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A NECESSARY AND SUFFICIENT CONDITION FOR THE
EXISTENCE OF INVARIANT GIBBS MEASURES

MINKYU KM

ABSTRACT. In this paper, we study a relation between the existence of
invariant Gibbs measures and the balanced property of subshifts. We
show that a subshift X has an invariant Gibbs measure for f € C' (X, R)
if and only if it is balanced with respect to f.

1. Introduction

Let X be a subshift and let f be a real-valued continuous function from X
to R. Then a measure p on X is called a Gibbs measure for f if there exist
¢>1and P € R such that for every n € N, w € B,,(X), and x € [w]

-1 o M) exp (nP)
exp Spf(x) 7

where S, f(z) = Z?;ol (0'(x)) and [w] is a cylinder.

It is well known that if X is a mixing shift of finite type and f is a Holder
continuous function from X to R, then there exists a unique invariant Gibbs
measure 4 for f. This invariant Gibbs measure is a unique equilibrium state
(Definition 2.6) for f and gives rise to a Bernoulli shift [6]. For the case where
X is a subshift with the specification property (Definition 2.2) and f is a
function in the Bowen class Bow(X) (Definition 3.3), there exists a unique
invariant Gibbs measure for f. Moreover, it is a unique equilibrium state for
f [5]. Walters showed that if X is a mixing shift of finite type and f is a
Bowen function, then a unique invariant Gibbs measure p for f gives rise to a
Bernoulli shift [13].

Let {f,} be a sequence of functions from X to R. We call the sequence an
almost additive sequence if there exists ¢ > 0 such that for every m,n € N and
x € X we have

¢+ fm(2) + fo (0"(2)) < finin(2) < ¢+ fm(2) + fu (0™ (2)).
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The sequence has a bounded variation if
Sugﬂfn(l‘) - fn(y)| FTOTLTp—1 = YoY1 - yn—l} < 0.
ne

It is known that if {f,,} is an almost additive sequence with bounded variation
on a mixing shift of finite type X, then there exists a unique equilibrium state
 with the Gibbs property, i.e., for y there exist ¢ > 1 and P € R such that for
every n € N, w € B,(X), and z € [w]

1 o p([w]) exp (nP)

¢ exp fn(z)

Moreover, £ is mixing [2, 3].

There are literature on the Gibbs measures on shifts of finite type over an
infinite alphabet [10,11].

In Section 2, we give basic definitions and notions on symbolic dynamics.
For more details, we refer the reader to [9].

In Section 3, we discuss the existence of the invariant Gibbs measures. Ex-
istence of invariant Gibbs measures do not give much information outside the
specification property. Beyond the specification property, it has been shown
that a subshift X has a Gibbs measure for f = 0 if and only if it has the right
balanced property with respect to f = 0 (Theorem 3.14 in [1]). The constructed
measure in the proof of the theorem, however, need not be invariant (Theorem
3.7 and Theorem 3.14). Since one is more interested in invariant measures on
dynamical systems, we investigate a necessary and sufficient condition for the
existence of invariant Gibbs measures for f = 0. We define boundedly super-
multiplicative property (Definition 3.4) and balanced property (Definition 3.5)
for real-valued continuous functions on subshifts. We show that a subshift X
has a measure of maximal entropy with the Gibbs property if and only if it has
the balanced property with respect to f = 0 (Corollary 3.15), and extend this
result for real-valued continuous functions on X (Theorem 3.14).

2. Preliminary

We recall some definitions which are relevant in Section 3. A finite set
with the discrete topology, denoted by A, is called an alphabet and an ele-
ment of A is called a symbol or letter. The collection of bi-infinite sequences
of symbols from A is called the full A-shift and denoted by A%, ie., AZ =
{r=( z_12021--) |2; € A, i € Z}. Tt is a compact and metrizable space
with respect to the product topology. Together with the shift map, denoted
by o and defined by o (z), = 41, it is regarded as a topological dynamical
system. A o-invariant closed subset X of AZ is called a subshift.

A block or word is a finite sequence of symbols in A and the length of a
word u, denoted by |ul, is the number of symbols it contains. For example, the
length |u| of u = aabab is 5. The unique word of length 0 is the empty word
denoted by €. For n € NU{0}, an n-word is a word of length n. For a word u,
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a word v’ is a factor or subword of u, denoted by u’ < w, if there exist words v
and w such that u = vu'w, a prefiz if there exists a word w such that v = v/w,
and a suffiz if there exists a word v such that u = vu/. For a word v and n € N,
denote n-times concatenation of u by u"™. For x € A% and i < j € Z, we denote
the word of coordinates in  from i to j by

.’ﬂ[@j] =TiTiq1 Ty

If X is a subshift, we denote by B,,(X) the set of all words of length n appearing
in points in X and B(X) = |J,,~( Bn(X) is called the language of X. For u €
B, (X), the cylinder u, denoted by [u], is {3: € X |2pn =ToT1- Tn_1 = u}
It is open and closed in X.

Definition 2.1. Let X be a subshift, let u be a word in B(X), and let n be
a nonnegative integer. A word v is called an n-follower of u if |v| = n and
wv € B(X) and the n-follower set F,,(u) of u is the set of all n-followers of u.
A word w is called an n-predecessor of u if |w| = n and wu € B(X) and the
n-predecessor set P, (u) of u is the set of all n-predecessors of u.

A subshift X is irreducible if for all u,v € B(X), there exists a word w such
that uwv € B(X).

Definition 2.2. Let X be a subshift. We say that X has the specification
property [4] if there exists a nonnegative integer N such that for all u,v € B(X),
there exists a word w of length N with wwv € B(X). We say that X has the
almost specification property [8] if there exists a nonnegative integer N such
that for all u,v € B(X), there exists a word w of length less than or equal to
N with vwv € B(X).

We call N in Definition 2.2 the gap. It is obvious that the specification
property implies the almost specification property and the almost specification
property implies the irreducibility.

Definition 2.3. Let X be an irreducible subshift. A word u is synchronizing
for X if vuw € B(X) whenever vu and vw are in B(X). A subshift X is called
a synchronized system if it has a synchronizing word.

In the topological dynamics, the topological entropy is an important notion.
The number |B,,(X)| of n-words appearing in a subshift X gives us a way to
define the entropy of X which is equal to the topological entropy of (X, o).

Definition 2.4. Let X be a subshift. The entropy of X is defined by

h(X) = lim l10g|Bn(X)|.

n—oo N

Here and throughout log is the logarithm to the base e. Let C(X,R) be
the set of all real-valued continuous functions on X. For f € C(X,R), the
following is a generalized notion of the topological entropy.
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Definition 2.5. Let X be a subshift and let f € C(X,R). The topological
pressure of f is defined by

.1
P(f) = lim —log > eXp( sup Snf(x)> :
weB, (X) 2€w]
where S, f(z) = S0 f (0%(2)).
Since [w] is a compact subset of X for w € B(X), we can use maximum

instead of supremum in Definition 2.5. The limit exists, since we have the
subadditivity that for m,n € N

Z eXp (sup Sm+nf(x)>

WEBypn (X) w€lw]
< > exp< sup Smf(w)> > exp< sup Snf(év)>
wEB (X) z€fw] weBn (X) z€fw]
In fact

P(f) = tim ~log | 3 exp< sup S f@))

n—oo N
wEB, (X) z€[w]

1
inf — log Z exp( sup Snf(x)>
neN N z€[w)

wEB (X)

If f = 0, then the topological pressure of f is exactly same as the entropy of X.
The topological pressure of f and the measure-theoretic entropies of invariant
measures on (X, o) have a relation called the variational principle [12]: If f is
a real-valued continuous function on X, then

P(f) = sup {hu(a) + /fdu

where h,, (o) is the measure-theoretic entropy of (X, o, 1) and M, (X) is the set
of o-invariant Borel probability measures on X. Because measures on X which
attain the supremum are special, we give these measures a name.

Definition 2.6. Let X be a subshift and let f € C(X,R). A measure
p € M,(X) is called an equilibrium state for f if P(f) = hy(o) + [ fdp.
In particular, if f = 0, then we call u a measure of mazimal entropy.

e M, (0],

3. A relation between Gibbs measures and the balanced property

Throughout the set of all Borel probability measures on a subshift X is
denoted by M(X) and the set of all real-valued continuous functions on a
subshift X is denoted by C(X,R). If w € B(X), then we let z,, denote an
arbitrary point in [w].
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Definition 3.1. A measure p € M(X) is called a Gibbs measure for f €
C(X,R) if there exist ¢ > 1 and P € R such that for each n € N, w € B, (X),
and z € [w]

(1) 1< p ([w]) exp (nP) <ec
exp Sy f(x)
Remark 3.2. If p satisfies (1) for f € C(X,R), then P must be equal to the

topological pressure P(f) of f. If u is an invariant Gibbs measure for f, then
p is an equilibrium state for f, i.e., P(f) = hu(o) + [ fdu [6].

Definition 3.3. A function f € C(X,R) is called a Bowen function if there
exists M > 0 such that, for every n € N, we have

whenever x,y € X and zor1 - Tp—1 = YoY1- - Yn—1- We call the set of all
Bowen functions the Bowen class denoted by Bow(X).

If i is a Gibbs measure for f € C(X,R), then f must be a Bowen function.
The following are extension of notions in [1].

Definition 3.4. Let X be a subshift and let f € C'(X,R). Then X is boundedly
supermultiplicative with respect to f (BSM(f) for short) if there exists ¢ > 1
such that for each n,m € N

1 (Zuegm(x) exp Smf(xu)> (Zvesn(X) exp Snf(%)>

c < <c
ZwEBm+n(X) exp Smtn [ (Tw)

for each choice of x,, € [u], z, € [v], and z,, € [w].

Definition 3.5. Let X be a subshift and let f € C(X,R). We say that X is
right balanced with respect to f if there exists ¢ > 1 such that for each m,n € N
and u € B, (X)
—1 ZUGFn(u) exp Sminf (Tuv)
T exp Sm.f(xu) ZweBn(X) €xXp Snf(mw)

for each choice of z, € [u], Ty € [uv], and x,, € [w]. We say that X is left

balanced with respect to f if there exists ¢ > 1 such that for each m,n € N and
u € B (X)

-1 Z’UEP,L(U) exp Sm-l—nf(xvu)
= exp S f(@u) Xy, (x) €XP Snf (Tw)

for each choice of x,, € [u], Zyy € [vu], and x,, € [w]. We say that X is balanced
with respect to f if it is left and right balanced with respect to f. We say that
X is one-sided balanced with respect to f if it is left or right balanced with
respect to f.
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We note that if f = 0, then the right balanced with respect to f is same as
the balanced property defined in [1].
We construct a concrete example of X and f, where X is BSM(f).

Example 3.6. Let X = {0,1}” be the full 2-shift. Define a continuous real-
valued function f by

0 ifx;=0foralli>0,
-

1 .
5; otherwise,

where j is the minimum of {i|x; = 1, i > 0}. If 2}y ) = y[o,n), then we have

F @) S )] < 5
fori =0,...,n— 1. For each u € B(X), take &, € [u]. Then we have

lul—1

| f(@a) = Sl f(@a)| < Z

=0

o= =
It follows that
(ZuEBm(X) €xp Smf(l“u)> (ZveBn(X) exp Snf(xv)>
EwEBer”(X) exp Syt f(Tw)
(ZueBm(X) exp Smf(iu)) (ZueBn(X) exp Snf(:%v))
D weBo i (X) EXP Smpn f(Tw)
(Zues o &0 Snf (@) (Soes, x) 50 Suf (@)
D peBo (X) 2ogeB (X) EXP Smtnf (Tpg)
(ZueBm(X) exp Smf(fi"u)) (Z'uGBn(X) exp Snf(ffv))
D peBin (X) 2ogeB, (x) EXP[Om [ (Zp) + Sn f(Zq)]

< exp(3)

= exp (3)

< exp(5)

= exp(5).
The second inequality follows from
Smanf (Tpg) = Smf (Tpg) + Snf (0" (Zpg)) = Smf (Zp) + Suf (Z4) — 2.
From similar calculations, we obtain
(Zuesn 0 5P S (20)) (Soes, x) 50 Suf (20)
2 weBo i (X) €XP Smpn f(Tw) .

exp(—5) <

Therefore X is BSM(f).

We note that the full A-shift is BSM(f) for any f €Bow(X).
It is not hard to see that the one-sided balanced property with respect to
f implies that f is a Bowen function as follows. Suppose that a subshift X is
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right balanced with respect to f € C(X,R) and u € B(X). Let x and y be
points in [u]. For each w € B(X), take a point &, € [w]. Since X is right
balanced with respect to f, there exists ¢ > 1 such that for each n € N
1 Zvepﬂ,(u) €xXp Sernf(‘%uv)
T exp Smf(x) ZweBn(X) €xp Snf(:%w) N

and
_1 Zuan(u) exp Sptn f (Zuv)
~ exp S f(y) ZweBn(X) exp Sp f(Zw) ~
where m is the length of u. It follows that
-2 - &XP S f(x)
~ exp S f(y)

G,

<c?

or equivalently,
|Sm f(z) — Smf(y)] < 2loge.

That is, f is a Bowen function. For the case where X is left balanced with
respect to f, we get the same result by similar calculations.

We also note that if f is in Bow(X), then there exists ¢ such that for each
m,n € N and u € B,,(X)

Zvan(u) €xXp Sernf(xuv)
exp Smf(xu) ZwGBn(X) €xXp Snf(xw) N

c

and
ZvEPn(u) exp SmJF”f(xU“)
exp S f () ZwEBn(X) exp S f(Tw) ~

for each choice of z, € [u], Tyy € [WV], Tyy € [vu], and z,, € [w] (see the proof
of Proposition 3.9).

Theorem 3.7. Let X be a subshift and let f € C (X,R). The right balanced
property with respect to f and the left balanced property with respect to f are
not equivalent.

Proof. Let Y = {a,b}” and let S = {s|s=2" for n € N}. Then define a
sequence {as}ses by as = logy s and C = {lwb*~ % | w € B, (V) for s € S}.
Let X be the closure of the collection of all bi-infinite concatenations of elements
in C and let Z be the closure of the collection of all bi-infinite concatenations
of elements in {10°|s € S}. Then X and Z are subshifts and X contains YV
because {as},.g is unbounded. It is well known that the entropy of Z is equal
to log A, where \ is a unique positive solution of ) g 2z~ =1 [9]. Since
Z is BSM(0) [7], there exists d > 0 such that

A" < B (Z)] < dA™
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for n € N [1]. Define a block map ® from B;(X) to {0,1} by

() 1 ifw=1,
w) =
0 ifw#1,

and a block map ¥ from B(X) to B(Z) by
U(wiws - wy) = P(wy)P(ws) -+ - ®(wy,).

For each s € S, |[¥71(10°1)| = [B,, (V)| = 2%. Since {as}scs is unbounded,
we obtam |=1(10")| = |Bn(Y)| = 2" for n € N. For n € N, an element of
W1 (0"1) is a suffix of length n+1 of ul, where u € C. Since {s—as}scs is an
unbounded increasing sequence, u[q, 12 s41) 18 a suffix of v(, , 12 1) Whenever
uv € Cy ul =s+1, |v] =5 +1, ss’ € S, and s < §. Hence we have
|\IJ_1(O"1)| 2" where av = supgeg “=. Since 1 is a synchronizing word for
X, we have

|®71(0"10°110%21 -+ - 10%+10™)| = |®~ ' (0"1 <H\q> (10°1) >y¢> (10™))
< 2m2(n+81+ +si)a
§2m2la’

where [ is the length of 0™10°110%21 - - - 10%*.
Let B, (Z,k)={w=w;y - w, € B, (Z) |wp=1 and w; #1 for ¢ > k}. Then,
forneN

(1B (Z, k)|2"*2ke)

[M]=

1B, (X)] <

ol
Il
<

d)\k:ankaa

NIE

b
I

0

log A
de@ 2n7k2ko¢

[
M=

k=0
n log A
= 42" (12§2+a l)k
k=0
i 1 A
E 12?, 5 ta— 1
k=0

Since ) ¢ (\f) (e+1) <land a= %, we have A\ < v/2 and 113@3 +a-1<0.
It follows that there exists d’ > 1 such that, for n € N, |B,(X)| < d'2™. Since
{as},cg is unbounded, we have B,,(Y) C F,(u) for any v € B(X) and n € N.
Therefore we obtain

[Fn(u)] o [Ba(Y)] _ 1

B.(X) = d2v &
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i.e., X is right balanced with respect to f = 0.

Suppose that X is left balanced with respect to f = 0. Thereexists 0 < ¢ <1
such that, for v € B(X) and n € N, the number |P,(u)| of words v of length
n followed by w is greater than or equal to ¢|B,(X)|. The set B, (X) of all
words of length n in X is disjoint union (J;;_, Bn(X, k), where B, (X, k) is the
set of all elements of B,(X) such that the k-th coordinate is 1 and the j-th
coordinate is not 1 for all j > k. Since 1 is synchronizing, we have

B (X, k)| = |Pr—1(1)] [ Fr—r(1)]
> $|Pk_1(l)| |Bn—k(X)| (by the right balanced property of X)
> §|Bk_1(X)\ Bn_i(X)| (by the left balanced property of X)
> 52"71 (since X contains Y and h(Y') = log 2).

Let ¢ = 55. Then

Bo(X)| =) IBu(X, k)| > > 2" =/ (n+1)2".
k=0 k=0

This is a contradiction because |B,,(X)| < d'2™ for n € N. Therefore X is not
left balanced with respect to f = 0. O

There exists a nonzero function f such that the right balanced property and
the left balanced property are not equivalent.

Example 3.8. Let X and Y be the subshifts in the above proof. Define a
real-valued continuous function f on X by

f@) = Y bia),

1€NU{0}

where 5Z(x) _ {01 if XT; = 17

57 otherwise.

For u € B(X), let m = |u|. We have

F(o @) £ )] < g

whenever z,y € [u] and i =0,1,...,m— 1. Thus |S,, f(z) — Si f(y)| < 2, that
is, f is in Bow(X). It follows that for any n € N, we have

EUGF?L(U) exp Sm+nf(xuv) EvEFn(u) exp Snf(o'mxuv)
exp Sm f(2u) ZveBn(X) exp Sn f (o) ZveBn(X) exp Sy f(2v)

Since {as},.g is unbounded, F},(u) contains B, (Y). Thus we get

> exp(—2)

exp(—2) X er, (u) EXP Inf (0" Tuv) _ exp(=2) 3o, cp, (v) €XP Snf (0™ Tuo)
ZveBW(X) exp Sy f(2v) B ZUEBW(X) exp S f ()
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If v € B(X)\ Bn(Y) and w € B,,(Y), then the following holds:

sup {exp S, f(x) | € [v]} < sup{exp S, f(z) | € [w]}

because there exists y € Y C X such that yoy; - - yn—1 = w. Since X is right
balanced with respect to f =0, h(X) =log2, and |B,, (Y)| = 2" for all n € N,
there exists d > 1 such that |B,,(X)| < d|B,(Y)]| for all n € N [1]. Hence

ZUEBn (Y) €xXp Snf(o-mxuv)

-2
exp(—2) > veB, (x) P S f ()
= exp(—2) ZUEBTL(Y) exp Sy f (0" Tuw)
ZveBn(Y) exp Sp f(2y) + ZUGBn(X)\Bn(Y) exp S f ()

S e, v (SUD {exp S f(2) | € [u]} exp(~2)
43 e, v SUD {oxp S, f(2) @ € (1]}

v

exp(—2)

_ exp(—4)
= T
Since f is in Bow(X), we already know that there exists ¢ such that

Zvan(u) exp Sminf(Tuv)
exp S f () ZyeBn(X) exp Sy f(zy) ~

Therefore X is right balanced with respect to f.

Now, we show that X is not left balanced with respect to f. Let n be a
positive integer and let u = b'+2"1. Then every (2"+' — 2" — 1)-predecessor
of u is of the form vb?"" ~2"=1=(m+1) where v € Bpy1(Y). Since |Bpi1 (V)| =
27+1 the number of (271 — 2" — 1)-predecessors of u is equal to 2"+1. Let
i =27t — 27" — 1. For each o € B(X), take a point 2, € [o] such that
Sjo f(Z0) = supP,e(o] Sjo| f(2). Then we have

2 ve Py (u) ©XP Sju+i f (Eou)
exp Sju| f (Zu) ZweBi(X) exp S f(Zuw)
exp(2) Zuesn+1(y) exp Si f(Zypi-(nt1)y)
ZweBi(Y) exp Si f (%)
< exp(2) Zvezsnﬂ(y) exp Si f(Zypi-m+n)
- 2 wepi(v) €xXP Sif (Zw)

For w € B;(Y), there exists x € Y C X such that zozy - 2,1 = w, so
Sif (&) = 2i. It follows that

€x SZ -fjv i—(n+41 n .
exp(z) Z2Lenn ) TP Guvoy) _ ) [Bor (V)| exp(2)
2wt exp 5 (@) B:(V) exp(2)

_exp(2)
T 9i—(n+1)”
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exp(2)
As n goes to oo, ST 3T D)

balanced with respect to f.

converges to 0. Therefore X is not left

However if a subshift X has the almost specification property, then the
left balanced property with respect to f and the right balanced property with
respect to f are equivalent. Moreover, if a subshift X is almost specified, then
it is balanced with respect to every function f € Bow(X).

Proposition 3.9. Let X be an almost specified subshift and let f € C(X,R).
Then the following are equivalent:

1) X has the balanced property with respect to f.
2) X has the one-sided balanced with respect to f.
3) f is a Bowen function.

Proof. We already know that 1) implies 2) and 2) implies 3).

Now, let’s show that 3) implies 1). Suppose that f is a Bowen function
on X. Thus there exists M such that for u € B(X), exp(S,f(y) — M) <
exp Spf(z) < exp(Snf(y) + M) whenever z,y € [u] and n = |u|. Since X is
almost specified, there exists N such that whenever u, v € B(X), there exists
w such that |w| < N and uwv € B(X). Let m,n € N and let u € B,,,(X). For
each v € Fy,(u), (Tu)j0,m) = (Twv)jo,m) = © and (24)[0,n) = 0™ (Tuv)jo,n) = -
Hence we obtain

exp Smf(zu) D expSyf(zu)

wEBn(X)
> exp Smf(xu) Z exp (Snf(zv) - M)
Uan(u)
> Z exp (Smanf(Tuw) — 3M).
vEF, (u)

It follows that

Evan(u) €xXp Sm-l—nf(xuv)
€xXp Smf(xu) ZweBn(X) exp Snf(xw)

< exp (3M).

Since X is almost specified, for each w € B(X) there exists k¥ < N such that
Fiy|+1(u) contains a word which ends with w. It follows that

exp Smf(xu) > expSpf(zw)

weBy, (X)

N
< Z exp (kaHOO) Z exp (Sm+n+kf (xuv) +2M) )

=0 vEF, 41 (u)
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where || f|loc = sup,cx f(x). If v € Fj,(u), then the number of words in F, 1 (u)
which start with v is at most |Bi(X)|. Thus we have

N
Z exp (k|| f|l) Z exp (Smnihf (Tuw) +2M)
k=0 VE Fp i (1)
N
< > el flloo)BX)| Y exp(Sminf (@uw) + 3M + k| f]l0)
k=0 vEF, (u)

N
(Zexp(2k||foo+3M)|Bk(X)> > exp S f ().

k=0 vEF, (u)

Consequently, we get

N -1
(Z [1Br (X)) exp (2k || f| ., +3M)]>

k=0
< Zvan(u) exp Sm+nf<xuv)
T exp Smf(xu) ZU}EBT,,(X) exp Snf(xw) .

Therefore X is right balanced with respect to f. Similarly, X is left balanced
with respect to f. O

Example 3.10. Let X = {0, 1}Z. Then it is balanced with respect to f defined
in Example 3.6 because X is almost specified and f is a Bowen function.
Define g on X by

0 if z; =0 for all 7 > 0,
otherwise,

where j = min {i|x; =1, ¢ > 0}. For each k € N, choose z(k) € X such that
x(k); =0 for i < k and x(k); = 1 for ¢ > k. Let y be the point in X Such that
y; = 0 for all i € Z. Then z(k),y € [0*] and |Skg(z(k))—Skg(y)| = Zl 0 l+2
Since Y7, H-% diverges to oo, given ¢ is not a Bowen function on X. By
Proposition 3.9, X is not one-sided balanced with respect to g. That is, it is
neither left nor right balanced with respect to g.

It is known that a subshift X has a Gibbs measure for f =0 € C(X,R) if
and only if it has the right balanced property with respect to f = 0 (Theorem
3.14in [1]). However, we can not guarantee that the constructed Gibbs measure
in the proof of the theorem is invariant (Theorem 3.7 and Theorem 3.14). So
we investigate a necessary and sufficient condition for the existence of invariant
Gibbs measures. To obtain a necessary and sufficient condition for the existence
of invariant Gibbs measures, we need the following lemmas. The lemmas are
extension of results in [1].
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Lemma 3.11. Let X be a subshift and f € C(X,R). Then X is BSM(f) if
and only if there exist ¢ > 1 and P € R such that for each n € N

< expnP <ec
B ZueB“(x) exp Sy f(zu) ~

for each choice of z,, € [u].

C—l

If such P exists, then P must be equal to the topological pressure P(f) of
f.

Proof. First we show if part. Observe that
exp (m+n)P
(ZueBm(X) exp Smf@u)) (ZUEB"(X) eXp Snf(xv)>

Since ¢ texp (m +n)P < D weBo s (X) OXP Smn f(2w) < cexp (m +n)P, we
get

2 < < .

c ZweBm+H(X) €xp Sernf(-Tw)
(ZueBm(X) exp Smf(xu)) (ZyeBn(X) €xp Snf(xv)>

2 <

and
! ZweBer,L(X) €Xp S7n+nf(1'w)

(Zuezsm(x) €Xp Smf(xu)) (Zvesn(x) €xp Snf(xv)>

Then we have

§c2.

ZwEBm_H,,(X) exp Sm+nf(1'w)
(ZuEBm(X) €xXp Smf(xu)> (Zvezsn(x) exp Snf(xv))

Therefore X is BSM(f).
Let m and n be two positive integers. Then take &,, € [u] for each u € B(X).
Then there exists d > 1 such that

(Zuegn(x) exp Snf@u)) (Zvegm(x) exp Smf(j:v)>

< 3.

¢ 3 <

2) d'< 2 <d
Z111€Bm+n(X) exp Smtn f(Zw)
and
Do exp S f(yu) ) (D, exp Sy f ()
3) dl< ( €B,,(X) ) ( €B, (X) ) .

D weBsn(X) P Omin [ (Zw)
By (2) and (3), we have

(4) d_2 < ZUGBH(X) eXp S’I’Lf(xu) < d2_
B ZueBn(X) exp Sy f(yu) ~
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Let pn = 3" e, (x) €XP (supxe[u] Snf(xu)> for each n € N and let P be the
topological pressure of f. Since ppin < Pmpn for myn € N, P is equal to
inf,en £ logp,. By (4)

1 1
P< =1 <= 2 E
=7 0 Pn = n log | d €xp Snf(xu)
uEBn(X)

It follows that
expnP < d? Z exp Sy f(xy).
weB, (X)

exp nP
weBp (X) SXP Snf(zu) ’

X is BSM(f), we have p],,, > p;,p;,. Thus

consider p!, = d~'p,. Since

To obtain a lower bound of >

1 1
P = lim —logp!, =sup — logpl,.
neN 1

n—oo N

It follows that

1 1

Z1 -1 < = < P.

log | d > expSuf(aa) | < - logpl, < P
uEB,(X)

Therefore we obtain

d=* Z exp Sp f () < expnP.
uEB (X) O

Lemma 3.12. Let X be a subshift and f € C(X,R). If u is a Gibbs measure
for f, then X is BSM(f).

Proof. Since p is a Gibbs measure for f, there exists ¢ > 1 such that whenever
n € Nand u € B,(X), we have

1 M) expnP
exp Snf(xu)
It is equivalent to
¢ exp Suf (@) < p([u]) expnP < cexp Suf (@),
By summing over all u € B,,(X), we obtain
¢! Z exp Spf(xy) <expnP <c¢ Z exp Sp f ().
u€B, (X) uw€Bn (X)

By Lemma 3.11, X is BSM(f). O

Lemma 3.13. Let X be a subshift and f € C(X,R). If X is one-sided balanced
with respect to f, then X is BSM(f).
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Proof. Suppose X is right balanced with respect to f. Then there exists ¢ > 0
such that for each m,n € N and u € B,,(X)

1 > veF (u) €XP Smin [ (Tuv)
o €xXp S’mf(xu) ZwGBn(X) €exXp Snf(xw) B

for each choice of x,, € [u], Ty, € [uv], and z,, € [w]. Hence we have

C_l Z exp Sm.f(xu) Z exp Snf(xv)

wEBm (X) vEBL(X)

S Z Z exp Sm+nf(xuv)

WEBm (X) | vEF, (u)

<ec Z exp Sy f(T4) Z exp Sp.f(zy) |-
wEBm (X) vEBL(X)
It follows that
-1 (Zuesm(x) exp Smf(xu)) <Zvegn(x) exp Snf@v))
- 2 oueB, (X) [Zvem(u) exp Sm+nf(xuv):|

Since every word w € B,4n(X) has a unique decomposition uv such that
w=ww, u € Byp(X), and v € B,,(X), we have

<ec.

Z Z exp Sm+nf(1'u1)) = Z exp Sm+nf(x’u1)~

w€B(X) |vEF, (u) WEByin (X)

Hence we get

1o (EueBm(X) exp Smf(afu)) (EUEB"(X) exp Snf@v))

c = <ec
Zw687n+n (X) eXp Sm+nf(xw)

For the case where X is left balanced with respect to f, we obtain the same
result by similar calculations. (I

Theorem 3.14. A subshift X has an invariant Gibbs measure p for f €
C(X,R) if and only if it is balanced with respect to f.

Proof. First we show the only if part. Let ¢ be the constant in Definition 3.1
and let u be an m-word of X. Then, for n € N

c Zvepn(u) exp Sy f (Tuv)
exp (m +n)P

expmP
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and

¢! Z'uGFn(u) €xXp Sm+7lf<x7w) < Z u ([U’U]) — ([u]) < cexp Smf(l‘u)

exp (m+n)P veF ) expmpP

It follows from the fact that the exponential function is positive that

—9 < ZvEFT,,(u) eXp Sernf(xuU)

exp Sy, f (z,,) expnP

and

Zuan(u) exp Sm-nf (Tuv) 9

exp S f (z4,) expnP '
By Lemma 3.11, and Lemma 3.12, there exists d > 1 such that
2 < Zuan(u) exp Smin f(Tuv) Zvan(u) exp Smn f(Tuv)
exp Sy f(zu) expnP 7 d7exp Si f(2u) X yen, (x) €XP Suf (Tw)
and
ZvGFn(u) exp Smtn f (Tuv) Zvan(u) exp Sm+nf($uu) 9
dexp S, f(xy) ZwEBn(X) exp Sy f(xyw) = expSpmf(ay)expnP

Thus X is right balanced with respect to f. Since p is invariant, we have

> wlfod]) = w([u])

vE P, (u)

for myn € N and u € B,,,(X). By similar calculations, we can show that X is
left balanced with respect to f. Therefore X is balanced with respect to f.

Conversely, suppose that X is balanced with respect to f. Then it is BSM(f)
by Lemma 3.13. Let ¢ be a constant satisfying Definition 3.4, Definition 3.5,
and Lemma 3.11. For each n € N and u € B,(X), fix a point &, € [u] and
define a measure

Vp =

1
_ exp Sy f(Z4)0s,
ZuEBn(X) exp Spf (Fu) ue;l(X)

where §;, is the point measure concentrated at the point Z,,.
Let m € Nandlet u € B,,(X). fn >m,0<k <n—m,and l =n—m—k,
then we note that

AR DA

vuweBy (X)
lv|=k

N Z’UGPk(U) ZwGFz (vu) &P Snf(‘%vuw)
Ztegn(x) exp S f(2+)

We claim that

S f (24 - ol
(5) csw < v (07" ([u])) S05m
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for each choice of x,, € [u]. Since X is right balanced with respect to f, we
have

(6) Yo > exp Suf(Fvuw)

vE Py (u) weEF; (vu)

S Z cexp Sm+kf(xvu) Z exp Slf(i.s)

vE Py (u) s€B(X)

Since X is left balanced with respect to f, we have

(7) > | coxpSmanf(@on) D expSif(ds)

vE Py (u) sEB(X)

<& lexpSufled) Y, expSif(@,) || Y ewSif(d)

PEB(X) sEBI(X)
By Lemma 3.11 and Lemma 3.13, we have

(8) Z exp Sy f(2¢)

teB,(X)

c_1< Z exp Smf(xo)) ( Z exp Snmf(fcp))

0EBm (X) PEBy—m (X)

62< Z eXpSmf(.rO))( Z expSkf(i‘p))( Z expSlf(fcs)>

0€B,(X) pEBL(X) seB(X)

Y

Y

Y

PEBK(X) s€Bi(X)

3 exme( Z exp Skf(ﬁcp)> ( Z exp Slf(fcs)).
By (6), (7), and (8), we have

c? (GXP S f () ZpEBk-(X) exp Skf(ip)) (ZSEBZ(X) exp Slf(i’s))
c—3expmP (Zpelsk(x) exp Skf(i'p)> (ZSEBZ (x) €XP Slf(ics))

expmP

vn (07" ([ul)) <

By similar calculations, we have
_5exp Sy f(1y) —k
— < .
¢ expmP - " (o™ ([D)
Thus the claim holds. )
n—

Now define new measures pi, = =3 " "1, 007" for n € N. Then there
exists a subsequence {,,; } of the sequence {1, } which converges to an invariant
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measure. Let g be the limit of {y,,}. By (5), for each u € B,,,(X) and n > m,

1= _5€xp S f(zy,) " s
- S EmJ \Pu) - i
DN R OEE WAC ()
L' sexpSmf(ra) |1 =
< — — .
< Z P tn 2 1

i=n—m-1
Since lim; o0 pin; ([u]) = p([u]), we obtain

3P Smf (@) (( —m+1)c” eXpSmf(wu)>

expmP j—00 n; expmP
< lim g (fu]) = p([u))
j—o0
< lim ((nj —m+ 1) exp Sp f(z4,) Lme 1)
j—o0 n expmP n;
— 5 exp Sy f ()

expmP O
If f =0, then we have the following.

Corollary 3.15. A subshift X is balanced with respect to f = 0 if and only if
it has a measure of maximal entropy with the Gibbs property.

By Theorem 3.7 and Theorem 3.14 together with the existence of a Gibbs
measure (Theorem 3.14 in [1]), the following holds.

Corollary 3.16. There exist a subshift X and f € C(X,R) such that none of
the Gibbs measures for f is invariant.
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