,l = 6)(Dgn(—uw)"
B(6,l = 6T (rn+ s+ 1)n!

:/ u" K (pu) du
0 n=0
o0 By, 5+qn L=8)(Dgn(=1)" [ ptn—1
B n-1g du.
Z B(Sl— J(rn + s+ 1)n! /o ! Alpulde
By using pu = t7 we get
1 & B+ an = 8)(Den(—p) "
pt = B(6,1—8)L(rn+ s+ 1)n!

/ tH LR (t)dt.
0
Now we use the integral formula [18],

==

o0
| vty =2r )
0
in the above expression to complete the proof of the theorem,

o an2 i B& (6 +qn,l - 5)(1)qn(—2p—1)"F<M +n+ )\>
~ pHB(6,1—6) T(rn+ s+ 1)n! 2 '

n=0
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O

Theorem 4.5. (Whittaker-Transform) Let, r,s,6,1,p € C;R(r) > 0, R(s) >
—1,R(1) > R©) > 0,R(p) > 0,RN(x £ A) > 0 and ¢ € N. The Whittaker-
transform of EGBMF is

o0
/ uh—le T W)\,l,(pu)Jg:g;l(u; p, a)du
0

(32) = 1 i By (6 +qn,1 = 0)Dgn(—p) " T(z £ v +pu+n)
" prB(6,1-0) &~ L(rn+ s+ Ln! T1-A+ptn)

Proof. Use (13) in the definition of the Whittaker transform, we have
Jo7 ut e E W (pu) JE3 (usp, a)du

i Bz?,q(é +aqn,l — 6)(l)qn(_u)ndu
B(,l =)' (rn+ s+ 1)n!

[ o
- / ut e W (pu)
0 n=0

> Ba 6+qn I=8)(Dgn(=1)" [ —pu
o E Z’q p+n—1 - d .
B(0,l = §)T'(rn+ s+ 1)n! /0 Y 7 Wi (pu)du

By using pu = t, we get

— 1 io: lg[?,q((S + qTL,l - 6)(l)f17'(7p)7n
prB(0,1 —9) I(rn+ s+ 1)n!

/ e T Wy L () dt.
0

n=0
Now we use the integral formula [18],
o PG+t p)
e Wi (y)dy = = 2———
/0 Y e W (y)dy T A+ )

in the above expression to complete the proof of the theorem,

LSBT
ptB(6,1 —0) — T(rn+ s+ 1)n! 'l—X+p+n)

5. Riemann-Liouville fractional integrals

Theorem 5.1. Let, r,s,a,6,l € C;R(r) > 0,R(s) > —1,R(a) > —1,R() >
R(6) > 0,R(n) and q € N. The fractional integral of EGBMF is
(I 200 (20, )] ()
(33) B phta i By (04 qn,l —0)(1)gn(—x)"
- T(u)B(5,1 —6) L(rn+ s+ 1)n!

n=0

Bla+n+1,u).
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Proof. Applying the (19) and using the convergence condition to reverse
the order of the integration and the summation, we can prove the theorem as
follows.

1

(I [T (i p, )] () = )/ (& — )"t J7 g (us p, @) du
0

T(1)
I i1 ax= Bpg(0+an, L= 0)(Dgn(—u)"
_m/o (z—w)"u — B(6,l-0)I(rn+ s+ 1)n!
B 1 x uel a = B (6 + qn, 1= 0) (1) gn(—u)”
~ EE T S T
B 1 = Bo (6 +qn, 1= 0)(D)gn(=1)" [ 1 atn
-~ I(u)B(5,1—6) 7;) T(rn + s+ 1)n! /0 (@ =) " du

_ phta = Bﬁ,q(5 +qn, 1 = 6)(1)gn(—2)"
~ T(u)B(5,1—9) Z I'(rn+s+1)n!

n=0
o B0 and =) (y(—a)
T(1)B(6,1—0) I'(rn+ s+ 1)n!

1
/ (1 — )= 1etngy,
0

Bla+n+1,u).

n=0

O

Theorem 5.2. Let, r,s,a,d,l € C;R(r) > 0,R(s) > —1,R(a) > -1, () >
R(6) > 0,R(n) and q € N. The fractional integral of EGBMF is

(T[T 50" (20, @) (2)

(34) ghte . B2 (6 + qn,l — 8)(1)gn(—2~1)"
" T()B(,1-9) X:ZO T(rn+ 5+ Ln! Bln—a—pmp).

Proof. Applying (20) and using the convergence condition to reverse the
order of the integration and the summation,we can prove the theorem as follows.

a T M 1 o — a r .
A / (u — )P T (u: p, ) du

IN(Z
_ 1~ i1, a X~ B0+ an L= 8)Dgn(—w)"
- T(w) /I G B(8,l =T (rn+ s+ 1)n! du

n=0
| x S B0+ qn,l = ) (1) gn(—u)"
- _ n—1,a p.q g
r(u)B(a,l—é)/z (u—a)"" u nizjo L(rn+ s+ 1)n! du
_ 1 - ng((s +qn,1—6) (l)qn(_l)n > p—1, at+n
_F(M)B(éalfa)z F(Tn+5+1)n' /y (U—-T) u du

n=0
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_ ghte i Bg,q(é +qgn,l — 5)(l>qn(_71)n /1(1 . t)“_ltn_a_“_ldu
L(u)B(6,1—6) = L(rn+ s+ 1)n! 0
phta 2\ By (0 +qn, 1 = 0)()gn(—2~1)"

~ TWBGI 9 2 Bln=a =)

. I(rn+ s+ 1)n!

6. Conclusion

It is worth stressing that the generalized Bessel-Maitland function expressed
in terms of beta function and the results computed are amenable for further
generalization and future investigation. Motivated by numerous applications
in various field of sciences such as physics, chemistry, biology, engineering, and
applied science, in this paper we used beta function (14) to define a new exten-
sion of generalized Bessel-Maitland function and discussed its properties such as
integral representation, recurrence relation, integral transform and fractional
integral. We have attempted to exploited the closed connections of general-
ized Bessel-Maitland function with several important special functions such as
Struve’s function, Mittag-Leffler function, Fox-H function, confluent hyperge-
ometric function and hypergeometric function etc.

Further, we mentioned here another generalization of beta function as

u,v,T,o,3,p,q
01,A1,02,A2 (iC, y)

1
_ r—1 —1 u,v,T —p u,v,T —q
(35) _/0 (1=t E017>\1,027>\2 (ta> EG1,>\1,U2,>\2 ((l_t)ﬁ> dt.

With the help of (35), researchers can easily obtain various new and interest-
ing results involving Struve’s function, Mittag-Leffler function, Fox-H function,
confluent hypergeometric function and hypergeometric function etc. with dif-
ferent arguments after some suitable parametric replacements.
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