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SCHATTEN CLASSES OF COMPOSITION OPERATORS ON

DIRICHLET TYPE SPACES WITH SUPERHARMONIC

WEIGHTS

Zuoling Liu

Abstract. In this paper, we completely characterize the Schatten classes
of composition operators on the Dirichlet type spaces with superharmonic

weights. Our investigation is basced on building a bridge between the

Schatten classes of composition operators on the weighted Dirichlet type
spaces and Toeplitz operators on weighted Bergman spaces.

1. Introduction

For an analytic self-map φ of the unit disk D in the complex plane C, the
composition operator Cφ on H(D), the space of analytic functions in D, is given
by

Cφ(f)(z) = f(φ(z)), f ∈ H(D), z ∈ D.

A weight function ω : D → (0,+∞) is defined as integrable over D and
bounded below by a positive constant on every compact subset of D. The
weighted Bergman space A2

ω is defined as the set of functions f ∈ H(D) with
weight ω, such that

∥f∥A2
ω
=
(∫

D
|f(z)|2ω(z)dA(z)

) 1
2

<∞,

where dA(z) represents the area measure on D with A(D) = 1. If ω(z) =
(α+1)(1−|z|2)α, α > −1, the space is a standard Bergman space, denoted by
A2
α. Note that the weighted Bergman space A2

ω is a reproducing kernel Hilbert
space. This means that, by the Riesz representation theorem, there exists a
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function Kζ ∈ A2
ω for every ζ ∈ D such that f(ζ) = ⟨f,Kζ⟩A2

ω
, where

⟨f, h⟩A2
ω
=

∫
D
f(ζ)h(ζ)ω(ζ)dA(ζ)

is an inner product in L2(D, ωdA). Moreover, Kζ is named the reproducing

kernel of A2
ω at ζ ∈ D and Kζ(ξ) = K(ξ, ζ) = K(ζ, ξ) = Kξ(ζ); see [22] for

more results about the Bergman spaces.
Let µ be a positive Borel measure on D, and let υ be a positive Borel measure

on the boundary of the unit disk, denoted by T. Set

W (z) =

∫
D
log
∣∣∣1− ζ̄z

z − ζ

∣∣∣dµ(ζ) + ∫
T

1− |z|2

|ξ − z|2
dυ(ξ) := Uµ(z) + Pυ(z).

Weighted Dirichlet spaces associated with the weight W have been studied
in [1, 10]. Note that Uµ(z) is a superharmonic function in D and Pυ(z) is a
harmonic function in D. In [5], the authors considered the Dirichlet-type space
Dµ, which consists of functions f ∈ H(D) satisfying

(1.1)

∫
D
|f ′(z)|2Uµ(z)dA(z) <∞,

where it is assumed that ∫
D
(1− |z|2)dµ(z) <∞.

We know by [5, Lemma 5.11] that (1.1) is equivalent to

(1.2) ∥f∥2Dµ
=

∫
D
|f ′(z)|2Vµ(z)dA(z) <∞,

where

Vµ(z) =

∫
D
(1− |φz(w)|2)dµ(w), φz(w) =

z − w

1− z̄w
.

In recent years, many authors pay more attention to Dirichlet type spaces. See
[3, 4, 6, 7, 10]. Pau and Pérez [19] studied the Schatten classes of composition
operators on the standard weighted Dirichlet spaces. Sarason and Silva [21]
investigated the boundedness and compactness of composition operators acting
on Dirichlet spaces with harmonic weight Pυ. The authors of [12] characterized
the Schatten classes of composition operators on Dirichlet spaces with Pυ. In
[5], the authors considered the boundedness and compactness of composition
operators on Dirichlet spaces Dµ with superharmonic weight Uµ. There are
many results on the Schatten classes of Toeplitz operators acting on different
weighted Bergman spaces; see [2, 11,14,15,20].

In this paper, we characterize the Schatten classes of composition operators
on Dµ with superharmonic weight Uµ. In order to prove our main results, we
build a bridge between the Schatten classes of Toeplitz operators on weighted
Bergman space A2

µ with superharmonic weight Uµ and the Schatten classes of
composition operators on Dµ with superharmonic weight Uµ.
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Finally, we use the notation a ≲ b to denote that there is a constant C > 0
such that a ≤ Cb. We write a ≈ b if both a ≲ b and b ≲ a hold.

2. The Bergman reproducing kernel estimates

In this section, we provide two different approximations for the reproducing
kernel of A2

µ, and our methods are in principle close to those of [12].

Theorem 1. Assume that µ is a positive Borel measure on D and K is the
reproducing kernel of A2

µ. There exist positive constants C and C ′ such that

C

(1− |z|2)2Vµ(z)
≤ ∥Kz∥2A2

µ
≤ C ′

(1− |z|2)2Vµ(z)
, z ∈ D.

To establish Theorem 1, we shall employ the subsequent lemma.

Lemma A ([18, Lemma 2.5]). Let r, t > 0 and s > −1 such that r+ t− s > 2.
suppose t < s+ 2 < r. Then, there exists a constant C > 0 such that∫

D

(1− |ζ|2)s

|1− ζ̄z|r|1− ζ̄ξ|t
dA(ζ) ≤ C

(1− |z|2)2+s−r

|1− ξ̄z|t

holds for all z, ξ ∈ D.

For z ∈ D, set

D(ρ(z)) := {ξ ∈ D, |ξ − z| ≤ ρ(z)}, ρ(z) = 1

2
(1− |z|2).

Proof of Theorem 1. It is easy to known that

1− |z|2 ≈ 1− |ζ|2, |1− z̄w|2 ≈ |1− ζ̄w|2, ζ ∈ D(ρ(z)).
Thus Vµ(ζ) ≈ Vµ(z). By the subharmonicity of |Kw|2, there exists a constant
C1 > 0 such that

|Kw(z)|2Vµ(z) ≤
C1

(1− |z|2)2

∫
D(ρ(z))

|Kw(ζ)|2Vµ(ζ)dA(ζ)

≤ C1

(1− |z|2)2
∥Kw∥2A2

µ
.

Hence,

|Kw(z)|2 ≤ C1

(1− |z|2)2Vµ(z)
∥Kw∥2A2

µ
.

Setting w = z, we have that |Kz(z)|2 = ∥Kz∥2A2
µ
∥Kz∥2A2

µ
. Therefore,

(2.1) ∥Kz∥2A2
µ
≤ C1

(1− |z|2)2Vµ(z)
.

Conversely, choose a function hz(η) =
1

(1−z̄η)2 ∈ A2
µ and then

(2.2) ∥Kz∥2A2
µ
≥ |hz(z)|2

∥hz∥2A2
µ

, z ∈ D,



878 Z. LIU

since

∥Kz∥2A2
µ
= sup{|f(z)|2; f ∈ A2

µ, ∥f∥A2
µ
≤ 1}.

By using Fubini’s theorem and Lemma A, we can conclude that there exists a
constant C2 > 0 such that

∥hz∥2A2
µ
=

∫
D
|hz(η)|2Vµ(η)dA(η)

=

∫
D

1

|1− z̄η|4

∫
D
(1− |φη(ζ)|2)dµ(ζ)dA(η)

=

∫
D

1

|1− z̄η|4

∫
D

(1− |η|2)(1− |ζ|2)
|1− ηζ|2

dµ(ζ)dA(η)

≤ C2Vµ(z)

(1− |z|2)2
.

(2.3)

By (2.2) and (2.3), we obtain

(2.4) ∥Kz∥2A2
µ
≥ 1

C2

1

(1− |z|2)2Vµ(z)
.

By (2.1) and (2.4), we get

1

C2

1

(1− |z|2)2Vµ(z)
≤ ∥Kz∥2A2

µ
≤ C1

(1− |z|2)2Vµ(z)
, z ∈ D.

The proof is completed. □

Theorem 2. Suppose µ is a positive Borel measure on D. Then, there exists
an α ∈ (0, 18 ) such that for any z, η ∈ D with |z − η| ≤ α(1− |z|2), we have

(2.5) |Kz(η)|2 ≈ 1

(1− |z|2)2(1− |η|2)2Vµ(z)Vµ(η)
.

Moreover, for 0 < t < 1, there exists a positive constant C = C(t) such that

(2.6) |Kz(η)|2 ≤ C∥Kz∥2A2
µ
∥Kη∥2A2

µ

(
(1− |z|2)(1− |η|2)

|z − η|2

)t
.

To show Theorem 2, it is necessary to utilize the following lemmas.

Lemma 2.1. If f belongs to A2
µ, then for z, η ∈ D with η ∈ D(ρ(z)4 ), we have

the inequality

(2.7) |f(z)− f(η)| ≲ |z − η|
1− |z|

∥Kz∥A2
µ
∥f∥A2

µ
.
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Proof. By a simple computation,

|f(z)− f(η)| =
∣∣∣∣∫ z

η

f ′(ξ)dξ

∣∣∣∣
=

∣∣∣∣∣
∫ z

η

1

2πi

∫
|w−ξ|= 1−|z|2

8

f(w)

(w − ξ)2
dσdξ

∣∣∣∣∣
≲

|z − η|
1− |z|

sup

{
|f(w)|, w ∈ D(

ρ(z)

2
)

}
=

|z − η|
1− |z|

sup

{
|⟨f(η),Kw(η)⟩A2

µ
|, w ∈ D(

ρ(z)

2
)

}
≲

|z − η|
1− |z|

∥f∥A2
µ
∥Kw∥A2

µ
.

Note that ∥Kz∥A2
µ
≈ ∥Kw∥A2

µ
for w ∈ D with η ∈ D(ρ(z)4 ). Thus (2.7) holds. □

Lemma 2.2. For any z, η ∈ D with |z − η| ≤ α(1 − |z|2), where α ∈ (0, 18 ),
there exists a constant C > 0 such that

|Kz(η)| ≈ C∥Kz∥A2
µ
∥Kη∥A2

µ
.

Proof. Applying Lemma 2.1 to f = Kz, we find that

|Kz(z)−Kz(η)| ≲
|z − η|
1− |z|

∥Kz∥2A2
µ
≲ Kz(z).

Thus,

|Kz(η)| ≈ Kz(z).

Clearly, ∥Kz∥A2
µ
≈ ∥Kη∥A2

µ
for |z − η| ≤ α(1− |z|2). Therefore,

|Kz(η)| ≈ ∥Kz∥A2
µ
∥Kη∥A2

µ
. □

Theorem B ([13, Lemma 4.4.1]). Let τ ∈ C2(D) and ∆ be a Laplace operator.
Assume that ∆τ > 0 on D. Then there exists a solution u of the equation
∂u = f such that∫

D
|u(w)|2e−τ(w)dA(w) ≤

∫
D

|f(w)|2

∆τ(w)
e−τ(w)dA(w),

provided the right-hand side is finite.

Theorem C ([8, Lemma 2.2]). Let ψ, ϕ ∈ C2(D) and ∆ be a Laplace operator.
Assume that ∆ϕ > 0 on D. If∣∣∣∣∂ϕ(w)∂w

∣∣∣∣2 ≤ r∆ϕ(w), 0 < r < 1,
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and for any g we can find a solution v of ∂v = g such that∫
D
|v(z)|2e−ψ(z)−ϕ(z)dA(z) ≤ C

∫
D

|g(z)|2

∆ϕ(z)
e−ψ(z)−ϕ(z)dA(z),

then v0, the solution to ∂v = g of minimal norm in L2(D, e−ψ(z)dA), satisfies∫
D
|v0(z)|2eϕ(z)−ψ(z)dA(z) ≤ C

∫
D

|g(z)|2

∆ϕ(z)
eϕ(z)−ψ(z)dA(z),

where C = 6
(1−r)2 .

Proof of Theorem 2. By utilizing Lemma 2.2 in conjunction with Theorem 1,
we can conclude that (2.5) holds. Fix α ∈ (0, 18 ) and let z, η ∈ D. Set

D(αρ(z)) := {ξ ∈ D, |ξ − z| ≤ αρ(z)}, ρ(z) = 1
2 (1 − |z|2). D(αρ(z)) is an

Euclidean disk with center z and radius αρ(z). If D(αρ(z))∩D(αρ(η)) ̸= ∅, it
follows that |z − η|2 ≲ ρ(z)ρ(η), which implies the validity of (2.6). Now, let
us consider the case where D(αρ(z)) ∩ D(αρ(η)) = ∅. Suppose χ is a smooth
real function in D that satisfies the following conditions:

0 ≤ χ ≤ 1, supp(χ) ⊂ D(αρ(η)), χ|D(αρ(η)
2 )

≡ 1, |∂̄χ|2 ≤ χ

ρ2
.

For ξ ∈ D(αρ(η)2 ), we find that Vµ(η) ≈ Vµ(ξ). Then

|Kz(η)|2Vµ(η) ≲
1

ρ2(η)

∫
D(αρ(η)

2 )

|Kz(ξ)|2Vµ(ξ)dA(ξ)

≲
1

ρ2(η)

∫
D
χ(ξ)Kz(ξ)Kz(ξ)Vµ(ξ)dA(ξ)

=
1

ρ2(η)
∥Kz∥2L2(D,χVµdA).(2.8)

From the duality,

∥Kz∥2L2(D,χVµdA) = sup
f

|⟨f,Kz⟩L2(D,χVµdA)|2,

where f ∈ H(D) satisfying∫
D
|f(w)|2χ(w)Vµ(w)dA(w) = 1.

Thus,
P (fχ)(z) = ⟨f,Kz⟩L2(D,χVµdA),

where P is the Bergman projection from L2(D, VµdA) into A2
µ. Therefore,

uf = fχ − P (fχ) is the solution with minimal norm in L2(D, VµdA) of the
equation

(2.9) ∂̄uf = ∂̄(fχ) = f∂̄χ.

Since (fχ)(z) = 0, it can be readily verified that

|uf (z)| = |P (fχ)(z)| = |⟨f,Kz⟩L2(D,χVµdA)|.
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From (2.8), we get

(2.10) |Kz(η)|2Vµ(η) ≲
1

ρ2(η)
sup
f

|uf (z)|2.

Since supp(χ) ⊂ D(αρ(η)) and D(αρ(z)) ∩ D(αρ(η)) = ∅, it follows that z /∈
D(αρ(η)) and χ(z) = 0. From (2.9), we see that ∂̄uf = 0. Hence, uf is analytic
in D(αρ(z)). By the subharmonicity of |uf (z)|2, we obtain

(2.11) |uf (z)|2Vµ(z) ≲
1

ρ2(z)

∫
D(αρ(z)

2 )

|uf (ξ)|2Vµ(ξ)dA(ξ).

Since

|1− η̄z|2

1− |z|2
≈

|1− η̄ξ|2

1− |ξ|2
, ξ ∈ D(

αρ(z)

2
),

it follows from (2.11) that for 0 < t < 1,

|uf (z)|2Vµ(z)
(
|1− η̄z|2

1− |z|2

)t
≲

1

ρ2(z)

∫
D(αρ(z)

2 )

|uf (ξ)|2Vµ(ξ)
(
|1− η̄ξ|2

1− |ξ|2

)t
dA(ξ).(2.12)

Let ψ(ξ) = − log(Vµ(ξ)) and ϕ(ξ) = t log |1−η̄ξ|2
1−|ξ|2 . Then

(2.13) |uf (z)|2eϕ(z)−ψ(z) ≲
1

ρ2(z)

∫
D(αρ(z)

2 )

|uf (ξ)|2eϕ(ξ)−ψ(ξ)dA(ξ).

By a simple computation, we get

∂

∂ξ
ϕ(ξ) = t

(
−η̄

1− η̄ξ
+

ξ̄

1− |ξ|2

)
and ∆ϕ(ξ) =

∂2

∂̄∂ξ
ϕ(ξ) =

t

(1− |ξ|2)2
.

Clearly, ∆(ϕ + ψ) ≥ ∆ϕ > 0. By Theorem B, there exists a v such that
∂̄v = f∂̄χ with∫

D
|v(ξ)|2e−ϕ(ξ)−ψ(ξ)dA(ξ) ≤

∫
D

|∂̄v(ξ)|2

∆(ϕ+ ψ)(ξ)
e−ϕ(ξ)−ψ(ξ)dA(ξ)

≤
∫
D

|∂̄v(ξ)|2

∆ϕ(ξ)
e−ϕ(ξ)−ψ(ξ)dA(ξ).

Meanwhile, we see that

|∂ϕ(ξ)∂ξ |2

∆ϕ(ξ)
= t

∣∣∣∣−η̄(1− |ξ|2)
1− η̄ξ

+ ξ̄

∣∣∣∣2 = t

∣∣∣∣ ξ̄ − η̄

1− η̄ξ

∣∣∣∣2 ≤ t.
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Note that uf is the solution of ∂uf = f∂χ with minimal norm in L2(D, e−ψdA).
Using Theorem C and (2.9), we obtain∫

D
|uf (ξ)|2eϕ(ξ)−ψ(ξ)dA(ξ)

≲
1

(1− t)2

∫
D

|f∂χ(ξ)|2

∆ϕ(ξ)
eϕ(ξ)−ψ(ξ)dA(ξ)

≤ 1

t(1− t)2

∫
D
|f(ξ)|2|∂̄χ(ξ)|2(1− |ξ|2)2 |1− η̄ξ|2t

(1− |ξ|2)t
Vµ(ξ)dA(ξ)

≤ 1

t(1− t)2

∫
D(αρ(η))

|f(ξ)|2 χ(ξ)
ρ2(ξ)

(1− |ξ|2)2 |1− η̄ξ|2t

(1− |ξ|2)t
Vµ(ξ)dA(ξ)

≲
(1− |η|2)t

t(1− t)2

∫
D(αρ(η))

|f(ξ)|2χ(ξ)Vµ(ξ)dA(ξ)

≲
(1− |η|2)t

t(1− t)2
.

(2.14)

Combining (2.14) and (2.13), we obtain

(2.15) |uf (z)|2 ≲
(1− |z|2)t

ρ2(z)Vµ(z)

(1− |η|2)t

t(1− t)2|1− η̄z|2t
,

which, together with (2.8) and (2.10), gives

|Kz(η)|2Vµ(η) ≲
1

ρ2(η)
sup
f

|uf (z)|2

≲
1

ρ2(η)ρ2(z)Vµ(z)

(1− |η|2)t

t(1− t)2
(1− |z|2)t

|1− η̄z|2t
.

By Theorem 1, there exists a positive constant C = C(t) such that

|Kz(η)|2 ≤ C
1

ρ2(η)Vµ(η)ρ2(z)Vµ(z)

(1− |η|2)t

t(1− t)2
(1− |z|2)t

|1− η̄z|2t

≤ C∥Kz∥2A2
µ
∥Kη∥2A2

µ

(
(1− |z|2)(1− |η|2)

|z − η|2

)t
.

In the last inequality, we use the estimate |1 − η̄z| ≈ |z − η| for D(αρ(η)) ∩
D(αρ(z)) = ∅. The proof of Theorem 2 is complete. □

3. Schatten classes of Toeplitz operators on A2
µ

Let ν be a positive Borel measure on D. The space L2
ω(ν) is defined as the

set of all measurable functions f on D for which the following norm is finite:

∥f∥2L2
ω(ν) =

∫
D
|f(w)|2ω(w)dν(w) <∞.
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The Toeplitz operator Tν acting on A2
ω is defined by

Tνf(z) =

∫
D
K(z, η)f(η)ω(η)dν(η), z ∈ D.

For f, g ∈ A2
ω, we have

⟨Jf, Jg⟩L2
ω(ν) =

∫
D
f(z)g(z)ω(z)dν(z)

=

∫
D
f(z)

∫
D
Kz(ζ)g(ζ)ω(ζ)dA(ζ)ω(z)dν(z)

=

∫
D

∫
D
K(ζ, z)f(z)ω(z)dν(z)g(ζ)ω(ζ)dA(ζ)

=

∫
D
Tνf(ζ)g(ζ)ω(ζ)dA(ζ)

= ⟨Tνf(ζ), g(ζ)⟩A2
ω
,

where J is the embedding operator from A2
ω to L2

ω(ν). Therefore, the operator
Tν can be expressed as the product of the adjoint operator J∗ and J , which is
denoted as Tν = J∗J .

Let H be a separable Hilbert space. If T is a compact operator on H, then
there exist orthonormal sets {ek} and {σk} in H, as well as a sequence {sk}
that decreases to 0, such that

Tx =
∑
k

sk⟨x, ek⟩Hσk, x ∈ H.

For 0 < p < ∞, we say that an operator T belongs to the Schatten class
Sp(H) if

∥T∥Sp(H) =
(∑

k

spk

) 1
p

<∞.

The Schatten class Sp(H) is a Banach space for p ≥ 1. As 0 < p < 1, from
[17, Theorem 2.8], we have

∥S + T∥pSp(H) ≤ ∥S∥pSp(H) + ∥T∥pSp(H).

The Schatten class S1 is commonly referred to as the trace class, while S2 is
known as the Hilbert-Schmidt class. Additionally, a compact operator T is said
to belong to Sp(H) if and only if its absolute value |T | = (T ∗T )

1
2 also belongs

to Sp(H).

Definition. Suppose T is a compact operator on a complex Hilbert space H,
and let h : R+ → R+ be a continuous increasing function with h(0) = 0. We
define the set Sh(H) to be the set of all compact operators T for which there
is a constant c > 0 such that

∞∑
n=1

h(csn(T )) <∞.
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Here, Sh(H) is called an extend Schatten classes and Sh(H) = Sp(H) for
h(x) = xp, p ≥ 1; see [11].

Suppose µ is a positive Borel measure on D and letK denote the reproducing
kernel of A2

µ. An observation shows that

(3.1) lim
z→T

∥Kz∥A2
µ
= ∞,

and for each ξ ∈ D

(3.2) |Kz(ξ)| = o(∥Kz∥A2
µ
), z → T.

It is easy to know that for z, ξ ∈ D, there are constants C1, C > 0 such that

(3.3) ∥Kz∥A2
µ
∥Kξ∥A2

µ
≤ C|Kz(ξ)|

for |z − w| ≤ C1ρVµ
(z), where ρVµ

(z) = 1√
Vµ(z)K(z,z)

, z ∈ D.
The Bergman metric, also known as the hyperbolic metric, is defined on D

for z, ζ ∈ D as follows:

β(z, ζ) =
1

2
log

1 + d(z, ζ)

1− d(z, ζ)
,

where d(z, ζ) = | z−ζ1−z̄ζ | is the pseudo-hyperbolic metric on D.
A sequence {zn}n≥1 in D is called separated if there exists a δ > 0 such that

β(zn, zm) ≥ δ, n ̸= m.

Theorem D ([11, Corollary 6.3]). If h : R+ → R+ is an increasing convex
function and ν is a positive Borel measure on D, then Tν ∈ Sh(A

2
µ) if and only

if there exists positive constant c such that∑
n

h
(
c
ν(D(αρ(zn)))
|D(αρ(zn))|

)
<∞,

where |D(αρ(zn))| denotes the Lebesgue area measure of D(αρ(zn)).

Theorem 3. Let ν be a positive Borel measure on the open unit disk D and
p > 0. Then Tν ∈ Sp(A

2
µ) if and only if

(3.4)
∑
n

(
ν(D(αρ(zn)))
|D(αρ(zn))|

)p
<∞.

To demonstrate the necessity of Theorem 3, we will employ the subsequent
lemma and its proof, which are derived from the conventional arguments in
[14, Lemma 3.7].

Lemma 3.1. Let {en} be an orthonormal basis of A2
µ and {bn} be a separated

sequence in D. Then operator L defined by

L
(∑

n

cnen(z)
)
=
∑
n

cn
ρN (bn)

(1− bnz)N
kbn(z), cn ∈ C, N > 0,
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where kbn =
Kbn

∥Kbn∥A2
µ

is the normalized reproducing kernels of A2
µ, is bounded

on A2
µ.

Proof. Note that

(3.5) sup
n

sup
z∈D

ρN (bn)

|1− bnz|N
≈ sup

n
sup
z∈D

(1− |bn|2)N

|1− bnz|N
≤ 2N <∞.

We need only to show that

∥
∑
n

cnkbn∥A2
µ
≤
(∑

n

|cn|2
) 1

2

.

Let f ∈ A2
µ. Using reproducing formula and Cauchy-Schwartz inequality, we

obtain ∣∣∣⟨∑
n

cnkbn , f⟩A2
µ

∣∣∣ = ∣∣∣∑
n

cn∥Kbn∥−1
A2

µ
⟨Kbn , f⟩A2

µ

∣∣∣
=
∣∣∣∑
n

cn∥Kbn∥−1
A2

µ
f(bn)

∣∣∣
≤
(∑

n

|cn|2
) 1

2
(∑

n

∥Kbn∥−2
A2

µ
|f(bn)|2

) 1
2

.

Note that {bn} ⊂ D is separate. Applying the subharmonicity of |f |2 and
Theorem 1, we get∑

n

∥Kbn∥−2
A2

µ
|f(bn)|2 ≲

∑
n

1

∥Kbn∥2A2
µ
ρ2(bn)

∫
D(ρ(bn))

|f(z)|2dA(z)

≲
∑
n

∫
D(ρ(bn))

|f(z)|2Vµ(z)dA(z)

≲ ∥f∥2A2
µ
,

since Vµ(bn) ≈ Vµ(z) for z ∈ D(ρ(bn)). Thus,∣∣∣⟨∑
n

cnkbn , f⟩A2
µ

∣∣∣ ≲ (∑
n

|cn|2
) 1

2 ∥f∥A2
µ
,

which completes the proof. □

Lemma 3.2 ([22, Lemma 4.9]). Let R > 0. Suppose {zn} is a regular r-lattice
in the hyperbolic metric. Then there exists a finite decomposition of {zn} into
sequences {zk1, zk2, . . . }, 1 ≤ k ≤ N , such that for all k and all i ̸= j, we have
β(zki, zkj) ≥ R.

Proof of Theorem 3. By Theorem D, it is enough to focus on the scenario where
0 < p < 1. We adopt the method in [14] to deal with the weighted Bergman
spaces. By interpolation, we can establish the outcome for 1

2 < p < 1. Thus,

our task is to demonstrate the result for 0 < p ≤ 1
2 .
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Note that Tν = J∗J , where J is embedding operator from A2
µ to L2

µ(ν),

which gives that ∥Tν∥pSp
= ∥J∥2pS2p

. Let {D(αρ(aj))} be a covering of D satisfy-

ing all the conditions in [11, Proposition 3.1], where α is given in Lemma 2.2.
For a partition {σj} of unity subordinate to {D(αρ(aj))} and f ∈ A2

µ, we have

f =
∑
j

σjf.

Define an operator from A2
µ to L2

ν(D(αρ(aj))) by
Jjf = σjf

and
Ijg = g

from L2
ν(D(αρ(aj))) to L2

ν(D). Thus

J =
∑
j

IjJj .

Since 0 < 2p ≤ 1, we obtain

∥J∥2pS2p
≤
∑
j

∥IjJj∥2pS2p
≤
∑
j

∥Jj∥2pS2p
.

We first estimate ∥Jj∥2pS2p
. Set

A2
µ(D, aj) = {f ∈ A2

µ(D), f(aj) = 0, aj ∈ D}.
Denote by Laj the one-dimensional subspace which are spanned by function

kaj (z) =
K(z,aj)√
K(aj ,aj)

. Then we have the decomposition

A2
µ(D) = A2

µ(D, aj)
⊕

Laj .

Let
J
(1)
j = Jj |A2

µ(D,aj) : A
2
µ(D, aj) → L2

ν(D(αρ(aj))),

J
(2)
j = Jj |Laj

: Laj → L2
ν(D(αρ(aj))).

It is obvious that Jj = J
(1)
j + J

(2)
j . For 0 < 2p < 1, we have

(3.6) ∥Jj∥2pS2p
≤ ∥J (1)

j ∥2pS2p
+ ∥J (2)

j ∥2pS2p
.

The fact that J
(2)
j is a rank one operator implies

∥J (2)
j ∥S2p = ∥J (2)

j ∥S2

=

(∑
m

|⟨J (2)
j em(z), em(z)⟩L2

ν(D(αρ(aj)))|
2

) 1
2

≤

(∫
D(αρ(aj))

∑
m

|em(z)|2Vµ(z)dν(z)

) 1
2
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=

(∫
D(αρ(aj))

K(z, z)Vµ(z)dν(z)

) 1
2

.(3.7)

Next, we estimate ∥J (1)
j ∥2pS2p

. Set

Sj : A
2
µ(D, aj) → A2

µ(D), (Sjf)(z) =
f(z)

z − aj
,

and

Tj : L
2
ν(D(αρ(aj))) → L2

ν(D(αρ(aj))), (Tjf)(z) = f(z)(z − aj).

It is easy to show that the operator J
(1)
j has a decomposition J

(1)
j = TjJjSj

and

(3.8) ∥J (1)
j ∥S2p

≤ ∥Tj∥∥Sj∥∥Jj∥S2p
.

Now we estimate the norms of Sj and Tj .
Since Sj maps A2

µ(D, aj) into A2
µ(D), we have

∥Sjf∥2A2
µ
=

∫
D(αρ(aj))

|Sjf(z)|2Vµ(z)dA(z)

+

∫
D\D(αρ(aj))

|Sjf(z)|2Vµ(z)dA(z).(3.9)

Using the reproducing formula,

Sjf(z) = ⟨Sjf(w),Kz(w)⟩A2
µ
=

∫
D
Sjf(w)Kz(w)Vµ(w)dA(w).

This implies that ∫
D(αρ(aj))

|Sjf(z)|2Vµ(z)dA(z)

≤
∫
D(αρ(aj))

∥Kz∥2A2
µ
∥Sjf∥2A2

µ
Vµ(z)dA(z)

= ∥Sjf∥2A2
µ

∫
D(αρ(aj))

∥Kz∥2A2
µ
Vµ(z)dA(z).(3.10)

For z ∈ D(αρ(aj)), we know ρ(z) ≈ ρ(aj). By Theorem 1, we deduce∫
D(αρ(aj))

∥Kz∥2A2
µ
Vµ(z)dA(z) ≤ C

∫
D(αρ(aj))

1

ρ2(z)
dA(z)

≤ C

ρ2(aj)

∫
D(αρ(aj))

dA(z)

≤ Cα2,(3.11)
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where C is independent of aj . Choose α ∈ (0, 18 ) small enough such that

Cα2 < 1 in (3.11). Combining (3.9), (3.10) and (3.11) we conclude that

∥Sjf∥2A2
µ
≤ C

∫
D\D(αρ(aj))

|Sjf(z)|2Vµ(z)dA(z)

= C

∫
D\D(αρ(aj))

∣∣∣∣ f(z)z − aj

∣∣∣∣2 Vµ(z)dA(z)
≤ C

ρ2(aj)
∥f∥2A2

µ
.(3.12)

Therefore, there exists a constant C (independent of aj),

(3.13) ∥Sj∥ ≤ C

ρ(aj)
.

It is obvious that

(3.14) ∥Tj∥ ≤ αρ(aj).

Thus, there exist a constant 0 < ϱ < 1 such that

(3.15) ∥Tj∥∥Sj∥ ≤ ϱ,

where ϱ = Cα. By (3.6), (3.7) and (3.8) we get

(3.16) ∥Jj∥2pS2p
≤ 1

1− ϱ2p

(∫
D(αρ(aj))

∥Kz∥2A2
µ
Vµ(z)dν(z)

)p
.

Using Theorem 1, we conclude

∥Jj∥2pS2p
≤ C

(
ν(D(αρ(aj)))
|D(αρ(aj))|

)p
.

Therefore,

∥Tν∥pSp
= ∥J∥2pS2p

=
∑
j

∥Jj∥2pS2p
≤ C

∑
j

(
ν(D(αρ(aj)))
|D(αρ(aj))|

)p
<∞.

The proof of the necessity of Theorem 3 follows closely those of Theorem 1
in [12]. Suppose Tν ∈ Sp(A

2
µ). Lemma 3.2 tells us that it only needs to find an

R > 0 such that ∑
n

(ν(D(αρ(bn)))
|D(αρ(bn))|

)p
<∞

holds for {bn} satisfying β(bn, bm) > R (n ̸= m), where α is appeared in Lemma
2.2.

Let

λ =
∑
n

νχn,

where χn denotes the characteristic function of D(αρ(bn)). Obviously,

0 ≤ T pλ ≤ T pν , ∥Tλ∥Sp
≤ ∥Tν∥Sp

.
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Let {en} be an orthonormal basis of A2
µ and L be the operator on A2

ω defined
by

Len(z) = fn(z) =
ρN (bn)

(1− bnz)N
kbn(z), z ∈ D.

By Lemma 3.1, L is bounded on A2
ω. Since Tλ ∈ Sp(A

2
µ), the operator T =

L∗TλL ∈ Sp(A
2
µ) with ∥T∥Sp

≤ ∥L∥2∥Tσ∥Sp(A2
µ)
. We decompose the operator

T into the sum of D and F , i.e., T = D + F , where

Df =
∑
n

⟨Ten, en⟩A2
ω
⟨f, en⟩A2

ω
en, Ff =

∑
n,k;n ̸=k

⟨Tek, en⟩A2
ω
⟨f, ek⟩A2

ω
en,

on A2
µ. Using triangle inequality, we get

(3.17) ∥T∥pSp(A2
µ)

≥ ∥D∥pSp(A2
µ)

− ∥F∥pSp(A2
µ)
.

Since D is the diagonal operator and λ = ν on D(αρ(bn)), applying Theorem
1 and Lemma 2.2, we get

∥D∥pSp(A2
µ)

=
∑
n

⟨Ten, en⟩pA2
µ
=
∑
n

⟨L∗TλLen, en⟩pA2
µ
=
∑
n

⟨Tλfn, fn⟩pA2
µ

=
∑
n

(∫
D
|fn(z)|2Vµ(z)dλ(z)

)p
≥
∑
n

(∫
D(αρ(bn))

ρ2N (bn)|kbn(z)|2Vµ(z)
|1− bnz|2N

dλ(z)
)p

≈
∑
n

(∫
D(αρ(bn))

|Kbn(z)|2Vµ(z)
∥Kbn∥2A2

µ

dν(z)
)p

≈
∑
n

(∫
D(αρ(bn))

∥Kz∥2A2
µ
Vµ(z)dν(z)

)p
≈
∑
n

(∫
D(αρ(bn))

Vµ(z)

(1− |z|2)2Vµ(z)
dν(z)

)p
≈
∑
n

(∫
D(αρ(bn))

1

(1− |bn|2)2
dν(z)

)p
.

Thus, there is a C > 0 such that

(3.18) ∥D∥pSp(A2
µ)

≥ C
∑
n

(ν(D(αρ(bn)))
|D(αρ(bn))|

)p
.

Now, we estimate the upper bound of ∥F∥pSp(A2
µ)
. From [22, Proposition 1.29],

we know that

∥F∥pSp(A2
µ)

≤
∑
k

∑
n

|⟨Fen, ek⟩A2
µ
|p =

∑
n,k;n ̸=k

|⟨Tλfn, fk⟩A2
µ
|p
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=
∑

n,k;n ̸=k

∣∣∣∣∫
D
fn(z)fk(z)Vµ(z)dλ(z)

∣∣∣∣p

≤
∑

n,k;n ̸=k

∑
j

(∫
D(αρ(bn))

|kbn(z)||kbk(z)|
ρN (bn)ρ

N (bk)

|1− bjz|N |1− bkz|N
Vµ(z)dν(z)

)p
= Qn,k(ν).

Note that β(bn, bk) ≥ R for n ̸= k. Since max{β(z, bn), β(z, bk)} ≥ R
2 for

z ∈ D(αρ(bn)), we are able to suppose β(z, bn) ≥ R
2 . By [12, p.482], the

function sinh(z) = ez−e−z

2 satisfies

(3.19) sinh2(β(ζ, η)) =
|ζ − η|2

(1− |ζ|2)(1− |η|2)
, ζ, η ∈ D.

Combing (3.19) and (2.6), for 0 < γ < 1
2 , there is a constant Cγ > 0 such that

|kbn(z)| =
|Kbn(z)|

1
2

∥Kbn∥
1
2

A2
µ

|kbn(z)|
1
2

≤
Cγ∥Kbn∥

1
2

A2
µ
∥Kz∥

1
2

A2
µ

∥Kbn∥
1
2 sinh

γ
2 (β(bn, z))

|kbn(z)|
1
2

≤ Cγ∥Kz∥
1
2

sinh
γ
2 (R2 )

|kbn(z)|
1
2 = rγ∥Kz∥

1
2

A2
µ
|kbn(z)|

1
2

≤ rγ∥Kz∥A2
µ

( ρ(bn)ρ(z)
|1− bnz|2

) γ
2

,

where rγ =
Cγ

sinh
γ
2 (R

2 )
. By Theorem 2,

|kbk(z)| =
|Kbn(z)|

1
2

∥Kbn∥
1
2

A2
µ

|kbn(z)|
1
2 =

|⟨Kbn ,Kz⟩|
1
2

∥Kbn∥
1
2

A2
µ

|kbn(z)|
1
2

≤ |kbk(z)|
1
2 ∥Kz∥

1
2

A2
µ

≲ ∥Kz∥A2
µ

( ρ(bk)ρ(z)
|1− bkz|2

) γ
2

.

For z ∈ D(αρ(bj)), it follows that

|kbn(z)||kbk(z)| ≲ rγ

( ρ(bk)ρ(bn)ρ
2(z)

|1− bnz|2|1− bkz|2
) γ

2 ∥Kz∥2A2
µ

≲ rγ

( ρ(bk)ρ(bn)ρ
2(bj)

|1− bnbj |2|1− bkbj |2
) γ

2 ∥Kbj∥2A2
µ
.
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Therefore,

Qn,k(ν) ≲
∑

n,k;n ̸=k

(
rγ
∑
j

( ρ(bk)ρ(bn)ρ
2(bj)

|1− bnbj |2|1− bkbj |2
) γ

2

× ρN (bn)ρ
N (bk)

|1− bnbj |N |1− bkbj |N
ν(D(αρ(bj)))
|D(αρ(bj))|

)p
.

For all N with p(N + γ
2 ) ≥ 1, we have

∥F∥pSp(A2
µ)

≤ Qn,k(ν)

≲
∑

n,k;n ̸=k

(
rγ
∑
j

( ρ(bk)ρ(bn)ρ
2(bj)

|1− bnbj |2|1− bkbj |2
) γ

2

× ρN (bn)ρ
N (bk)

|1− bnbj |N |1− bkbj |N
ν(D(αρ(bj)))
|D(αρ(bj))|

)p
≲ rpγ

∑
j

(ρ(bj))
pγ
(ν(D(αρ(bj)))

|D(αρ(bj))|

)p
×

∑
n,k;n ̸=k

ρp(N+ γ
2 )(bn)ρ

p(N+ γ
2 )(bk)

|1− bnbj |p(N+γ)|1− bkbj |p(N+γ)

≲ rpγ
∑
j

(ρ(bj))
pγ
(ν(D(αρ(bj)))

|D(αρ(bj))|

)p(∑
n

ρp(N+ γ
2 )(bn)

|1− bnbj |p(N+γ)

)2
≲ rpγ

∑
j

(ν(D(αρ(bj)))
|D(αρ(bj))|

)p
.

The last inequality can be found in [15, Lemma 4]. Since rγ ≲ 1
R , we get

(3.20) ∥F∥pSp(A2
µ)

≲
1

Rp

∑
j

(ν(D(αρ(bj)))
|D(αρ(bj))|

)p
.

Setting R large enough and combining (3.17), (3.18) and (3.20), we have

∞ > ∥T∥pSp(A2
µ)

≥ ∥D∥pSp(A2
µ)

− ∥F∥pSp(A2
µ)

≥ C
∑
j

(ν(D(αρ(bj)))
|D(αρ(bj))|

)p
− 1

Rp

∑
j

(ν(D(αρ(bj)))
|D(αρ(bj))|

)p
= (C − 1

Rp
)
∑
j

(ν(D(αρ(bj)))
|D(αρ(bj))|

)p
.

Thus ∑
j

(ν(D(αρ(bj)))
|D(αρ(bj))|

)p
≤ ∥T∥pSp(A2

µ)
<∞.

The proof of Theorem 3 is completed. □
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4. Schatten class composition operators on Dµ

The Nevanlinna counting function associated with a positive Borel measure
µ on the unit disk D and an analytic self-map φ of D is defined as follows:

Nφ,µ(z) =
∑

z=φ(w)

Vµ(w), z ∈ D.

The measure µφ on D is defined as follows:

(4.1) µφ(B) =

∫
B

Nφ,µ(z)

Vµ(z)
dA(z),

where B is a Borel set in D. In [16] the authors investigated composition
operators on standard Bergman spaces A2

α which belong to the Schatten class.
Constantin [9] described the membership of composition operators belonging
to the Schatten class on weighted Bergman spaces with Bekolle weights. Pau
and Pérez [19] studied the Schatten class of composition operators on standard
weighted Dirichlet type spaces. The main result presented in this section is the
following theorem. The proof provided here is based on previous work by [19]
and [12].

Theorem 4. Assume that µ is a positive Borel measure on D and p > 0.
Suppose φ is an analytic self-map of D. Then Cφ ∈ Sp(Dµ) if and only if∑

n

(µφ(D(αρ(zn)))
|D(αρ(zn))|

) p
2

<∞.

To prove Theorem 4, we require the following lemma.

Lemma 4.1. Suppose µ is a positive Borel measure on D, and φ is an analytic
self-map of D. Assume that h : R+ → R+ is an increasing function and
h(0) = 0. Then Cφ ∈ Sh(Dµ) if and only if Tµφ ∈ Sh◦√.(A

2
µ).

Proof. Define a linear mapping Iµ : Dµ → A2
µ by Iµf = f ′. It is easy to see

that Iµ is bounded. By [12, Lemma 2.1], we know that Cφ ∈ Sh(Dµ) if and
only if Wφ := IµCφI

∗
µ ∈ Sh(A

2
µ) since Sh(Dµ) is a two-sided idea. For h ∈ Dµ

and g ∈ A2
µ, we find that

⟨Iµh(w), g(w)⟩A2
µ
=

∫
D
h′(w)g(w)Vµ(w)dA(w) = ⟨h(w), I∗µg(w)⟩Dµ

and

I∗µg(w) =

∫ w

0

g(ξ)dξ.

For f ∈ A2
µ, we get that

Wφf(w) = IµCφI
∗
µf(w) = φ′(w)f(φ(w))

and

W ∗
φWφf(z) = ⟨Wφf,WφKz⟩ =

∫
D
f(φ(η))Kz(φ(η))|φ′(η)|2Vµ(η)dA(η).
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Using (4.1), by a change of variables, we have

W ∗
φWφf(z) =

∫
D

f(ζ)Kz(ζ)Vµ(ζ)Nφ,µ(ζ)

Vµ(ζ)
dA(ζ) = Tµφf(z),

which means that the singular values of Tµφ
are the squares of those of Wφ.

Thus, Cφ belongs to Sh(Dµ) if and only if Tµφ
∈ Sh◦√.(A

2
µ). □

Proof of Theorem 4. Let h(x) = xp. By Lemma 4.1, Cφ ∈ Sp(Dµ) if and only
if Tµφ

∈ S p
2
(A2

µ). Theorem 3 shows that Tµφ
∈ S p

2
(A2

µ) if and only if∑
n

(µφ(D(αρ(zn)))
|D(αρ(zn))|

) p
2

<∞.

Thus, we have established the theorem. □

For the Hilbert-Schmidt class, we have

Theorem 5. Assume that φ be an analytic self-map of D and µ be a positive
Borel measure on D. Then Cφ ∈ S2(Dµ) if and only if∫

D

Vµ(ζ)

(1− |φ(ζ)|2)2Vµ(φ(ζ))
|φ′(ζ)|2dA(ζ) <∞.

Proof. Assume that {en} forms an orthonormal basis for A2
µ. By Lemma 4.1,

we know that Cφ belongs to S2(Dµ) if and only if Tµφ
is in S1(A

2
µ). By Theorem

1,
∞∑
n=0

⟨Tµφ
en, en⟩A2

µ
=

∞∑
n=0

∫
D
|en(z)|2Vµ(z)dµφ(z)

=

∫
D

( ∞∑
n=0

|en(z)|2
)
Vµ(z)dµφ(z)

=

∫
D
∥Kz∥2A2

µ
Vµ(z)dµφ(z) ≈

∫
D

dµφ(z)

(1− |z|2)2
.

Note that Tµφ
∈ S1(A

2
µ) if and only if

∑∞
n=0⟨Tµφ

en, en⟩A2
µ
< ∞. Hence,

Cφ ∈ S2(Dµ) if and only if
∫
D

dµφ(z)
(1−|z|2)2 <∞. A change of variables shows∫

D

dµφ(z)

(1− |z|2)2
=

∫
D

Nφ,µ(z)

(1− |z|2)2Vµ(z)
dA(z)

=

∫
D

∑
z=φ(ζ) Vµ(ζ)

(1− |z|2)2Vµ(z)
dA(z)

=

∫
D

Vµ(ζ)

(1− |φ(ζ)|2)2Vµ(φ(ζ))
|φ′(ζ)|2dA(ζ)

<∞.

The proof has been completed. □



894 Z. LIU

Acknowledgements. The author would like to thank his advisor, professor
Hasi Wulan, for his kindness and constant encouragement. The author is very
grateful for the meticulous review and valuable suggestions from the anonymous
reviewers!

References

[1] A. Aleman, Multiplication Operator on Hilbert Spaces of Analytic Functions, Habilita-

tion, FernUniversität Hagen, 1993.

[2] H. Arroussi, I. Park, and J. Pau, Schatten class Toeplitz operators acting on large
weighted Bergman spaces, Studia Math. 229 (2015), no. 3, 203–221. https://doi.org/

10.4064/sm8345-12-2015
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