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DIFFERENT CHARACTERIZATIONS OF CURVATURE IN
THE CONTEXT OF LIE ALGEBROIDS

RABAH DJABRI

ABSTRACT. We consider a vector bundle map F': E1y —> FEs between
Lie algebroids FE; and FE9 over arbitrary bases M; and Ms. We as-
sociate to it different notions of curvature which we call A-curvature,
Q-curvature, P-curvature, and S-curvature using the different character-
izations of Lie algebroid structure, namely Lie algebroid, Q-manifold,
Poisson and Schouten structures. We will see that these curvatures gen-
eralize the ordinary notion of curvature defined for a vector bundle, and
we will prove that these curvatures are equivalent, in the sense that F'is a
morphism of Lie algebroids if and only if one (and hence all) of these cur-
vatures is null. In particular we get as a corollary that F' is a morphism
of Lie algebroids if and only if the corresponding map is a morphism of
Poisson manifolds (resp. Schouten supermanifolds).

1. Introduction

The definition of morphism of Lie algebroids over arbitrary bases was in-
troduced by Higgins and Mackenzie [4] in 1990, and the justification for the
definition was considerably involved and elaborate (see as well [6, Section
4.3]). Let us consider a vector bundle map (F, f): (E1, My, m1,01,[,]1) —
(Ea, My, 72, as, [, ]2) between Lie algebroids Fy and Es over arbitrary bases M
and My and with anchors a; and as, respectively. The difficulty of finding
the right definition of morphism of Lie algebroids is due to the fact that the
map f does not necessarily induce a map of sections from F; to Es, unlike in
the case when both Lie algebroids are over a same manifold M and f is the
identity map (more details can be found in [6]). In this paper we review the
definition of morphism of Lie algebroids over arbitrary bases: We motivate the
definition of morphism of Lie algebroids by considering first a diffeomorphism
f between the base manifolds M; and Ms, and this will induce a map on the
sections. After that we can weaken the condition of f being a diffeomorphism
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and this will enable us to extend the definition naturally to the case when f is
an arbitrary map.

It is known that a Lie algebroid structure on a vector bundle F is equivalent
to one of the following equivalent formulations (see for example [7,10]):

e A Q-manifold structure on II1E, where IIE = (M,T'A(E*)) with A(E*)
being the exterior bundle of E*.

o A Poisson bracket on C*°(E*), where E* is the dual vector bundle of
E.

e A Schouten bracket on C°(IIE*), where IIE* = (M,TA(FE)) with
A(E) being the exterior bundle of E.

Given a vector bundle morphism F : E; — E5, where E; and Ey are
Lie algebroids over bases M; and M,, then we get the corresponding maps
FU:TIE, — TlE,, H: E — E7f and T: [IE; — IE} between Q-
manifolds, Poisson manifolds and Schouten supermanifolds, respectively. A
theorem of Vaintrob [7] states that F' is a morphism of Lie algebroids if and
only if F™ is a morphism of Q-manifolds. We get corresponding results con-
sidering the Poisson and Schouten structures under the stronger condition of
f: My — M, being a diffeomorphism. This means that the map F' is a mor-
phism of Lie algebroids if and only if H is a morphism of Poisson manifolds
(likewise, if and only if T is a morphism of Schouten supermanifolds). And as
far as we know this has not been discussed in the literature.

To this end and using the different characterizations of Lie algebroid struc-
ture, we introduce different notions of curvature which we call A-curvature,
Q-curvature, P-curvature and S-curvature. Any of these curvatures is defined
to be the failure of the corresponding map to be a morphism of the corre-
sponding structure, for example P-curvature will represent the failure of the
map H: E; — E7 to be a morphism of Poisson manifolds. Hence any of these
curvatures is null if and only if the corresponding map is a morphism with re-
spect to the corresponding structure. We will prove that these curvatures are
equivalent, in the sense that the vector bundle map F' is a morphism of Lie
algebroids if and only if one (and hence all) of these curvatures is null.

A Koszul connection V: X(M) x TE — T'E on a vector bundle E can
be reinterpreted as a vector bundle map V:TM — D(F) between the Lie
algebroids TM and D (F), where ©(FE) is the Lie algebroid of derivations on E
(see for instance [6, Section 5.2]). The details will be discussed in Example 4.5.
On the other hand, if F is a Lie algebroid with anchor a, then a Lie algebroid
connection is defined to be a vector bundle map s: TM — FE such that
aos = idpys, which can be seen to extend the concept of Koszul connection on
a vector bundle (see for example [6]); and moreover a Lie algebroid connection
is flat (i.e. the curvature is null) if and only if it is a morphism of Lie algebroids.
In this paper instead of considering a Lie algebroid connection s: TM — FE,
we consider a vector bundle map F': £ — F> between Lie algebroids F; and
FE over arbitrary bases M7 and M, and thus the curvatures mentioned earlier
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(i.e. A-curvature, Q-curvature, P-curvature and S-curvature) associated with
F will extend the ordinary notion of curvature defined for a vector bundle.

The paper is organized as follows: In Section 2, we review the definition of
morphism of Lie algebroids and give a natural motivation of the definition in
the case when we have Lie algebroids over arbitrary bases. In Section 3, we
consider a vector bundle map F' : Ey — Fs, where F4y and F, are Lie alge-
broids over bases M; and M, and treat the different curvatures A-curvature,
Q-curvature, P-curvature and S-curvature, and show that the vector bundle
map F' is a morphism Lie algebroids if and only if one of these curvatures is
null. In particular we get that F' is a morphism of Lie algebroids if and only
if the corresponding map is a morphism of Poisson manifolds (resp. Schouten
supermanifolds). In the appendix we give some background material on the
theory of supermanifolds necessary for understanding the paper.

2. Morphism of Lie algebroids

Definition. A Lie algebroid on a manifold M is a vector bundle (E, M, )
with a vector bundle map a: E — T'M over M, and a Lie bracket [, | : TE x
I'E — T'E such that

(1) [s, ft] = fs,t] +a(s) ()1,

(2) als,t] =a(s),a(t)] for all s,t e TE and f € C> (M).
The map a is called the anchor of the Lie algebroid E. The Lie algebroid will
be denoted by (E, M, ,a,[,]). We use as well the notation [s, h] = a(s)(h), for
se€T'E and h € C™(M).

In what follows we consider two Lie algebroids (Ey, My, m1,a1,[,]1) and
(E27M277T27a27 [7]2), and let

(F, f): (B1, My, 7, a1, ], ]1) — (B2, Ma, 2, a2, [,]2)

be a vector bundle morphism.

Suppose that r is a section of F; and that there are sections v, of Es, and
functions r* € C°°(M;) such that For =3 r*f*(ve). Then the decompo-
sition ) r*f*(vy) is called an F-decomposition for r. An F-decomposition
always exists and is not necessarily unique (see for example [4, Section 1] and
[1]). However it is easy to see that a local F-decomposition for a section r € T'E4
exists, that is there exist open neighbourhoods U; and Us of My and Ms re-
spectively and local sections v, € T'Fs|y, and functions r® € C*°(U;) such
that For|y, = >, r*f*(va). To see this suppose that (e;) is a local basis of
T'E; on an open neighbourhood Uy and (v,) a local basis of T'Es on an open
neighbourhood U, such that f(U;) C U, and that r|y, = >, s’e;. Then

(1) Forly, =Y s'F f*(va),
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for some functions F* € C°°(U;). Since a Lie bracket is local, that is, its value
at a point x depends only on an open neighbourhood of x, it is sufficient to
consider local F-decompositions.
We suppose that the map f: M; — M is a diffeomorphism with inverse
g. We define the map F: C*°(M;) UTE; — C*°(M3) UT'E; by
F(h)zg*(h) and F(T):Forog
for h € C>(M;), and r € T'E;. Therefore the map F gives us a one-to-one
correspondence between C*°(M;) and C*°(Ms) and between I'E; and T'Es.
We define the map Ry: T'Ey x C*°(M;) — C*°(M;) by

(2) Ry(rh) = f*Flr,hly = f[F(r), F(h)lz,
and therefore if For =73 r®f*(v,), then we have
(3) Ri(r,h) =[r,h]1 — Zraf*[va,g*h]g.

We define as well the map A: T'Ey x C*(My) — C*°(M;) by
(4) A(r,h) = [r, f*h)y = r® f*[va, 2.

As can be seen the definition of A is valid even when the map f is not
a diffeomorphism, and that when f is a diffeomorphism we have A(r,h) =
Ri(r, f*h). When both A and R; are defined we have A = 0 if and only if
Ry = 0, and any of the equations A = 0 and Ry = 0 is equivalent to the anchor
preservation condition ago F' = d foaq, which can be verified without difficulty.
We could have defined only the map A, but for the convenience of presentation
we introduced the map R; as well.

Forr,z € I'Ey, suppose that For =" 7% f*(v,), and Foz = ZB 2P f* (wp),
for some functions r%, 2 in C°°(M;), and some sections v, wg in I'E. Since
F(r)y=>,9"(r*)v, and F(z) = 28 g*(2%)wg, we have

[F(r), F(z)]a = Z (7" (r)g" (2" [va, wal2 + g (1) [va, g (27)]2wp
a,B
(5) —g" (") wg, g* (r*)]2va) ,
and this gives
PR, Py = Y (2 [vas wsle + [¥lg" (r*)vas 9" (7))o (wp)
B
(6) —flg* (2P )ws, g* (r™))af* (va)) -
On the other hand we have
S 0 g ()], = g (F o), g* ()]s

= [7’, Zﬁ]l - Rl(rv ZB)a
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and therefore (6) becomes
FIF(r), F(2))2

= Zro‘zﬁf*[’ua,wd +Z[ Z “if*(va)
B

[0}

(7) +ZRl(Z,7‘ ZRl 7, 29) f* (wg).

Then we will say that (F,f) is a morphism of Lie algebroids if F[r,h]; =
[F(r), F(h)]2 and Flr,z]y = [F(r),F(2)]2, for all r,2 € TE; and all h €
C°(M,). This is equivalent to requiring that

(1) A=0and
(2) Fo rzlfzrazﬂf va,w52+2rz 1f* (wg)

—er J1f*(va),

which represent the anchor preservation and the bracket preservation conditions
respectively.

As can be seen the first and second conditions do not involve g, and therefore
they can be extended as a definition of morphism of Lie algebroids in the case
when f is arbitrary, i.e. not necessarily a diffeomorphism. However in this
case we need to make sure that this definition does not depend on the F-
decompositions of the sections r and z. And now we are ready to give the
definition of morphism of Lie algebroids in the general case, i.e. when the map
f is arbitrary.

Definition. Let (Ey, M1, m1,a1,[,]1) and (Eq, M2, 72, ag, [, ]2) be Lie algebroids
and (F, f): (E1, My, m,a1,[,]1) = (B2, M2, s, as,[,]2) a vector bundle mor-
phism. Then we say that (F, f) is a Lie algebroid morphism if

(1) CLQOF dfOO,l,aIld
(2) Forzl_Zr“zﬁf vz,wgz—&-Zrz 1f"(wg)

—er I1f*(va),
whenever For=>)", ro‘f (Va), and Foz=3 4 2P £ (wp).

Here we need to check that the second condition does not depend on the
F-decompositions of the sections r and z. For r € T'Eq, let

K(z) = {(%,ws)5: B=1,2,...,n for some n, 27 € C°°(M),

(8) wy € DBy, Foz=Y 271 (wy)}.
B

Hence K(z) represents the set of all F-decompositions of the section z € T'E}.
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Let (1%, v4)a € K(z), that is, we fix some F-decomposition of the section r,
and consider the map N : IC(Z) — T'f*E5 given by

N((ZB Zrc’zﬁf Ua,wﬂQ—FZ’I“Z 1 (wg)
(9) "

—Zz,r I (va).
«

By a direct computation we get

(10)  N((",hPwp)s) = N(("£*(h"), w5)s ZZBA (r, A7) £ (wp)-

Suppose that Floz =35 2P (wg) = PP Z8 f (wﬁ), and let () be a local
basis of I'Es. Suppose that wg = . mgyey and wg = . Mmpyey. Therefore
Foz= Zﬁﬁ Zﬁf*(mﬁv)f* (ey) = Zﬁ,»y Eﬁf*<mﬁw)f*(57)'

Given that A = 0 since az o F = d f o ay, therefore we get

N((z7,wg)s) ( Zmﬁvgv >
:ZN z 7m5v57)6)

ol

<Z Zﬁf*(mﬁv)7 57) - Z zﬁA(r, mpy) [ (e4)
el B By
= N((2°,w5)p).

We conclude that N((2°,1w5)5) = N((2”,ws)g), that is the right-hand side
of the second condition does not depend on the F-decompositions of the sec-
tion 2, and since the expression >, 5 7228 f* Vg, wala + >plms 2Pl f*(wp) —
>z f*(va) is antisymmetric, likewise it does not depend on the F-
decompositions of the section r, and therefore the definition is good.

3. Derivations along a map of supermanifolds

We state below two propositions that will be needed in what follows. Some
necessary background material about supermanifolds is given in the appendix.

Definition (see [2, Definition 1.2]). If f: M — N is a map between super-
manifolds, then a homogeneous derivation along f (or simply a homogeneous
f-derivation) is a homogeneous R-linear map D: C®°(N) — C*°(M) such
that N
D(gh) = D(g)f*(h) + (=1)"9 f*(g) D(h),

for all homogeneous g, h € C®(N). If D = 0 then D is said to be an even
f-derivation, and if D = 1 then D is said to be an odd f-derivation. An
(arbitrary) f-derivation is a sum of an even f-derivation and an odd one. As
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can be noticed when f is the identity map then D is just an ordinary derivation
(or a vector field). As in the case of derivations the following proposition gives
us a general representation of an f-derivation in a local coordinate system.

Proposition 3.1 (see [2, Proposition 2.1]). Suppose that f: M — N is a
map between supermanifolds, and D: C*(N) — C*°(M) an f-derivation.
Then locally

D=) D*f* 00,
A
for some functions DA € C*™(M), where (y*) are local coordinates on N

Proof. The proposition was given in [2] without proof, we shall provide one in
what follows.

It is sufficient to prove that if D(y?) = 0 for all A where (y*) are local
coordinates on AV, then D is identically 0. To see this suppose that the previous
supposition is valid and consider the map X = D — >, D(y*)f* 0 9,4 which
is an f-derivation and satisfies X (y*) = 0 for all A, and therefore X = 0 by
our assumption, that is D =Y, D(y*)f* 0 9,a.

Before proceeding to the rest of the proof we need the following lemma.

Lemma 3.2 (The generalized Hadamard lemma). Suppose that g: V —
R is a smooth function, where V is an open convex subset of R™ containing b.
Then there are real numbers a,, and smooth functions g, : V — R such that

9) = Y auly=0"+ Y gy b,

|ul<k |ul=k-+1

where Yy = (y17y2’,..’yn)) 0= (,Ullu,U/Qa"w:U/n); |M| = 1+ po + o F o,
gt = (Y ) () (Y )P e € {0,1, . kY

In the case when k = 0 the lemma is just the (classical) Hadamard lemma,
i.e. for a smooth function g: V' — R where V is an open subset of R"™, there
are smooth functions g,: V' — R such that

9(y) = g(b) + > galy)(y™ — b*).

The generalized Hadamard lemma can be obtained by repeatedly applying
the Hadamard lemma to the functions g,,.

To finish the proof of the proposition, suppose that D is a homogeneous
f-derivation, and hence

D(gh) = D(g)f*(h) + (=1)P?f*(9)D(h).
Let U be an open neighbourhood U of M with coordinates (z,67) and V an
open neighbourhood of A/ with coordinates (y*, ") such that f(U) C V, with
=12 ....m,5=12....k,a=12...,nand g = 1,2,...,p. Without
loss of generality we can assume that U is an open neighbourhood of R™ and
V' a convex open neighbourhood of R™. Let a € U and b = f(a).
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We claim that if D (y*) =0 and D (n”) = 0 for all «, 8, then D = 0. First
let g € C>(V) and suppose that D(g) = >, h6! for some functions h; €
C>®(U) (here I = (s1,82,...,8,) € {0,1}*). By the generalized Hadamard
lemma there are functions g, such that

9W) = > auly—=b"+ > guy)(y—b)"

Il <k lul=k+1
Since D(y®) = 0, then D ((y — b)*) = 0 and therefore

D) =D Y auly=b"+ > guy)y—b)"

[l <k |pl=k+1
= > D) (-
||=k+1
(1) = ¥ I -)
[u|=k+1 a=1

Let f* (y* — b%) = rq + ng where 7o € C*°(U) and n,, is the nilpotent (even)
part. Therefore we have

(f (y* = ba))ua = (ra + ”a)ua =rola +nh”
for some function ¢, € C*>°(M]|y). Using this and (11) we get

:ZhIHI: Z H (rale +nhe).
1 || =k+1 a=1

Since v, [f* (y* — b*)] = 0, we have r,(a) = 0. We define the degree of a
monomial 2707, with z; € C>°(U) and z1 # 0, to be |I|; and we convene that 0 is
of degree k+1. We can see that every monomialin }_ ;.1 D (g,) ITh_ (rata
+nke) has a factor r,, or is of degree |u| = k+1 (but a monomial of degree k+1
is equal to 0). Hence the monomial h 70” has a factor rq, and since r, is a factor
of hy and r,(a) = 0, we get hr(a) = 0. Since a is arbitrary, we conclude that
hy = 0 for all I and therefore D(g) = 0. If g € C®°(N|y), then g = Y, gsn’
for some functions g; € C’OO(V) (here J = (tl,tg, ..., tp) €{0,1}?). Therefore

ZD (95)f = 0.

Since D(g7) = 0 by the first part, and since this is true for all g then we conclude
that D = 0. If D is not necessarily homogeneous, then just apply the preceding
argument to the homogeneous parts, and this completes the proof. O

Proposition 3.3. Let ¢ € {0,1} and consider a map m: My — My with
coordinates (z?) on My and coordinates (y2) on Ma, and suppose that we
have an R-bilinear map W: C*® (Msy) x C*® (Ms) — C* (M) such that for

homogeneous functions,
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o W(f,9)=—(~1)U+@IW (g, f),
o W(f,gh) = W(f,g)m*(h) + (-1) (T+9)Tm* ()W (f, h),
. W(f, 9)=f+G+e.

Then W is locally given by

W(f,g) = Z(fl)(g“l’f)(éﬁ’(i)w (yA,yB) m* <83y];> .

A,B

)

99
oyB )’

where A = yNA.
Proof. We can see that

W(fg.h) = m* ()W (g.h) + (~1)fm* ()W (f. h)
for homogeneous functions f, g, h € C> (My).
For f € O™ (My) let N(f): C* (Mz) — C° (M) be the map defined
by N(f)(g) = W(f,g). Therefore
N(f)(gh) = N(f)(g)m* () + (~)NDTm* ()N (£) ().

Hence N(f) is an m-derivation, and therefore by Proposition 3.1 we have

(12) Z NB(f ( ;‘;)

where NP(f) = N(f)(y").
On the other hand we have

NE(fg) = m*(f)NP(g) + (=1)TIm*(9)N®(f),
with NB = B +¢. If we let NEB(f) = (—1)(§+5)fNB(f) then N'Z is an m-
derivation, and therefore, by Proposition 3.1, NB(f) = 3~ , N4Bm* (%),
with N8 = N'B(y4). Therefore we get
~ ~ af
13 NB(f) = —1)AEDEB+ITY (A 4 BY m* (> .
13 H=% ) (5
By (12) and (13) we conclude that
At f)(B of 9g
_ _ 1\(A+f)(B+e) A B = Y « [ Y9
Wi =3 W) (35 )me (). ¢

This proposition will be used later to express Q-curvature, P-curvature and
S-curvature in a general local representation.
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4. Curvature

Definition. Let ¢ € {0,1} and M be a supermanifold with an R-bilinear
bracket { , }: C>° (M) x C®° (M) — C°° (M) such that, for homogeneous
functions,

s {fag} = f+§+~57

o {f.g} = —(-)UTIT)g, f},

o {fi{g.h}}={{f. g}, h} _|_~(_1)(f+€)(g+€){g’ {f.h}},

o {f.gh} = {f,gth+ (1)U +*)9g{f h}.
When ¢ = 0, then we say that M is a Poisson supermanifold (hence we have
a Poisson bracket), and when ¢ = 1, then we say that M is an odd Poisson
(or a Schouten) supermanifold (hence we have a Schouten bracket). For more
details, see [9].

Here fdenotes the parity of the function f. The third and fourth conditions
in the definition are called the Jacobi identity and the Leibniz rule respectively.

Definition. A @Q-manifold is a supermanifold M with a homological vector
field Q, i.e., a vector field @ with [@, Q] = 0 and parity Q = 1. A Q-manifold
will be denoted by (M, Q), and a morphism between Q-manifolds (Mj, Q1)
and (Maz, Q2) is defined to be a map F': My — My such that Q1 and Q)3 are
F-related, i.e., Q1 0o F* = F* 0 Q5.

Let (E, M,7,a,][,]) be aLie algebroid, and let ITE and IIE* be the superman-
ifolds given respectively by IIE = (M,T'A(E*)) and IIE* = (M, TA(E)), where
A(E*) and A(FE) are the exterior bundles of E* and E respectively. Therefore
we have the global sections C*°(IIE*) = T'A(E) and C*(IIE) = T'A(E*). The
symbol II is called the parity reversal functor and this because what it does
can be interpreted as changing the parity of the fibre coordinates.

Let (e;) be a local basis of T'E, let (%) be coordinates on the base M, (&°)
be coordinates on IIE, (p;) coordinates on E*, and (m;) coordinates on ITE*
corresponding to the local sections (e;). Let

lei, €j] E c”ek, a( E ad — axd

Then the corresponding homological vector field on IIE is given locally (see

[10, p. 284]) by
Q Z 7_7255]7,]8516

i,k
The Poisson bracket on C*°(E*) is given locally (see [10, p. 285]) by

{xaw%'b} = 07 {pi7$d} = a/?7 Pupg Zczgpk:
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The Schouten bracket on C°°(TIE*) is given locally (see [10, p. 285]) by
{22, 2%} =0, {m;, 2%} = af, {mi,mj} = Zcfjwk.
k

In this section we introduce A-curvature, Q-curvature, P-curvature and S-
curvature. The terminology is motivated by the fact that these curvatures are
defined in the context of Lie algebroid, Q-manifold, Poisson and Schouten struc-
tures, respectively. In this section we let (Fy, My, 71, a1,[,]1) and (Eq, My, o,
as, [,]2) be Lie algebroids over bases M; and M,, and anchors a; and as respec-
tively, and consider a vector bundle morphism (F, f): (Fy, My, m,a1,[,]1) —
(B9, My, 72, as,][,]2) such that the map f: M; — M> is a diffeomorphism.

4.1. A-curvature

Let (E1, My, 71,a1,[,]1) and (Ea, My, ma, ag, [, ]2) be Lie algebroids over bases
M; and M and anchors a1 and ag respectively. Let (F, f): (Ey, My, m1,a1,[,]1)
— (E3, My, ma,a9,[,]2) be a vector bundle morphism such that the map
f: My — Ms is a diffeomorphism.

Let (e;) and (v4) be local bases of T'E; and T'Ey, respectively, and let (z%)
and (y?) be coordinates on the base manifolds M; and Ma, respectively. We

let as well
lei, €4] E cwek, [Va,v8] = g c a,@”%

0
Zaz el 2 (Vo) = Za’ia—yq.

q
We recall the map R;: TE; x C®°(M;) — C°°(M;) given by

Ry(r,h) = f*Fr,h]y — f*[F(r), F(h)]2.
Equation (3) states that

Ru(r,h) = [r,hly = 1 [vay " (D)2,
and therefore by letting Foe; =Y  Ff f*(v,) we have
Ri(ei,h) = [es, hl1 — ZF-Wf*[Uw g"(h)]2

v S (a;gz))
—Z“f(ayq) ot S r (8
- S(ef oy aren)r (%)
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(14) - S (%}P)

q

where

(15) Z da ZFC‘
Now let R:TEF; x 'Ey — I'f*E5 be the map given by
R(r,z) = f*Flr,2]s — [*[F(r), F(2)]2,
and therefore by (7) we have (cf. [3, Section 4.2])
R(r,z) = Folr,z]; — Zrazﬁf*[va,wﬁ]g - Z[r, 2P f* (wg)

J

(16) +Z 2,71 " (va) ZRl z,r% (va)—kZRl(r,zB)f*(wg).
B

Have
R(r, hz)
= Folrhzly = r'ha! f*loi,wyla = Y [r,ha? 1o f* (w;) + Y _[hez, ] f* (vs)
2 J i

- Z Ry(hz,r)) f*(v;) + Z Ry (r, ha?) f*(w;)

J

=h(Folrz]1)+[r,h]1(Foz) Zrhzjf v“wJQ—ZhT 201 f* (wy)

— [r,h]y szf* —l—thr 17 (v) Zrl hzr
+ZR17"hz w;)

=h (F o[r,z] — Zfizjf*[vi,wj]z - Z[T’ P (wy) + Z[z,rﬂj*(vﬁ)
- Z hRy(z,r") f* (vi) + Z hRy (1, 27) f* (w;) + Z 2Ry (r, h) f* (w;)

= hR(r,z) + Z 2Ry (r, h) £ (w;)

= hR(r,z) + Ri(r,h)(F o 2).

We can immediately see that R is an R-bilinear and antisymmetric map, and
for r,z € I'E; we have

(17) R(r,hz) = hR(r,z) + Ry(r, h)(F o z).
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Let R;; = R(e;,e;), and by using (1) and (16) we get

Rij=Foleieji— Y FOF f[va,vpla — Y les, 1" (vp)
af B

+Z[6J7 i ZRl e]aFa *(Ua)+ZR1(€Z‘,FjB)f*(U5)
B

[e3%

OF7
= S E () = Y FCEL T (C25) S o) - Y al gk
k,y dn

afy

OF)
?8.’[3?1 " (vy) Z —Ry(ej, F') f*(vy) + Z Rl(ei’ijy)f*(v'y)
y v 7

i 8xd

-5 (THs-Srer
+Ri(e;, F}) — R1(€J7 7)) f*(vs)

=2(2Fzz S ) S S

Y k
*F’Y ¥
+yo Al (“éy) >4l (agF ))f*(w)
q
FY g FY
(as) =3 (K%+;A?f* (gy) -S4 (f;f)) 7).

~

8F

where

8F
(19) K} :ZF,j ck — ZFaFﬂf a?

7 a d
Therefore we have

R (Z oziei, Z Bjej)

= ZRwa G +Z ale eJ7 — B8R,y (6]7 i))Foei.

(20)

The function R will be called the A-curvature of the vector bundle map
(F, f). As can be seen the map (F, f) is a morphism of Lie algebroids if and
only if R = 0.
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2. Q-curvature

As before let (Ey, My, 71, a1,[,]1) and (Eq, My, 72, az, [,]2) be Lie algebroids
over bases M; and M5 and anchors a; and ay respectively. Let

(F, f): (Ev, My, m,a1,[)1) — (B2, Mo, w2, a2, [, ]2)

be a vector bundle morphism such that the map f: M; — M is a diffeomor-
phism. This subsection is mainly based on [3, Section 4.2].

Let (e;) and (v,) be local bases of I'E; and T'Ey respectively, and let (z%)
and (y9) be coordinates on the base manifolds M; and My respectively, (£°)
and (n®) coordinates on IIE; and IIE; corresponding to the bases (e;) and
(vq) respectively. Then the corresponding homological vector fields on IT1FE;
and IIFE, are given by

Q=) &ajz2 - o SEE iza?k

d,i 1,5,k
and ) 5
B 1Y
Zn“ ’ifq— DL P
dy o 2 onv’
where

les, e;] Zcuek, [V, v8] = Zc s Uy
0
Zala - ag(va):Za’ia—yq.

q

From the map F: E; — E5 we get the corresponding map F'I: [IE;, — I1FE,
between the Q-manifolds IIE; and IIE,. In what follows the map F™ will be
denoted simply by F', and it will be clear from the context which of F' and F
is intended. The Q-curvature of the map F' denoted by D (which is called field
strength as well) is defined to be the failure of the homological vector fields on
IIE;, and ITE5 to be F-related, that is

D=QioF*"—F"0Qs.

Since D is an F-derivation, then it is determined by D(h) and D (n®) where
h € C* (Ms) (see Proposition 3.1).

Since Foe; =Y, F f*(va), then F*(n¥) = > FY&° and F*(h) = f*(h)
for h € C*° (Mz). Therefore we have (cf. [3, Section 4.2])

D(h) = QuF*(h) — F*Qa(h)

3 (Tt g (;;»g
E@fo*@y»@f;xd s ()
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e —air ()€

where A7 is as given in (15).
It can be seen that Ry = 0 if and only if D(h) = 0 for all h € C*° (My), that
is D(h) = 0 for all h is equivalent to the anchor condition, i.e. d foa; = agoF.
We have as well (see [3, Section 4.2])

D(n") = Q1F*(n") — F*Q2(n")

1 vV ¢i¢e]
(22) == ) Z Kz‘jf &,
i
where K; are as given in (19). From (21), (22), and Proposition 3.1 we conclude
that
1 (W T} * 7 * 9
(23) D:—iz&jggﬂ (F >+Z£Aq<F aq)’

h,J,a
where K, Aj are as given in equations (19) and (15) respectively.
We summarize all of this in the following theorem.

Theorem 4.1 (cf. [3, Section 4.2]). We have the following:
e D(h) =0 for all h € C*™ (M) if and only if dfoa; =asoF.
* D=3, K5¢¢ (F ° 6?7“) + g A (F ° 8%@) '
e D =0 if and only if (F, f) is a morphism of Lie algebroids.

As can be seen, the equation D = 0 is equivalent to saying that F' is a
morphism of Q-manifolds. Hence we recover the result of Vaintrob [7] which
states that (F, f) is a morphism of Lie algebroids if and only if F' is a morphism
of Q-manifolds.

4.3. P-curvature

As before let (Ey, My, 71,a1,[,]1) and (Ea, Ma, wa, as, [, ]2) be Lie algebroids
over bases M7 and Ms and anchors a; and as respectively. Let

(F, f): (Ev, My, a1, [ )1) — (B2, M2, w2, a2, [, ]2)

be a vector bundle morphism such that the map f: M; — Mo is a diffeomor-
phism. Then we get the diagram

* F* *
E2 El

(24) l l

MQLMl

where g = f~'. Let (e;) and (v,) be local bases of T'E; and I'Ey respec-
tively, and let (2%) and (y?) be coordinates on the base manifolds M; and
My respectively, (p;) and (u,) coordinates on EF and E3 corresponding to
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the bases (e;) and (v,) respectively. Since (v,) is a local basis of I'Es, then
(v}) is a local basis of TE3. Let x = g(y), then Fle;(x)] = >, Ff(x)va(y).
Let G¥(y) = Ff(g(y)). Then we get the map F*: Ef — E; defined by
F*({) =loF. For £ =3 uqv}(y), we get

F* <Zuav2(y)> ZZPaF*(U (y))
= ZuaG? () €5 (9(v))-

We put H = F*, and we get the map H: F5 — Ej, which is given locally by

H ((y,ta)a) = (g(y),ZG?(y)ua> :
@ J
Therefore we get the pullback H*: C* (E}) — C*° (E3) given locally by
H* (%) = g*(z%) and H*(pj;) ZG Ug-
On I'Eq, we have

[e:, e, E ck e and E
? J 1] a; 8:0‘1

On I'E,, we have

0
[Va, V5], Zc oty and  ag(va) = Za’ia—yq.

q
The Poisson bracket on C°(E;*) is given locally by

{waaxbh =0, {pi»xd}l = a?, {pipih = Zcfjpkw
k
Therefore by Proposition 3.3 we have

v dw ol ov Jw 4 Ov Ow
{’U w}l chszk Zd zaipzw_%alﬁaipl

The Poisson bracket on C°°(Ey™) is given locally by

{yq7ys}2 = Oa {ua7yq}2 = alia {UQ,U[}}Q = chlﬁu’)"
¥
Therefore by Proposition 3.3 we get

00 Ow | N~ g 00 D0 g D D
{U,U)}g azﬂ:’ycaﬂ 75'“ 8u5+§a“3uaayq ;aaayqaua.

Let P: C™ (EY) x C*® (E}) — C* (E3) be the map given by
P(o,w) = {H"(v), H*(w)}2 — H{v, w}.
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The map P is called the P-curvature associated with the map H. As can be
seen the map P represents the failure of the map H to be a morphism of Poisson
manifolds.

By Proposition 3.3 we have

y v ow v ow
— ij * dyp« [ OV « [ OwW
P(v,w) ZP H <8p>H <8pj) +ZL H (ap)H (md)
0.
ow
_ drr* *
(25) ZL H (axd>H (8}%),
where PV = P(pi,pj) and L¢ = P(p;,z%). Using equation (15) we get
L;i = P(pla‘rd)
= {H"(p;), H*(z")}2 — H* {pi, 21

{ZX&%f@%}HW@

2
N 89* :L'd .
-t 0D g a)
q,x

(26) =—g" Y (JH) A

Therefore,

PY = {H*(p;), H*(pj)}2 — H*{pi,pj}1

g Glug, g Gfu[; — H* <E cfjpk>
« B 9 k
.

_ ; zk:g*(cfj)e’g - ;G?ch’l ;G“ 'ggj;
+ZG‘1 g q)
== > D g (kg (F) - Zg*(1?*1-“)9*(Ff)C’7
T \% e
> (L +g7(a)) g* <8F7> +Z (Lf +g*(a (?;Z))uv
d
==> Xk:g*(C?j)g*(F;Z) - zﬁ;9’*(F{)‘)9"(Ff)6’7
7 o
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et () Sty ()
+>_ Ly (gi;)) Uy

d
=— Z (g*(KZ) - Zng* (ZQZ) N ZL;lg* (?955)) .
! d

d

== g &) =D g (T A g (axd>
¥ d,s

OFY
- ) (G ) |

d,s

* 0% —1 saF}Ty —1 saF‘z’Y
(27) =- E :9 Kij - E (J) 77 447 ozd E (Jf) dsAj Ozd Uy,
¥

d,s d,s

where K ?j, Aj are as given by equations (19) and (15) respectively.
We endow the manifold f*E3 with a Poisson bracket induced by the Poisson
bracket on C*°(E3) as follows:

{aaaaﬁ}?) = f*{ua;uB}Q = Zf*(cgﬂ)avv
vy

{x“, xb}S =0,
* (Eb
(28) {2 = e g" (1)} = D £ (@) (agf)§)> ’

where (z%,1,) are local coordinates on f*Ej3, in particular the coordinates
(lie,) are the coordinates associated with the coordinates (u,). Consider the
diagram
(29) fE; —— By 5 EY,
where the map ¢: f*FE; — Ej3 is given by
(30) ¢ (@, ta)a) = (f(2),4a)a-
We define the map H: f*Ej —s Ef and P: C®(E})xC>®(E}) —s C°(f*E})
by

H=Hoyp and P=¢"oP.
Therefore the map His given locally by

(31) ﬁ((xaﬁa)a) = <I7Zqu(x)ﬂa> .
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Therefore we have

Blo, w) :ZZ:SD*(PU)?I* (g;’) a* (aw)

0
. ~, [0V =, [ Ow
e (5) 1 (53)
di v

(32) =D ¢ LHE"

By (26) we get

(33) (L) == (Tf)a A
and
o _ 86F7 . OFY Y
(34) ¥ (P”) = Z Kz’; - Z(Jf)dslAi aimjd - Z(Jf)dslAj axld Uy -
ol d,s d,s

We could have considered P instead of P as the definition of P-curvature, in
particular P and P are equivalent in the sense that P =0ifand only if P = 0.
The advantage of considering P is that when the anchor condition is satisfied
that is A3 = 0, then there is no f~! involved in its expression, and this allows
us to extend P to the case when f is not necessarily a diffeomorphism. In that
case P becomes

~ wrmiin e OV #y [ Ow
Poe) = S e () 8 (57)-
i.J ! J

So then (that is when the anchor condition is satisfied and f is not necessarily
a diffeomorphism) we have to verify that it is well-defined, that is, it does not
depend on the choice of local coordinates. Hence if (&;) and (7,) are other local
bases of I'Ey and I'Es respectively with €; = >, mye, and 0, = ZB TBa Vg,
then we get
K= Z msime; f* (750 ) K, pi = kaipk’ Ua = ZTBO‘UB
k B

s,t,o

for the corresponding quantities. Therefore
o~ OV =, [ Ow
sz: #?) opi Op;
~ [0V A, (0w
Kla H* H | —
2 Kyt (31%') <3Pj)

4,3,y
-1 71f*( )Kof* -1\ 2 .
Mg; mtj Tyo st T(Sfy UsTMjr
8,458,355
7,6,1m,2
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7y v 77 ow _ * [ Dst\ 1% v 7T 87111
" (%)mﬂH <8pz> _;¢ o (8ps)H (8pt>’

which means that it is well-defined.

4.4. S-curvature

As before let (Ey, My, 71, a1,[,]1) and (Ea, Ma, wa, as, [, ]2) be Lie algebroids
over bases M7 and M5 and anchors a; and as, respectively. Let

(F, f): (Ev, My, 7,01, [, ]1) — (B2, Ma, w2, az, [, ]2)

be a vector bundle morphism such that the map f: M; — M5 is a diffeomor-
phism.

Let (e;) and (v,) be local bases of I'E; and I'Ey respectively, and let (%)
and (y?) be coordinates on the base manifolds M; and M respectively, (m;)
and (6,) coordinates on IIEY and IIE] corresponding to the bases (e;) and
(vy) respectively. Let g = f~! and @ = g(y), then Fle;(z)] =Y, F2 (2)va(y).
From the map H: E5 — E, we get the corresponding map T': I1E; — IIET
given locally by

T((y,0a)a ( ZG"‘ ) :

where G§(y) = F}* (9(y)) - And we get the pullback
T*: C* (IIE}) — C*° (IIE3)
given locally by
T*(z") =g*(z*)  and  T*(m;) =Y G0,

[

On I'Eq, we have

0
_ d
e, €], E c“ek and ay (e;) = E ai@.
d

On I'Ey, we have

0
[Va, V8], Zc oty and  ag (ve) = Za’ia—yq.

q
The Schouten bracket on C*°(IIE}) is given locally by

{l‘a,.’lﬁb}l ZO, {7Ti7.’17d}1 :ag, {Fi,ﬂj}l :ZCZ-?T]@.
k
Therefore, by Proposition 3.3, we get

v Ow v Ow Ov dw
o k. g a7 Y™ d
{v,wh = E e (), o, o ;( 1)%a o Oz ; oxd om;

4,3,k ) )i
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The Schouten bracket on C°°(IIE5*) is given locally by
vyt =0, {00,y }e = a/g” {ba, 05}2 = ZC/Z[%H’Y
v

Therefore, by Proposition 3.3, we get

ov Ow v ow Ov Jw
_ /'y v g YY YW q ¥
{v.whs —;ﬁ; 2% 54, 26, ;( Vo g gy ;%ayq 90
We define the map S: C* (ILEY) x C* (IIE}) — C* (ILE3) by

S(v,w) ={T"(v), T*(w)}2 — T™{v,wh.

The map S is called the S-curvature associated with the map 7. As can be seen
the map S represents the failure of the map 7" to be a morphism of Schouten
supermanifolds.

By Proposition 3.3 and proceeding as in the case of P, we get

soan =S sr (32) 7 (5) - Sevur (5) 7 (35)

1,7 d,i
ov ow
NN 7 Al iy s
(33) >k () (52).
where

SY = {T"(m), T* (mj) }2 = T*{mi, mj 11

= ZG?QQ,ZG?HQ ZT C 7Tk
a B

2

oG]

:72 Zg* G’Y ZGQ ﬁ /’Y 7ZGO‘ /g
vy k q,0 8y‘1
+ZG“ " q)
(36) ==> g [ K-> (I 1AS > (Jf 1AS
Y

d,s d,s

0.,

and L¢ as given in (26).
We endow the supermanifold IIf*E3 with a Schouten bracket induced by
the Schouten bracket on C*°(I1E3}) as follows:

{éaaéﬁ}?) = [{0a.05}2 = Zf*(c”y
v

{x“,azb}g =0,
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N * Jfb
B {fara"}s = " {0arg" (@)} = D S (@) (89 ( )),

oya

where (xa,éa) are local coordinates on f*FE3, in particular the coordinates
(0,) are the coordinates associated with the coordinates (6,). Now consider
the diagram

(38) Inf*E; —2— NE; —X— 1E7,

where the map p: IIf*E; — IIE3 is given by
(39) p((@.02)a) = (/(2),0a)a

Then we define the maps T: IIf*E; — IIE; and §: C°(I1E}) x C>(I1E;)
— C(IIf*E3) by

T=Top and S=p*os.
Therefore the map T is given locally by

(40) T((x,04)a) = (:g > Fja(x)éa> .

We have
=S (52)7 () + Sreom (37 (55)
(41) - ; P (LT (;;) T* (3;”) '

By (26) we have
(42) PH(L) ==Y (T g A

S

and

- 6F7 Y\ .
(13) o5 = -3 (K-S wnmars s - S unia )b,
ol d,s d,s
We could have considered S instead of S as the definition of S-curvature, in
particular S and S are equivalent in the sense that S =0 if and only if § = 0.
The advantage of considering S is that when the anchor condition is satisfied
that is A3 = 0, then there is no f~! involved in its expression, and this allows
us to Extend P to the case when f is not necessarily a diffeomorphism. In that

case S becomes
ov ow
m et
—2r(S ™ (50)7 (am-)'
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So then (that is when the anchor condition is satisfied and f is not necessarily
a diffeomorphism) we have to verify that it is well-defined, that is, it does not
depend on the choice of local coordinates. Hence if (€;) and (7,,) are other local
bases of I'Ey and I'E; respectively with e; = >, myer and 0, = ZB T8aVB,
then we get

=Y mamif* () K Ti=Y miimk, 0o =Y Tgabs
k B

s,t,o

for the corresponding quantities. Therefore
v ow
zy _
20 ™ (5)7 (55)
ZK”@ T ( >T* (aw>
on;
_ v ~, [ Ow
_ -1 —1 px o px * . *
= Z mg My 7 (Tye) K& f (T§’y ) Osmi T (87@) m T (37—7z>

8,4,4,4,7,0,0,,2

TIPS ov\ =, [ Ow
— * st * * e
_ZP(S JH <8778>T (aw)

s,t

which means that it is well-defined.
We summarize the results of this section in the following theorem.

Theorem 4.2. Let (F, f) (El,Ml,m,al,[,]l) — (EQ,MQ,T(‘Q,(IQ,[JQ) be a
vector bundle morphism, where (Ey, My, 71,a1,[,]1) and (E2, Mo, 7, as, ][, ]2)
are Lie algebroids over bases My and Ms and anchors a; and as respectively,
such that the map f: My — Ms is a diffeomorphism. Then we have the
following:

« R(S,ale, 5, 8e;) = X2, Rija' B9
+Zij(ajR1 (€5, 0') = B Ry (e5,0")) Froe,
e D= 1Y, Keie (Fro2) + 5, 6a! (Fro ayq)
o Plo,w) =Y, POE" (52) B (52) + 5, Lia (52) B (2%)
_ZdlLdH* ( )H* (%)7
o S(vw) =5, 89T (22) T (§2)
— a1 LT ( )T* ({nd)
= Y LT () T (32,
where R;j, Ri(e;, ), K ij, Af, LY, P and SY are as given by equations (18),

(14), (19), (15), (26), (27) and (36).
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Corollary 4.3. The map (F, f) is a Lie algebroid morphism if and only if one
of the following equivalent conditions is satisfied:

e H: E3 — EY is a morphism of Poisson manifolds.

o T: IIES — I1EY is a morphism of Schouten supermanifolds.

The restriction that f should be a diffeomorphism as can be seen is not
necessary in the cases of R and D, but necessary for P and S. The maps R,
D, P and S are uniquely determined by the quantities K ;; and A¢, and when
one of them is annulled then all the others are annulled. This allows us to say
that the maps P, S, R and D are equivalent characterizations of curvature and
extend the usual notion of curvature of a Lie algebroid connection. In the case
when My, = My = M and f = id, we get the following corollary.

Corollary 4.4. Ifd f oay = as o F, then we have the following:
o R=3% 0 K5 el nej [ (va).
Do iR ke (o)
o P==2ijad (Ejua (H* ° 8%) (H* ° 0%) '
* §="2ja9 (Kj)la (T* ° 8%) (T* ° 3%) '
In the case when E; and FEs are Lie algebroids over the same base M,
ie. My = My, = M and f = id, with anchors a; and as respectively then

R:TE; xTE; — TE, is given by R(X,Y) = F[X,Y] — [FX,FY] and
Ry = a1 — ag o F. The functions K7} are given by R(ei,e5) =3, Kva.

Example 4.5. Let E be a vector bundle over M. We define the Lie algebroid of
derivations D (E) associated to E as follows (see [6, Chapter 3] and [3, Chapter
2]):
Let D,: 'E — E, be an R-linear map from the space of sections I'E to
the fibre F, at x . Then, we say that D, € ©(FE) if there is a tangent vector
X, € T, M, such that

Dy(fs) = f(x)Da(s) + Xa(f)s(x)

for any function f € C*°(M) and any section s € I'E' (the definition mimics
that of a tangent vector at a point z). We define the anchor a : ©(E) — TM by
a(D;) = X,. Then D(F) is a vector bundle over M by defining 7: D(E) — M
by m(D,) = .

A section D € TD(E) will be identified with the R-linear map D : TE — I'E
given by D(s)(z) = D(z)(s), and therefore a section of D(E) is any R-lincar
map D :TE — TE for which there is a vector field X such that

D(fs) = fD(s) + X(f)s

for f € C°(M) and s € TE (in this case a(D) = X). Then the Lie bracket on
I'D(E) is given by
[Dl,DQ] = Dl e} D2 - DQ (e} Dl.
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The vector bundle ®(F) as defined above is a Lie algebroid on M.

The tangent bundle TM is a Lie algebroid for which the anchor a : TM —
TM is just the identity map, and the Lie bracket is the usual Lie bracket of
vector fields.

Let V: X(M) x I'E — T'E be a Koszul connection on a vector bundle E.
Then V can be reinterpreted as a vector bundle map V:TM — D(E) by
letting @(Xz)(s) = Vx,s for X, € T, M. This can be seen from the fact that

V(X.)(fs) = F(2)V(X0)(5) + Xu(f)s(2).

Since a o V = idgyy, then the map V is a (Lie algebroid) connection (see the
introduction for the definition of a Lie algebroid connection).
In the notation of Section 4.1 if we take Ey = TM, Ey = D(F) , My =

My =M, a; =idpar, as = a and F = @, then the A-curvature R is given by
R(X,Y)=Vo[X,Y]-[VoX,VoX]
Let RV be the curvature of the Koszul connection V. Then RV is given by
RY(X,Y) =[Vx,Vy] - Vixy]

Therefore by the identifications above we have R(X,Y) = —RV(X,Y). Hence
the A-curvature of the vector bundle map V and the curvature of the Koszul
connection V are the same up to sign.

Appendix A.

In this appendix we give some background material on the theory of super-
manifolds necessary for understanding the material of this paper. It is mainly
based on [3, Chapter 2], more detailed treatment of the subject can be found
in [5].

A.1. Supermanifolds

Let C*°(U) be the commutative R-algebra of smooth functions on an open
subset U of a smooth manifold M. The exterior algebra over C*°(U) with
indeterminates (9',602,...,0™), which is denoted by C°°(U)[6',62,...,0"], is
defined by

C=(U)[0,6%,...,0"] = {f: F=Y 0" frec>W), Ie B"}
I

where B = {0,1}, and if I = (iy,42,...,%,), then 87 = (61)1 (%)% ... (0,)",
with (09)° = 1, (¢9) = 67, 00" = 0, 0°07 = —070'. The exterior alge-
bra C>°(U)[#1,0%,...,0"] is a commutative R-superalgebra (associative with
unity). If f = fo + ZI#O 0%, then we define the value of the function f at
€U by vy(f) = fo(a),

A function f € C>=(U)[6,6%,...,0"] can be considered a polynomial on the
indeterminates (61,0%,...,0™). A function f =3, f10' is said to be of parity
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0 (or even) if it is the sum of monomials of even degree, and we write f =0.
Likewise a function f = ", f0! is said to be of parity 1 (or odd) if it is the
sum of monomials of odd degree, and we write f: 1. The function f is said
to be homogeneous if it is even or odd.

Definition. Let m and n be nonnegative integers. A supermanifold M of
dimension (m|n) is a pair (M,.A) where M is a smooth manifold of dimension
m and A is a sheaf of R-superalgebras on M such that there is an open cover
{U,} of M and A(U,) = C*(U,)[0,...,0m].

The manifold M is called the support of M or the underlying manifold,
a section f € A(M) is called a function, and the R-superalgebra A(M) will
be denoted C*°(M) as well. We can see that a function f € A(M) is not
determined by its values at its points. A supermanifold can be viewed as an
ordinary manifold for which the sheaf of functions is enriched with odd ones.

A.2. Some examples of supermanifolds

An example of a supermanifold of dimension (m|n) is the affine superspace
R™"™ = (R™, A™") where the sheaf A™" is given by

A™IU) = c=(U)[0Y, ..., 0"

for any open subset U of R™. The supermanifold U™" = (U, A™"|;) where
U is an open subset of R™ and the sheaf A™"|y; is the restriction of the sheaf
A™7 t0 U is called a superdomain.

If we consider Q° the sheaf of differential forms on a smooth manifold M,
then (M, Q*) is a supermanifold called the antitangent bundle and is denoted
by T M. Likewise if we consider X*® the sheaf of multivector fields on M, then
(M, X®) is a supermanifold called the anticotangent bundle and is denoted by
7M.

A.3. Local coordinates for supermanifolds
If M =(M,A) is a supermanifold, then we have an open cover {U,} of M
such that
A(Uy) =2 C>®(U,)[6",...,0m).
Suppose that (z!,22,...,2™) are local coordinates on Uy, then

1,2 m pnl p2 n
(', 2%,...,2™,0°,6%, ...,0™)

will be called local coordinates for M. If we restrict the sheaf A to an open
subset U of M, then we get the supermanifold U = (U, A|y), which will be
called a submanifold of M, where A|y is the restriction sheaf.

Definition. If M = (M, A) and N' = (N, B) are supermanifolds, then a mor-
phism F: M — N is a pair (f, f*) such that f: M — N is a smooth map
and f*: B — f.A is a morphism of sheaves where (f..A)(U) = A(f~*(U)).
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Consider maps F: M — N and G: N — P such that F' = (f, f*) and
G = (g,¢”*) are morphisms of supermanifolds. Then the composition of F' and
G is denoted by G o F' and is given by

GoF =(gof, frog").
The identity morphism denoted by Irq = (7,¢*) is the morphism Iy : M —
M given by i(z) = x and ¢*(f) = f. A morphism F: M — N is said to be a
a diffeomorphism if there is a morphism G: NV — M such that F o G = Iy
and Go F = 1.

Theorem A.1 (Chart theorem, see [8, p. 140]). Suppose that M is a super-
manifold and U™™ C len' a superdomain with coordinates (y*,&7). Let (f?)
be m even functions and (1?) be n odd functions on M such that

(0 (fH), va(f2), ..., v (f™)) € U.
Then, there is a unique morphism (f, f*): M — U™ such that
=1 and ) =7’

This means that a morphism between supermanifolds is uniquely determined
by the pullback of the coordinate functions (3%, £7). Hence, we will write a mor-
phism f: M — N with coordinates (2%,67) on M and coordinates (y*,£&?)
on N as

f@',07) = (y*(«',07),65 (2", 67))
to mean that
f@) = (va(y)s va(y?)s - va(y?))
and
Fy*) =y (@67), (&0 =€ 0),
where © = (z',22,...,2"). This abuse of notation is very convenient in the

supermanifold setting since it makes the theory of supermanifolds similar to
that of ordinary manifolds.

A.4. Vector fields on supermanifolds

Consider a supermanifold M = (M, A), and an open subset U of M. Let
X: AU) — A(U) be an R-linear map. Then we say that X is even if it
preserves parity, that is, )af) = f for homogeneous f; and we say that X as
odd if it reverses it, that is, )af) =1+ ffor homogeneous f. We say that X
is homogeneous if it is even or odd. In this case its parity X is defined to be
equal to 0 if it is even and equal to 1 if it is odd. Hence for a homogeneous

map X we have )af) =X+ ffor any homogeneous function f.
A homogeneous derivation on A(U) is a homogeneous R-linear map X : A(U)
— A(U) such that

X(fg) = X()g+ (-1)XT 1 X(g)
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for homogeneous functions f and g. Then the space of derivations on A(U)
which we denote by Der(U) is given by Der(U) = Derg(U) @ Dery(U), where
Dero(U) and Der; (U) are the spaces of even and odd derivations respectively.
We can see that Der is a sheaf with respect to restrictions, and will be called
the tangent sheaf. The space of derivations Der(M) which is a C*°(M)-module
will be called the space of vector fields on M, and will be denoted by X(M)
as well. If (2%,67) are local coordinates on M, then a vector field X on M is

expressed locally as
9 )
X = P — —

with functions a?, b, where the operators % and % are the R-linear operators

given as follows: 82,- (fo1) = %91 thre f € C>®(M), and %(ij) = f,
%(f) = 0 when f does not contain ¢’. The space X(M) is a locally free

module, and it is a super Lie algebra for which the Lie bracket is given by

[X,Y]=XoY — (-1)XYY o X

for homogeneous vector fields X and Y.
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