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THE CHOW RING OF A SEQUENCE OF POINT BLOW-UPS

DANIEL CAMAZON PORTELA

ABSTRACT. Given a sequence of point blow-ups of smooth n—dimensional
projective varieties Z; defined over an algebraically closed field &k, Zs LN
Zs_1 19—_—1» RREN A ET Zo, with Zg =2 P", we give two presentations
of the Chow ring A®(Zs) of its sky. The first one uses the classes of
the total transforms of the exceptional components as generators and
the second one uses the classes of the strict transforms ones. We prove
that the skies of two sequences of point blow-ups of the same length
have isomorphic Chow rings. Finally we give a characterization of the
final divisors of a sequence of point blow-ups in terms of some relations
defined over the Chow group of zero-cycles Ag(Zs) of its sky.

1. Introduction

Sequences of blow-ups of smooth varieties along smooth centers are useful
for general algebraic geometric purposes, in particular, for resolution and clas-
sification of singularities. We will assume, additionally, that the center of each
blow up has normal crossings with the already created exceptional divisors by
the precedent blow ups. This paper is devoted to explicitly compute the Chow
ring of the variety obtained after a sequence of point blow-ups, with Zy = P™.
In this case, the Chow ring is generated as a Z—algebra by the exceptional
divisors and the generic hyperplane.

The composition of the successive blow-ups of such sequences is projective
(and therefore proper) birational morphisms Z; — Zy, where Z, and Z; are
smooth algebraic varieties which are respectively called sky and ground. In this
paper, we restrict to Zg = P™ and the case of sequences of point blow-ups. This
special case appears in several geometric contexts, in particular, those related
to the study of curves, hypersurfaces and vector fields (see [2], [3]).

Our main goal is to give an explicit presentation of the Chow ring of the
sky of a sequence of point blow-ups as a finite type Z—algebra. We give two
presentations of the Chow ring of the sky of a sequence of point blow-ups A®(Z)
by considering respectively the total transforms and the strict transforms of
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the irreducible components of the exceptional divisor as generators. We give
polynomial generators of the ideal of relations for the total (respectively strict)
exceptional components. As a corollary, we prove a surprising result: The
Chow rings of the skies of two sequences of point blow-ups of the same length
are isomorphic.

Moreover, an irreducible exceptional component FE is called final if there are
not blow-ups with center lying over the point producing F for the first time,
see Definition 3.9. The presentation of the Chow ring in terms of the strict
transforms of exceptional divisors allows us to characterize final components
by polynomial conditions on the classes of the strict exceptional components,
improving the conditions given in [1].

When the center C; of the blow-up 7; : Z; — Z;_; has dimension bigger
than 0 and it is regularly embedded in Z;_;, then there exists a presentation
of A*(Z;) if the restriction map i} : A*(Z;-1) — A*(C}) is surjective (see [6]).

2. Some preliminaries on sequences of blow-ups

Fix an algebraically closed field k. Throughout this paper a variety will
mean a reduced projective scheme over k.

Definition 2.1. A sequence of blow-ups over k is defined as a sequence of
morphisms

Zy T Zoy T T 20 TS 7,
where Zj is a smooth n—dimensional projective variety and
(1) The morphism m; : Z; — Z;_1 is the blow-up at center C; C Z;_; for
i=1,...,5. We denote by E! to be the exceptional hypersurface of m;,
and for j < ¢ E]l C Z; the strict transform of Ej C Zjin Z;,
(2) COdim(CH_l,Zi) > 2 fori:O,...,s—l, ) )
(3) the center C; has simple normal crossings with {E]™! E3,... , EI"}},
fori=1,...,s.
We will refer to Zy and Z; as the ground and the sky of the sequence of blow-ups
respectively.

Along the paper we fix a sequence of blow ups (Zy,...,Zs, ) as in Def-
inition 2.1 and we set m;; : Z; — Z;, for j > i, to be the composition
Tji = Tij41 OMj42 0+ O0T;_1 OTy.

The centers C;, in general, can have any dimension. We extend the well-

known notion of proximity for point blow-ups.

Definition 2.2. We say that C is proximate to C;, and write C; — Cj if and
only if C; ¢ E/7".

Note that, if C; is proximate to C; then j > .



THE CHOW RING OF A SEQUENCE OF POINT BLOW-UPS 565

Remark 2.3. For j > i we denote by Ef* the total transform of E! by the
morphism 7;; : Z; — Z;. By an abuse of notation E* = E!. Note that by
definition of the total transform, one has
Ef* =Ef +> piE}*
J>i

where p;; = 1if ¢ < 7 <k and Cj is proximate to C; and p;; = 0 in any other
case.

We can now define two free Z—modules with basis {Ef*}le and {Ef}fz1
respectively, and construct the change of basis matrix By

1 0 ‘e 0 0
—p12 1
(1) Br = L —pas
: : 1 :
—pik —P2k c —DPr—1k 1

Note that its inverse B,;l has also integer entries.

Consider just one of the blow-ups conforming the sequence:

a+1 Jat+1
Bt 7,

ga+1i ‘ﬂ'a+1l
for a € {0,1,...,s—1}.
The following result shows us the multiplication rules of A®*(Z,41) for any
blow-up at some smooth center Cy1.
Proposition 2.4 ([4, Proposition 13.12]). The Chow ring A*(Zy+1) is gener-
ated by 7,1 A*(Zs) and jat1:.A*(EST]) as an algebra, that is, by classes pulled

back from Z, and classes supported on Eg_ﬁ The rules for multiplication are

the following:
(2)  7opT Ty =T (xy) forx,y € A%(Z,)
(3)  Th1T - Jarixt = Jay1x(t- goi1in1x) for x € A%(Za),t € A.<Egﬂ)
(4)  Jatist - Jagrett = —jas1a(t-u-<) for t,u € A°(ESY)
where ¢ = cl(oEgi}(l))-
We identify A*(Zy) as a subring of A*(Za+41) by means of the ring homo-

morphism
Toy1 : AN Zo) = A% (Zaya).

Remark 2.5. We will denote by e?* (resp. e) to be the class of [EX*] (resp.
[E2]) in AY(Z,) fori=1,...,a.
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In the next section we will give a presentation of the Chow ring A®*(Z,) as
a Z—algebra of finite type, in the particular case where Zy = P™.

3. Main results

Note that Proposition 2.4 does not give a presentation of A*(Z,4+1) as a
A*(Z,)—algebra, but only states the rules of multiplication.
If we could find generators of A®(ESf]) as a Z—algebra, {v1,...,%} €

A*(E®T]), then

a+1
A.(Za+1) = A.(Za) [ja+1*(71)a R ,ja+1*(77’)]

would be a A®(Z,)—algebra of finite type. One would like to have a presenta-
tion
A.(Zoz-H) = A.(Za) [wh s 7wT] /\7

by sending w; to jat1x(7:), with an explicit description of the ideal J. The
ideal J will be computed in Theorems 3.3 and 3.6. We will restrict ourselves
to the case of sequences of point blow-ups, that is C, = P,, with the ground
variety Zo & P". By [4, Theorem 2.1.], A*(Zy) = Z [u] /(u™T1), by sending u to
h, where h € A'(Zy) is the rational equivalence class of any hyperplane [H] in
P, and for all o A*(E2) 22 Z [w] /(w™) by sending w to ¢, where ¢, € A(E2)
is the rational class of any hyperplane.

In the case of sequences of point blow-ups, we are able to give generators of
the Chow ring A®*(Z;) as a Z—algebra.

Lemma 3.1. The Chow ring of the sky A®*(Zs) is generated by {h®*, {ei*};_;
as a Z—algebra.

Proof. This follows by induction on «. It is clear that A®(Zy) is generated by
{h}. Let us suppose that A®(Z,) is generated by {h®*, {e?*}?,}. Now by
Proposition 2.4 and due to the fact that EST} = P"~!, that is A*(EST])
Z1t] /(t™), by sending t to ¢4t1, With ¢,41 the rational equivalence class of any
hyperplane in P"~1, and e211* - 271" = —jay14(Sat1) by (4) then A®*(Zo41)

is generated by {hot1*, {e?+1*}?i11} as a Z—algebra. O
Remark 3.2. Tt makes sense then to define the augmented free Z—modules with

basis {H", {E¥}%_ Y} and {H*, {EF}*_} and the augmented change of basis
matrix B}

1 0 0 0
0 1 0
X 0 - 1
(5) Bi=| P
—P13 —P23
: 1

0 —pix —p2k -+ —DPe—1r 1
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and its inverse B} !.

Theorem 3.3. The Chow ring of the sky A®*(Zs) is isomorphic to

(6)  A%(Zs) = Zlwo, w1, a] /({i - fvj}f,i;:jo AED™ @)™ + (x0)" Hoy),
by sending xo to the class h°* and x; to the class ej* fori=1,...,s.

Proof. By Lemma 3.1 there exists a surjective morphism
¢ ZLlxog,x1,...,x5] = A%(Zs),
such that ¢(zg) = h®* and ¢(z;) = ei* for ¢ = 1,.... Firstly we will prove that
J = {m 'fﬂj}f,;:‘o, {(=D)" ()" + (20)" }iz1) C Ker(¢).
i#j

1t in terms of

To begin with, let us express the classes of the basis {Ef‘“* o
the classes of the basis {EX '}, that is, since

«
ax __ e
et =ef + E bwej7

j=it1
then

e (e
€?+1* = €?+1 + Z bj,ie?+1 + (Z pjaﬂbj,i)egﬁ
j=i+1 j=i
where b;,; denotes the coeflicients of the augmented change of basis matrix
B: L
If we denote by 441 € Al(Eg‘Ill) the class of any hyperplane in Eaii then
we have the following intersection products

(7) Cgi% ’ Cgi% = _ja+1*(§a+1)7
(8) e?""l 631% = ]a+l*(§a+1) if Pyy1 — P;,
©) e;Hl gi% =0 otherwise,

where equation (7) follows from equation (4) and equation (8) is a direct con-
sequence of [5, Corollary 6.7.1], that is 7 4 (ef) = e““ + 211, and equations

(3) and (7). So the following intersection product is 0
1 1 1
(10) (€5 + pjasreatit) -eaf1 =0,
and we can conclude that
et et = (0T + Y baed T+ (O pjaraba)eall) -eall =0.
j=i+1 j=i
On the other hand, ho+1* . gi} = 0 is a consequence of the moving lemma

(see [5, 11.4 Moving Lemmal). If we make the pull back through 77, for all
«, then it follows that

({zi- 2} j=0) C ker(e).

i#]
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By [5, Example 16.1.11], Ao(Zy) is a birational invariant, that is Ag(Z;) =
Z(h*)" fori=1,...,s,sosince (€211)" = (—1)" jas1.(s74,) then (e21])" =
(=1)"=*(h®*'*)", and by making the pull back through «% .., we conclude
that ({(=1)"(z:)" + (x0)" }i=1) C Ker(9).

Now we will prove that Ker(¢) C J. Note that ¢ : Zlxg,x1,...,25] —
A*(Zs) is homogenous, so ker(¢) is an homogenous ideal, and J is an ho-
mogenous ideal too by construction. Let us suppose that P [z] € Ker(¢)/J
with deg(P) = 1. Then 2 < n < n, since {IE?—H};:O € J, and P [x] must
be of the form P[z] = Y7 _,a;z] mod (J), since {z; - x;}; j—0 € J. Now if

i#]
n < n, then z;"P [z] will be also in Ker(¢), so ¢(z; "Pz]) = a;(ef*)" =

7

0, and since (ef*)" # 0 then a; = 0 for ¢ = 0,1,...,s. If n = n, since

{(=1)™(x;)" + (z0)"};_, € Ker(¢) then it follows that ag+ (—1)" T >°7_ a; =
0,s0 Plz] =0 mod (7).

Remark 3.4. Note that
<330, Tly--- 7IS>K6T(¢) = <{$1$]Ik}z]§:0 P {I?+1}::0>7
ik
so we have that Ker(¢)/ (xo,x1,...,2s) Ker(¢) is a free Z—module of finite

rank (";1) +n. Any set of generators of the ideal Ker(¢) is a set of generators
of Ker(¢)/ (xo,x1,...,2s) Ker(¢) as Z—module, so

Hai - 253 =0, {(=1)"(x)" + (z0)" }iz1 }

1#]

is a minimal set of generators for Ker(¢).

Corollary 3.5. Given two sequences of point blow-ups (Zy, ..., Zs, ) and
(Zy,..., 2., 7)), if s = s" then A*(Zs) = A*(Z.,).

Proof. Tt follows directly from equation (6) in Theorem 3.3. O

We can use {h?, {e5}5_, } as generators of the Chow ring A®(Z,) as Z—algebra
instead.

Theorem 3.6. A presentation of A*(Z,) using {h*,{e3}5_,} as generators is
the following one:

Z[y07y17"' Jys]

11 A%(7,) = 20 I sl

(1) (2) L

where

(12) A= (o vtz A+ D beawe) - (w5 + D bugyn)}s -1,
k=it1 1=j+1 i#j

{(ma)" + ((=1)" + #{i}i=i) (o) " }iz1))
by sending yo to he and yi toel fori=1,...,s.
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Proof. In this case there exists a surjective morphism

¢ LYoy, - -, ys] = A*(Zs)

with gb'(yo) = h** and ¢ (yi) = e for i = 1,...,s. Moreover we have the
following commutative diagram

Zlxoy ..., s

I
P
¢ .
Zyo, .- ys) —= A*(Zy)
where p : Z[yo,...,ys] = Z]xo,...,xs] is the isomorphism induced by the

augmentated change of basis matrix B¥, that is p(yo) = 2z and p(y;) = x; —
Zj:i 41 pijzj. Now, by considering the following images through p:

(13)  pl(y)" + ()" + #4{5},5:) (0)")
= (wi— > pwwr)" + ()" + # {5}, ) (0)"

k=i+1
s

= ()" + (=" > par(@r)" + (1" + # {5}, (0)"

k=i+1

I <_1)n_m<m’mzwns)H(pmﬁ)w

nitnit1+...+ns=n B=1i
Niyerr s N FEN

S

= (=D)"((=1)" ()" + (z0)") + D pir((=1)"(2)" + (20)")

k=i+1

n s
A . ng
i Z ( ) <niani+1...7ns) H(plﬁxﬁ) s

nitnit1+...+ns=n B=1i
Ny, NsFEN

S S
(14)  p(yo-yi) =0~ (¥ — > pikk) =To-Ti— Y PikTo- Tk,
k=i+1 k=i+1

(15) p((y: + Z br,iyk) - (y; + Z biju)) =T -z,

k=i+1 I=j+1

we can conclude that A C Ker(¢). The inclusion Ker(¢') C A is straightfor-
ward by Remark 3.4. O

The next examples illustrate some interesting consequences of Corollary 3.5.
In particular, the first one shows how the presentation of the Chow ring of
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the sky of a sequence of point blow-ups in terms of the total transforms of
the exceptional components fails to detect the proximity configuration of the
sequence.

Example 3.7. Let us consider all possible proximity configurations for a se-
quence of point blow-ups of length 4 verifying that at least P;11 — P;, that
is

(1) P17 P2 — Pl, P3 — P2 and P4 — Pg,

(2) Pl,P2—>P1,P3—){P17P2} andP4—>P3,

(3) Pl, P2—>P1,P3—>{P1,P2} and P4—>{P2,P3},

(4) P17P2—>P1,P3—>{P17P2} andP4—>{P1,P3},

(5) Pl, PQ — Pl, P3 — {Pl,PQ} and P4 — {Pl,PQ,Pg},

(6) Pl,PQ—)Pl,P3—>P2 andP4—>{P2,P3}.
We can compute a presentation of the Chow ring of the skies of these 6 prox-
imity configurations using both the total transforms of the exceptional compo-
nents and the strict ones as generators. Firstly, we give the presentations in
terms of the strict transforms:

(1) A*(Zy) 2 Zh,eq,e2,e3,e4] /A; where
Ar = ({h-ei}ioy (1 +e2) - (ea+es),e1- €3, (e + e3) - (e3 +ea),
e1-eq,6ea-ey4,(e3+eq) - eq,(e1)", (e2)", (e3)",
(=1)(eq)™ + (R)™) if n is odd,
Ar=({h-ei}i_y,(e1+e2)- (e +es),er-es, (e2+es) - (e3+ea),
e1-eq,ez-eq,(e3+eq) ey, (e1)" +2(h)", (e2)" +2(h)",
(e3)™ +2(h)"™, (ea)™ + (R)™) if n is even.
(2) A*(Zy) 2 Z1h, ey, e, e3,64] | Az where
{h-eitiy,(e1+e2) (e2+es), (er+es) - (e3+ea),
ez +e3)-(e3+eq),e1-eq,69-eq,(e3+eq)-eq,(er)"” + (h)",
e2)", (e3)™, (=1)(eq)™ + (R)™) if n is odd,
{h-eitisy . (e +e2) - (€2 +es), (e1+es) - (es +ea),
es+e3)-(e3+eq) e1-eq,6-e4,(e3+eq)eq,(e1)” +3(R)",
e2)™ + 2(h)", (e3)™ + 2(h)", (eq)™ + (R)™) if n is even.
(3) A*(Z4) 2 Z[h,e1,e2,€3,e4] / A3z where
Az = ({h- ez}z 1. (e1+e2) - (ea+e3+2eq),(e1 +e3)- (e3+es),
(ea+e3)  (e3+eq),e1-eq,(ea+eq) ey, (e3+eq)- ey,
(e1)™ + (R)", (e2)™ + (R)", (e3)"™, (=1)(ea)™ + (R)")
if n is odd,

As = ({h- 61‘}?:1 ,(e1+e2) - (ex +e3+2eq),(e1 +e3)- (e3+es),

= (
(
(
= (
(
(
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(e2 +e3) - (e3+es),e1-eq,(e2 +eq) - eq,(e3+ eq) - ey,
(e1)™ +3(h)", (e2)" +3(h)", (e3)" + 2(h)", (ea)" + (R)")
if n is even.
(4) A*(Zy) 2 Zh,eq,e2,e3,e4] /Ay where
Ar=({h-ei}i_y,(e1+€2) - (e2 +es+ea), (1 +€3) - (e3 + ea),
(e2 +e3)-(es+es),(e1+e€4) e, eq,(e3+ea) e,
(e1)™ +2(h)", (e2)™, (e3)™, (=1)(eq)™ + (R)™) if n is odd,
= ({h-eidimy(e1 +e2) - (ea+es+ea), (e +e3) - (e3 +ea),
(e2 +e3) - (e3 +eq), (€1 +ea) - eq, €2 - eq, (e3 + €4) - €4,
(e1)™ +4(h)", (e2)" +2(h)", (e3)" + 2(h)", (e4)" + (R)")
if n is even.
(5) A*(Z4) 2 Zh,eq,e2,e3,e4] /A5 where
As = ({h-eitisy, (e1 4 €2) - (ea + €3 + 2e4), (e1 + €3) - (3 + €a),
(e2 +e3) - (€3 +e4), (€1 +e4) €4, (e2+eq) - eq,(e3+€s) - €4,
(e1)" +2(h)", (e2)" + (R)", (e3)", (—=1)(ea)” + (R)")
if n is odd,
As = ({h-ei}i_y, (e1 +e2) - (e2 +e3+2eq), (e1 + e3) - (e3 + ea),
(e2 +e3) - (e3+eq), (e1+eq) - eq,(e2 +eq) - eq,(e3 +eq) - €4,
(e1)" +4(h)", (e2)" +3(h)", (e3)" + 2(h)", (ea)" + (R)")
if n is even.
(6) A*(Zy) 2 Z1h, ey, e, e3,e4] | As where
={h- 61}2 1s(e1+e2) - (ea+e3+2eq), €1 -e3,
(e2+e3)-(e3+eq),e1-eq,(e2+eq) - eq,(e3+e4q) - eq,(e1)”,
(e2)™ + (h)™, (e3)™, (—=1)(eq)™ + (B)™) if n is odd,
= ({h-ei}iy, (e1 +ea) - (e2+e3+ 2es),e1 - €3,
(e2 +e3)-(e3+es),e1-eq,(e2+eq)-eq,(e3+e€4) ey,
(e2)" + 200", (e2)" + 3(h)", (e)" + 2(B)", (e4)" + (B)")
if n is even.

However, the presentations of the Chow ring of the skies of these 6 differ-
ent proximity configurations coincide when considering the total transforms as
generators:

(16) A*(Zy) 2 Z[h*, €7, e5,¢e5,ex] A,
where A = ({* e}y {ef - bgm A1 ()" + (07"}
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Now, if we restrict ourselves to the study of sequences of point blow-ups
with a fixed proximity configuration, the following example exhibits that even
although the skies of two sequences may not be isomorphic, there will exist an
isomorphism between their Chow rings.

Example 3.8. Let us consider all sequences of point blow-ups of length 5 with
Zy = P? and the following proximity configuration: P, P, — Py, P; — P,
Py, — P; and P; — Pj;. Then a presentation of the Chow ring of any of the skies
of these sequences using the strict transforms of the exceptional components
as generators is

(17) A*(Zs) =2 Zh,e1, ez, e3,e4,e5] /B,
where
B=({h-e}i_y {(ex+e5)- ¢}y, {e;- ek}?,];:}f ,(e1)? +5(h)?,
J

5

{(e))” + ().
Nonetheless, since E{ = P!, it is clear that if we choose two sequences of point
blow-ups as above such that the centers {Py, Ps, Py, Ps} and {Py, Py, P,, Py}

have different cross ratios, then the skies of the associated sequences will not
be isomorphic but their Chow rings will do.

In Example 3.7 we can foresee that the proximity relations of a sequence of
point blow-ups are encoded in some way in the presentation of the Chow ring
of the sky when using the strict transforms of the exceptional components as
generators. Now we formalize it.

Definition 3.9. We define for a given a sequence of blow-ups (Z, ..., Zs,7)
that an irreducible component Fj is final if there not exists j such that P; is
proximate to P;.

Remark 3.10. In [1] the definition of final divisor is different, but in the case
of sequences of point blow-ups both definitions are equivalent.

Also, in [1], final divisors are characterized in terms of the intersection of the
irreducible components of the exceptional divisor. We can now use Theorem
3.6 to refine the characterization.

Corollary 3.11. E; is final if and only if its class in A*(Zs), that is e, satisfies
the following two conditions

(18) (7)™ = (=1)"(ef)" " (e5)"

(19) (e5)"tei = (h*)"

for every j such that €5 - e; £ 0.
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Proof. 1f E; is final then there not exists k such that P is proximate to P;. By
equation (10) (e} +e;)-e; = 0 if P; is proximate to P; and ¢} - e} = 0 otherwise.
Since F; is final then it follows that

(20) {(e§+ef)-e§:0 if P, — P;

(21) e; e =0 otherwise

From equation (20) we can deduce that (e7)" = (—1)"(e)" " (ej)". More-

over (h**)™ = (=1)"*1(ef*)", so (B*)" = (=1)*"ef(e5)" ™! = ej(e5)" .

Now we will prove that if F; is not final, then some of the above conditions
fails. Among all the index {8} satisfying Pz — P; there must exist an index
j such that P; — P; but that there not exists & with P, — P; and P, —

P;. Since Ej is final for the sequence (Zo, ..., Z;, 7)), then (eg) S(el)nt =

(h7*)™ and (e])"'=P(e)'HF = (—1)5(62)"_%? Moreover, since there not
exists P, with P, proximate to both P; and P;, then we can conclude that
(e3) - (5"~ = (h**)™ and (e5)" 1P (e5)+F = (=1)P(e5)"tes. If m is even,

although (e5)"~'ef = (h**)™ since n—2 is even too, (ef)"™ # (—=1)" " (ef)(ef)" "

since by Theorem 3.6 (ef)" = —(1+# {B8})(h**)™ with # {3} > 1 so condition
(18) fails.

If n is odd, (e5)"'ej = —(h7*)", since n — 2 is odd too, so condition (19)

fails. O

Some comments about the Chow ring of blow-ups at more general
centers.

The main result in the literature about the structure of the Chow ring of a
blow-up at a center of arbitrary dimension is the following one

Theorem 3.12 ([6, Appendix Theorem 1]). Suppose the map of bivariant rings
ini1 A% Zy) = A% (Coyr)
is surjective, then A®*(Zy41) is isomorphic to
A*(Za) [T]/(P(T), (T - Ker(ig1))),

where P(T) € A*(Z,) [T] is any polynomial whose constant term is [Co11] and
whose restriction to A®*(Cut1) is the Chern polynomial of the normal bundle
Nca+1/Za i.e.

it (P(T)) = t"+ et (No 2, ) T - ca1 N, 4 y20) T+ eaWNey 1 2,)s
(where d = codim(Co+1,Za)). This isomorphism is induced by

T A% Za) > A (Zasn)
and by sending —T to the class of the exceptional divisor.

However, the surjectivity hypothesis of the theorem is quite restrictive. For
example, let us consider the blow-up of a rational curve C; C Zy =2 P3 of degree
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Ji
El —= 7,

o

11
Ci —— 2

Note that in this case the restriction map i : A*(Zy) — A*(C}) is not
surjective since i} (h) = y[P], where [P] denotes the class of a point P € C4, so
we can not apply Keel formula of theorem 3.12. A*(Z;) is no longer generated
by {h'*,e}*} and we need to add an extra generator r1 = ji.[g; *(P)], which
geometrically is the fiber of a point in the blow-up.

One can prove that

A*(Zy) 2 Z|xo, x1,w1] /T
where
1= ((550)2 *T1,To - X1 — YW1, To - Wi, (w1)2,
(21)* + (=4 + 2)wy + ¥(20)?, (z0)® + 21 - w1)

by sending xg,z; and w; to h** el and ri, respectively.
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