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SCHATTEN CLASSES OF COMPOSITION OPERATORS ON
DIRICHLET TYPE SPACES WITH SUPERHARMONIC
WEIGHTS

ZUOLING LIu

ABSTRACT. In this paper, we completely characterize the Schatten classes
of composition operators on the Dirichlet type spaces with superharmonic
weights. Our investigation is basced on building a bridge between the
Schatten classes of composition operators on the weighted Dirichlet type
spaces and Toeplitz operators on weighted Bergman spaces.

1. Introduction

For an analytic self-map ¢ of the unit disk D in the complex plane C, the
composition operator C,, on H (D), the space of analytic functions in D, is given
by

Co(f)(2) = f(#(2)), f € H(D), z€D.

A weight function w : D — (0,+400) is defined as integrable over D and
bounded below by a positive constant on every compact subset of ). The
weighted Bergman space A2 is defined as the set of functions f € H(D) with
weight w, such that

£z = ([ 15@Pe1a46)) " < o

where dA(z) represents the area measure on D with A(D) = 1. If w(z) =
(a+1)(1—]z*), a > —1, the space is a standard Bergman space, denoted by
A2. Note that the weighted Bergman space A2 is a reproducing kernel Hilbert
space. This means that, by the Riesz representation theorem, there exists a
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876 Z. LIU

function K¢ € A2 for every ¢ € D such that f(¢) = (f, K¢) a2, where

UﬂthAf@ﬁ@%@ﬁﬂO

is an inner product in L?*(D,wdA). Moreover, K is named the reproducing
kernel of A2 at ¢ € D and K¢(§) = K(£,¢) = K((,€) = Ke(Q); see [22] for
more results about the Bergman spaces.
Let 1 be a positive Borel measure on D, and let v be a positive Borel measure
on the boundary of the unit disk, denoted by T. Set
— 4,

W(2) :/Dlog‘lzicg‘du [ RO = U+ P,

Weighted Dirichlet spaces associated with the weight W have been studied
n [1,10]. Note that U,(z) is a superharmonic function in D and P,(z) is a
harmonic function in D. In [5], the authors considered the Dirichlet-type space
D,,, which consists of functions f € H(D) satisfying

(11) Aﬁ@ﬁ%@ﬂ®<w

where it is assumed that

[ 1ePnte) < oc.

D

We know by [5, Lemma 5.11] that (1.1) is equivalent to
(12) 113, = [ 174 < o

where
Z—w

W@=AU%%MW@W%%M=

In recent years, many authors pay more attention to Dirichlet type spaces. See
[3,4,6,7,10]. Pau and Pérez [19] studied the Schatten classes of composition
operators on the standard weighted Dirichlet spaces. Sarason and Silva [21]
investigated the boundedness and compactness of composition operators acting
on Dirichlet spaces with harmonic weight P,. The authors of [12] characterized
the Schatten classes of composition operators on Dirichlet spaces with P,. In
[5], the authors considered the boundedness and compactness of composition
operators on Dirichlet spaces D, with superharmonic weight U,. There are
many results on the Schatten classes of Toeplitz operators acting on different
weighted Bergman spaces; see [2,11,14,15,20].

In this paper, we characterize the Schatten classes of composition operators
on D, with superharmonic weight U,. In order to prove our main results, we
build a bridge between the Schatten classes of Toeplitz operators on weighted
Bergman space Ai with superharmonic weight U,, and the Schatten classes of
composition operators on D,, with superharmonic weight U,,.

1—zw’
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Finally, we use the notation a < b to denote that there is a constant C' > 0
such that a < Cb. We write a = b if both a < b and b < a hold.

2. The Bergman reproducing kernel estimates

In this section, we provide two different approximations for the reproducing
kernel of AZ, and our methods are in principle close to those of [12].

Theorem 1. Assume that p is a positive Borel measure on D and K is the
reproducing kernel of Ai. There exist positive constants C' and C' such that

C (o4
S — KZ 22 e —
T = 1 < T—rpeve

To establish Theorem 1, we shall employ the subsequent lemma.

, 2z €D.

Lemma A ([18, Lemma 2.5]). Let r,t >0 and s > —1 such that r+t—s > 2.
suppose t < s + 2 < r. Then, there exists a constant C > 0 such that

(1 - L) (1 — |2y
dA <C—F—
/|1—<z| o gep MY = e

holds for all z,& € D.

For z € D, set

1
D(p(2)) :={¢ €D, [€ = 2| < p(2)}, (=) = 51 = [2]").
Proof of Theorem 1. It is easy to known that
1—[2? 21— [¢% 1 - 2w = |1 - Cwl*, ¢ € D(p(2)).

Thus V,(¢) = V,(2). By the subharmonicity of |K,|?, there exists a constant
C1 > 0 such that

C
Ko(2)[V(2) € s Ku(Q)PV,.(¢)dA
KMV < g KO0
Ch
< ol
Hence,
O

Ko(2)P < ——— |Kyl/%:.

I (Z)| = (1 7 |z\2)2VM(z) || ||Aﬁ

Setting w = z, we have that |K.(z)|> = ||K.||%: | K-|%2 . Therefore,
#

(1= 2?)?Vu(2)

L =2 € Ai and then

(2.1) 115 <

Conversely, choose a function h,(n) = =
|z (2) 2
17211%2

(22) 1K1 > L zeD,
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since
1K 1% = sup{|f ()% f € AL, [Ifllaz <1}.

By using Fubini’s theorem and Lemma A, we can conclude that there exists a
constant Cy > 0 such that

I3y = [ - PV(mdae)

- /]DJ ﬁ /]D)(l = len(Q)1*)dn(¢)dA(n)

(2.3) 1 (1 —n®) (1 —[¢?)
:/D |1_277|4/D T dp(¢)dA(n)
> (1 — ‘Z|2)2'

By (2.2) and (2.3), we obtain

1 1
2.4 K% >=—— .
( ) H ZHAM = 02 (1 _ |Z‘2)2V#(z)

By (2.1) and (2.4), we get

1 1

Ca (1 [PV, ()

G
2
=l = e T

The proof is completed. O

Theorem 2. Suppose p is a positive Borel measure on D. Then, there exists
an a € (0, %) such that for any z,n € D with |z —n| < a(1 —|z[?), we have

1
(1= 12P)?(1 = [n?)*Vu(2)Viu(n)

Moreover, for 0 <t < 1, there exists a positive constant C = C(t) such that

(2.5) K= () ~

1221 = 7\’
26) K < Ol (CERE I

To show Theorem 2, it is necessary to utilize the following lemmas.

Lemma 2.1. If f belongs to A%, then for z,n € D with 1 € ]D)(p(:)), we have
the inequality

(2.7) F(z) - F)] S f_‘|z|' 1Kz 1L
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Proof. By a simple computation,

/n ) f’(E)d£’

| f(w)
[ 3 e

2=l o)
S Tt {17 wen"Eh}
|

_lz=n o(2)
=TT Sup{|<f(n)’Kw(7])>Ai, w € D(=5 )}

|z —nl
ST E 1114z 1 K wllaz -

[f(z) = f(n)

Note that || K[| a2 ~ | Kyl a2 for w € Dwith n € D(2Z). Thus (2.7) holds. [

Lemma 2.2. For any z,n € D with |z — n| < a(1 — |z]?), where a € (0, 3),
there exists a constant C > 0 such that

K ()] ~ ClIK:Lag 1Ky Lz
Proof. Applying Lemma 2.1 to f = K, we find that

[z =l
|Kz(z) - Kz(n)| 5 1— |Z| ||Kz||,24ﬁ 5 Kz(z)

Thus,
K- (n)] ~ K. (2).
Clearly, [|K:[|az ~ [[Ky|laz for [z —n] < ol — |z]?). Therefore,

(K ()| ~ 1Kz [|az [ Ky |l az - O

Theorem B ([13, Lemma 4.4.1]). Let 7 € C*(D) and A be a Laplace operator.
Assume that At > 0 on D. Then there exists a solution u of the equation
Ou = f such that

e "W dA(w),

wlw 2677'(71]) w |f(w)|2
/D| (w)Peraaw) < [ T

provided the right-hand side is finite.

Theorem C ([8, Lemma 2.2]). Let 1, ¢ € C*(D) and A be a Laplace operator.
Assume that A¢ >0 on D. If
‘3¢(w)

2

o <rA¢(w), 0 <r <1,
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and for any g we can find a solution v of Qv = g such that
—(z)— lg(2)” _ (2)—¢(z)
lu(z)|2e V=9 dA(z) < c/ Lo~ A(2),
/]D) p Ad(2)
then vg, the solution to v = g of minimal norm in L*(D,e~¥(*)dA), satisfies

2
wo(2)Pet@v@aa < ¢ [ WAL w@-veqa (0.
JACC] @z L (2

where C = ﬁ.

Proof of Theorem 2. By utilizing Lemma 2.2 in conjunction with Theorem 1,
we can conclude that (2.5) holds. Fix o € (0,%) and let z,7 € D. Set
Diap(z) = {€ € D€ — 2| < ap(2)}, p() = 3(1 — [212). D(ap(2)) is an
Euclidean disk with center z and radius ap(z). If D(ap(z)) ND(ap(n)) # 2, it
follows that |z — 7|*> < p(2)p(n), which implies the validity of (2.6). Now, let
us consider the case where D(ap(z)) ND(ap(n)) = &. Suppose x is a smooth
real function in D that satisfies the following conditions:

X

0 < x <1, supp(x) € D(ap(n), Xlp(asem, =1, |0x* < 5.

2

hS)

For ¢ € D(22") we find that V(1) ~ V,,(¢). Then

A= WNLECIGAGIES

1
2(n)
1

)

A\

X(E K= ()K= (§)Vu(§)dA(E)

S~

)

D

(2.8)

P2(77) ||KZ||%2(D7xVudA)'

From the duality,

||KZ||2L2(D,XVHdA) = SI;P [(f, K2 L2 ovia s
where f € H(D) satisfying

[ rtw)xw)V, w)daw) = 1.
Thus,

P(fX)(Z) = <f7 KZ>L2(]D),XV“dA)7
where P is the Bergman projection from L?*(D,V,dA) into Ai. Therefore,
uy = fx — P(fx) is the solution with minimal norm in L*(D,V,dA) of the
equation
(2.9) duy = d(fx) = fox.
Since (fx)(z) =0, it can be readily verified that

lug(2)] = [P(fx)(2)] = [{f, Kz>L2(]DJ,XVHdA)|'
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From (2.8), we get

(2.10) K. ()[2Vi() S 7St 2) .

~ p2(n

Since supp(x) C D(ap(n)) and D(ap(z)) N D(ap(n)) = @, it follows that z ¢
D(ap(n)) and x(z) = 0. From (2.9), we see that duy = 0. Hence, uy is analytic
in D(ap(z)). By the subharmonicity of |us(2)|?, we obtain

(2.11) lug(2)*Vu(2) < 21

p(z)/D(apz(z)) Jup ()P V,u(E)dA(E).

Since
el o et
L—[z2  1-[¢)2

it follows from (2.11) that for 0 < ¢t < 1,

[ur(2)Va(2) (%)t

e S [ o (T e

e (),

~ p(2) I3%
Let (&) = —log(V,,(€)) and ¢(€) = tlog 5=TEL . Then
1
(2.13) jug(2)Pe?H 743 < 202) /D (220 Jup ()29~ dA().

By a simple computation, we get

1 f_ > and A :_872 :#
5‘“@ <1—n5+ RTE 0 = 5a¢C) = Ty

Clearly, A(¢ + ) > A¢ > 0. By Theorem B, there exists a v such that
Ov = fOx with

2= 4~ g A(¢ 00 —s©-v© g4
JAEGIE )< [ gl ©

[0v@©1” _—s6)-virg 4
L A0 ©
Meanwhile, we see that
|75 2 (1—[¢P) ., g7 [
A6(E) ‘t’ e Tt _t‘l—nﬁ =1
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Note that uy is the solution of duy = fdx with minimal norm in L?(D, e~¥dA).
Using Theorem C and (2.9), we obtain

/ g (€) 22 OO d ()
D

1 LSOXOP sie)-vee

ST ) b )
1 215 201 avo |1 — %

by ST | IHOPIOXE R = 16 s Vil €)44(0
. 1 2 X&) 1 ez L — 7¢[*
< T o VO S 0 I (Va4
(1~ Py :

S G L OOV

< (1 — |’7|2)t

~ 1= )2

Combining (2.14) and (2.13), we obtain
S I N ¢ el U
p?(2)Vu(2) 11 = £)?|1 — naz]>*’
which, together with (2.8) and (2.10), gives
1
K.(n)|*V.(n) < sup |ug(2)]?
(K (m)|"Viu(n) 200 f|f()|
1 R
P (2)Vulz) t(1—1)? [1—nzf?
By Theorem 1, there exists a positive constant C' = C(t) such that
1 (1 —In*)" Q-2
MVu(mp?(2)Vu(z) (L —1)? |1 —nzf*

112 = )\

(2.15) up(2)* <

(K- < €

In the last inequality, we use the estimate |1 — 7jz| = |z — | for D(ap(n)) N
D(ap(z)) = @. The proof of Theorem 2 is complete. O
3. Schatten classes of Toeplitz operators on Ai

Let v be a positive Borel measure on D. The space L2 (v) is defined as the
set of all measurable functions f on D for which the following norm is finite:

1122 0y = /le(w)\2w(w)du(w) < 0.
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The Toeplitz operator T, acting on A2 is defined by

7,1() = [ K fotmiv, = €.

For f,g € A2, we have
(TF.T9) 120y = / F(2)g(@w(2)dv (=)
_ / 1) / K (Og0w(O)dAQw(x)du(z)
D D
- / / K (6 2) ()2 dw(2)g(0)w(O)dA(C)
DJD

- /D T, F(Q)g(Ow(C)dA(Q)
= (T, £(0),9(O)) a2

where J is the embedding operator from A2 to L2 (v). Therefore, the operator
T, can be expressed as the product of the adjoint operator J* and J, which is
denoted as T, = J*J.

Let H be a separable Hilbert space. If T' is a compact operator on H, then
there exist orthonormal sets {ex} and {0y} in H, as well as a sequence {sx}
that decreases to 0, such that

Tm:25k<x,ek>HJk, r € H.
k
For 0 < p < oo, we say that an operator T belongs to the Schatten class
Sp(H) if

1
1Tl = (Do k)" < o
k
The Schatten class S,(H) is a Banach space for p > 1. As 0 < p < 1, from
[17, Theorem 2.8], we have

1S+ T,y < WSS, ey + 1T, oy

The Schatten class S; is commonly referred to as the trace class, while S5 is
known as the Hilbert-Schmidt class. Additionally, a compact operator T is said
to belong to S,(H) if and only if its absolute value |T| = (T*T)z also belongs
to Sp(H).

Definition. Suppose T is a compact operator on a complex Hilbert space H,
and let h : Rt — RT be a continuous increasing function with h(0) = 0. We
define the set Sp,(H) to be the set of all compact operators T for which there
is a constant ¢ > 0 such that

> hlesn(T)) < 0.
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Here, Sj,(H) is called an extend Schatten classes and Sj,(H) = S,(H) for
h(z) = 2P, p > 1; see [11].
Suppose p is a positive Borel measure on D and let K denote the reproducing
kernel of AZ. An observation shows that
(3.1) lim || K, || a2 = oo,
z—T [

and for each £ € D

(3.2) K. (&) =o(IK:]laz), z—T.

It is easy to know that for z,£ € D, there are constants Cy,C > 0 such that
(3.3) VKL e Lz < CIE(€)]

for |z —w| < Cipy, (2), where py, (2) = m,z eD.

The Bergman metric, also known as the hyperbolic metric, is defined on D
for z,¢ € D as follows:
1 1+4d(z0)
where d(z,() = |{= z<| is the pseudo-hyperbolic metric on D.

A sequence {2, },,>1 in D is called separated if there exists a § > 0 such that
B(zm, 2m) > 6.1 4

Theorem D ([11, Corollary 6.3]). If h : Rt — R is an increasing convex
function and v is a positive Borel measure on D, then T, € Sh(Ai) if and only
if there exists positive constant ¢ such that

Do) <

where |D(ap(z,))| denotes the Lebesgue area measure of D(ap(zy))-

Theorem 3. Let v be a positive Borel measure on the open unit disk D and
p>0. Then T, € Sp(Ai) if and only if

v(Dop(z))\ _
(3.4) zﬂ:( ID(cap(2n))| > =

To demonstrate the necessity of Theorem 3, we will employ the subsequent
lemma and its proof, which are derived from the conventional arguments in
[14, Lemma 3.7].

Lemma 3.1. Let {e,} be an orthonormal basis of A? and {b,} be a separated
sequence in D. Then operator L defined by

. pN(bn)
L(chen(z)) = chi(l _FZ)Nkbn(z), cn €C, N >0,
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where ky, = HI(Ib(ibﬂﬂ s the normalized reproducing kernels ofA , 15 bounded
on A%
Proof. Note that

o (bn) (L= 102N _ ox

3.5 Sup sup ———— & sup su
(3:5) e L= bV R 1= ba|V

We need only to show that

1
1Y enknllaz < (3 leal?)”
n n

Let f € Ai. Using reproducing formula and Cauchy-Schwartz inequality, we

obtain
| ks Sz

n

< 00.

CnHKb HA2 <Kbn ’ f>
- \}[jcnul¥enuzif(bn>
< (X leal?)” (X 1o, 3217 )

Note that {b,} C D is separate. Applying the subharmonicity of |f|?> and
Theorem 1, we get

Kb, 321 £(n)]* < *dA
IR £ 5 s o, VP4

VA 2 zZ z
§;AwmﬂNWUMU

since V,,(b,) = V,,(2) for z € D(p(br)). Thus,

(S enkin ag| S (X lenl?) 1503

which completes the proof. O

Lemma 3.2 ([22, Lemma 4.9]). Let R > 0. Suppose {z,} is a regular r-lattice
in the hyperbolic metric. Then there exists a finite decomposition of {z,} into
sequences {zg1, 2k2, - - }, 1 < k < N, such that for all k and all i # j, we have

B(2ki, 2k5) > R.

Proof of Theorem 3. By Theorem D, it is enough to focus on the scenario where
0 < p < 1. We adopt the method in [14] to deal with the weighted Bergman
spaces. By interpolation, we can establish the outcome for % < p < 1. Thus,
our task is to demonstrate the result for 0 < p < %
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Note that T, = J*.J, where J is embedding operator from A? to L2 (v),
which gives that ||T,,ng = HJ||§ZP Let {D(ap(a;))} be a covering of D satisfy-
ing all the conditions in [11, Proposition 3.1, where « is given in Lemma 2.2.
For a partition {o;} of unity subordinate to {D(ap(a;))} and f € A%, we have

f=Y o;f
J
Define an operator from A2 to L2 (D(ap(a;))) by
ij = O'jf
and

lig=yg
from L2(D(ap(a;))) to L2(D). Thus

J =Y "IJ;
J
Since 0 < 2p < 1, we obtain

2 2 2
171, < X ILJ1E, < > I7511,
J J

We first estimate ||J]||if; . Set
P
A’(D,a;) = {f € A%(D), f(aj) =0, a; € D}.
Denote by L,; the one-dimensional subspace which are spanned by function

ko;(2) = K209 Then we have the decomposition

vV K(aj,a;)
A2(D) = A2(D, a;) P La,-

Let
1
T = Jjlaz 0.ay) * AL(D, a;) — L2 (D(ap(ay))),

2
TP = Jjle,, t Lo, = L2(D(ap(ay))).
It is obvious that J; = J;l) + JJ@). For 0 < 2p < 1, we have
2 1)2 2) 12
(3.6) 1311, < 17370, + 17211, -
The fact that J ;2) is a rank one operator implies

2 2
17 s, = 17315,

(Z |<J;2>em(z>,em<z>>Lg<D<ap<am>|2>

emzzvﬂzdyz 2
(/D(ap(aj))z (2)2V,(2) <>>

m

=

IA
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(3.7 = (/D(ap(aj)) K(z,z)Vu(z)dl/(z)>

Next, we estimate ||J;1)||§p . Set
2p

1
2

S, : A2(D,a;) = A2(D), (8;f)(z) = L&)

z—aj

and

Tj : Ly(D(ap(ay))) = L (D(ap(as))), (T;)(2) = f(2)(z - a;).

)

It is easy to show that the operator JJ(1 has a decomposition J;l) =T1;J;85;

and
(3-8) IIJJO)HSQP < N5 18511 5] 5, -

Now we estimate the norms of S; and Tj.
Since S; maps A% (D, a;) into A%(DD), we have

155 fll% = / 1S;£(2)|*Viu(2)dA(2)
D(ap(ay))
(39) +f 18,0 (2)2Vi(2)dA(2).
D\D(exp(a;))
Using the reproducing formula,

Sif(z) = (Sjf(w), K- (w))az = /Dij(w)Kz(W)Vu(w)dA(W)-

This implies that
/ 19,£(2)[2V,u(2)dA(2)
D(ap(a;))

</ M1 (A C)
ap(a;

(3.10) 18,1 [PV MAG),
D(ap(aj))
For z € D(ap(a;)), we know p(z) =~ p(a;). By Theorem 1, we deduce
1
I35 Vi (:)dA(2) < © L)
/D(amaj)) n Dap(a;)) P*(2)

< / dA(2)
p (aj) D(ap(ay))

(3.11) < Ca?,
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where C' is independent of a;. Choose a € (0, é) small enough such that

Ca? < 1in (3.11). Combining (3.9), (3.10) and (3.11) we conclude that

I1S; fl%2 < C 1S5 (2)*Viu(2)dA(z)
D\D(exp(a;))
2
-C 1E) 1y ydace)
D\D(ap(a;)) 1% — 4j
C
12 —— I f1%e -
(3 ) = pg(aj) ||f||Al%
Therefore, there exists a constant C' (independent of a;),
C
(3.13) 1551 < ——-
pla;)
It is obvious that
(3.14) 151 < ap(ay).
Thus, there exist a constant 0 < ¢ < 1 such that
(3.15) 15111551 < e,
where ¢ = Ca. By (3.6), (3.7) and (3.8) we get
P
1 2
R I ( / " ||Kz||AgVﬂ<z>du<z>> .

Using Theorem 1, we conclude
HJ H ( ( (ap(aj))))
S2p = ID(vp(ay))]
Therefore,

05,0 Q; )) P
I = 1712 =S )2 ( ) < .
Sp Sap T Z S2p Z |]D) Oép aj |

The proof of the necessrcy of Theorem 3 follows closely those of Theorem 1
n [12]. Suppose T, € Sp(Ai). Lemma 3.2 tells us that it only needs to find an

R > 0 such that .
D n p
5 (MRt
— \ [D(ap(bn))]
holds for {b,,} satisfying 8(by, by,) > R (n # m), where « is appeared in Lemma
2.2.
Let

/\:ZVXny

where x,, denotes the characteristic functlon of D(ap(by,)). Obviously,

0<TY <T7, I Txlls, < [ Tuls,-
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Let {e,} be an orthonormal basis of Ai and L be the operator on A2 defined

by

pN(bn)
Len(2) = fu(z) = (1—bn2)V

By Lemma 3.1, L is bounded on A2. Since T\ € S,(A%), the operator T' =

L*T\L € S,(A%) with ||T|s, < ||L||2||Ta||sp(Ag)~ We decompose the operator

T into the sum of D and F, i.e., T = D + F, where

Df:Z<T€nven>Ai<f7€n>A36n7 Ff= Z <T6k7€n>A3<faek>Aaen7

n,k;n#k

~ Kb, (), z€D.

on AZ. Using triangle inequality, we get
(3.17) I8, a2y > 1PN, (azy — I, )

Since D is the diagonal operator and A = v on D(ap(b,)), applying Theorem
1 and Lemma 2.2, we get

DI, (42 = D _(Ten en)lia = Z<L*TALen, en)lhe = mem Falla:
/ [ DPVu(2)aN:)”
2
/ p*N (b) ks, (2)] Vﬂ<z>dA(Z)>p
D(arp(bn)) 1= bz

2
/ |Kbn(z)‘ Z“(Z)dz/(z))p
]D)(ap(bn)) n Ai

I V()

VP«(Z)
D(ap(bn)) (1= 1212)2Vu(2)

1 P
7(1” z .
/]D)(ap(bn)) (1= [bn[?)? ( )>

(3.18) IDIG, a2y = OZ (m>p.

Now, we estimate the upper bound of || F'||% (42)- From [22, Proposition 1.29],
p {4y

du(z))p

3
N /N /N /N N /N

Thus, there is a C' > 0 such that

we know that

VFI s,

< ;Z|<F€naek>Ai|p: > KTt fi)azl?

n,kin#k
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= > Fa(2) fe(2)Viu(2)dA(2)
n,kin#k D
- . PN (bn)p™ (br) Aol b
: n/g;#k; </D<ap(bn>> o (Nl )lll—sz\N\l—EleV“( i )>
= Qn,k(V)~

Note that 8(b,,bx) > R for n # k. Since max{3(z,b,),B(z,bx)} > & for
z € D(ap(by,)), we are able to suppose 5(z,b,) > g. By [12, p.482], the

function sinh(z) = % satisfies
: ¢—nl?
(3.19) sinh?(B(C,) = o I (e D,

(1= [¢2) (X = [nl*)
Combing (3.19) and (2.6), for 0 < v < %, there is a constant C., > 0 such that
|5, (2)]2 1
ko, (2)] = ==k, (2)|
155, 15
1 1
O 1K, 3 N1
= || K, |7 sinh? (B(bn, 2))
Oy 1K |2

. x
sinh? (&)

o1 g

Nl

kb, ()]

1 i 1
[k, (2)[2 = | B Az Ko, (2)]2

IN

p(b,»p(z))%
1 a2/
C’Y

sinh ¥ (%)

where 1, = . By Theorem 2,

Ky, (2)]? L (K, KL)|2
e ()] = 0l oyt = [, Ko

1 n 1
2 2
155,15 15,15

1 1
< k(NI

[k, (2)]2

S HKZHAg (M> 3

~ 1= b2

For z € D(ap(b;)), it follows that

N

p(br)p(bn)p*(2) %
o ()l (9] 5 (20 P

p(br)p(bn)p*(b;)  \3

~ 7<|1 — bpbj|?|1 — bibj|?
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Therefore,

ol
2

. p(br)p(bn) p* (b5)
Qn.x(v nkn#k(72<1_bb|2|1—bk52)

pN (0n)p" (br)  v(D(ap(b; ))))
11— bpby [N |1 — by [N [D(ep(by))]
For all N with p(N 4 3) > 1, we have

||F||1§p(,43) < Qnk(v)
p(bx)p(bn)p* (b))
: n7k§#k (TWZ(Il—EbjPHf(ka,‘z)
PN (ba)pN () v(D(ap(b; ))))
by N1 = by ¥ [Dap(hy))

11—
Sy Xj:(p(bﬂ)) ( |D(ap(bj))\ )

Z pp(NJr%)(bn)pp(NJr%)(bk)

11— Eb»|P(N+7)|1 — abA\p(NJw)

ol
2

n,kin£k
p(N+7) n 2
S <|m&p£§3§”> ST )
)\ P
ST ( |]D ap )] ) ’

The last inequality can be found in [15, Lemma 4]. Since 7, < we get

I < %
1 v(D(ap(b;)))
3.20 S = PPN
320 171, % 75 2 (Biapti )
Setting R large enough and combining (3.17), (3.18) and (3.20), we have
00 > HTHS (Az) = HDHp (A2) ||FHS (A2

CZ( |]D) ap(b )p_é ‘ (M)p
- 2 &»épé?)?f) '
Thus

v(D(ep(b;)))
Z (W) = ”THS (A2) < 00.

The proof of Theorem 3 is completed.
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4. Schatten class composition operators on D,,

The Nevanlinna counting function associated with a positive Borel measure
w1 on the unit disk D and an analytic self-map ¢ of D is defined as follows:

7;4 Z V w), z € D.

z=p(w)
The measure y, on I is defined as follows:

(4.1) /N’“ dA(2),

where B is a Borel set in . In [16] the authors investigated composition
operators on standard Bergman spaces A% which belong to the Schatten class.
Constantin [9] described the membership of composition operators belonging
to the Schatten class on weighted Bergman spaces with Bekolle weights. Pau
and Pérez [19] studied the Schatten class of composition operators on standard
weighted Dirichlet type spaces. The main result presented in this section is the
following theorem. The proof provided here is based on previous work by [19]
and [12].

Theorem 4. Assume that p is a positive Borel measure on I and p > 0.
Suppose ¢ is an analytic self-map of D. Then C, € Sp(D,) if and only if

poDlap))\E _
;( D{ap(z0))] )" <

To prove Theorem 4, we require the following lemma.

Lemma 4.1. Suppose i is a positive Borel measure on D, and ¢ is an analytic
self-map of D. Assume that h : Rt — RT is an increasing function and
h(0) = 0. Then C, € Sp(Dy,) if and only if Ty, € Sho /(A7)

Proof. Define a linear mapping I, : D, — A2 by I,,.f = f'. Tt is easy to see
that I, is bounded. By [12, Lemma 2.1], we know that C,, € S,(D,,) if and
only if W, := I,C, I € Sp(A3) since Sy(D,) is a two-sided idea. For h € D,
and g € A2, we find that

wr

(Iuh(w), g(w)) a2 = /Dh'(W)mVM(W)dA(M) = (h(w), I,9(w))p,
and w
o) = [ a(€)ae.
For f € Afw we get that
W f(w) = I,Co I f(w) = ¢ (w) f(p(w))
and

WoWef(z) = (Wof, W K;) = /Df(‘P(n))KZ(@(W))|90/(77)|2V;t(77)d"4(77)'
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Using (4.1), by a change of variables, we have

Wowso) = [ LRGN0 - 1, 110

which means that the singular values of 7}, are the squares of those of W,,.
Thus, C,, belongs to Sy(D,,) if and only if T}, € Sho (AZ). O

Proof of Theorem 4. Let h(x) = P. By Lemma 4.1, C, € S,(D,) if and only
if T,,, € Sp(A}). Theorem 3 shows that T),, € Sz (A7) if and only if

po(Dlap(z)\E _
> ( D(ap(zn)] )" <

Thus, we have established the theorem. O

n

For the Hilbert-Schmidt class, we have

Theorem 5. Assume that ¢ be an analytic self-map of D and p be a positive
Borel measure on D. Then Cy, € S2(D,,) if and only if

Viu(©) A2

[ (OI7dA(¢) < oo
/lD) (1= [e()?)*Viule(C))

Proof. Assume that {e,} forms an orthonormal basis for A%. By Lemma 4.1,

we know that C, belongs to Sa(D,,) if and only if T}, , is in S1(A}). By Theorem

1

)

oo

> Tyemenlay = JCCACEEE

n=0

- / (D_ len(2)?) Viu(2)dug (2)

n=0
dpy(2)
= KZQVzduz%/#.
LI Vi) ~ [ 240
Note that T, € S1(A%) if and only if Zzo:(J(Twen,en)Aﬁ < oo. Hence,

C, € S2(D,,) if and only if [} % < 00. A change of variables shows

dpe(z) Nop,u(2) -
/D A [2P)? / 0 P)evae) 4

[ 2= Vel
= / 0 12P)v, o) 4

B V,(0) .
= / (P GEEACH) R
< Q.

The proof has been completed. (I
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