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A FAMILY OF HOLOMORPHIC FUNCTIONS
ASSOCIATED WITH MUTUALLY ADJOINT FUNCTIONS'

K.R. KARTHIKEYAN, G. MURUGUSUNDARAMOORTHY AND N.E. CHO*

ABSTRACT. In this paper, making use of symmetric differential operator,
we introduce a new class of f-symmetric - mutually adjoint functions. To
make this study more comprehensive and versatile, we have used a dif-
ferential operator involving three-parameter extension of the well-known
Mittag-LefHler functions. Mainly we investigated the inclusion relation and
subordination conditions which are the main results of the paper. To es-
tablish connections or relations with earlier studies, we have presented
applications of main results as corollaries.
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1. Introduction

Let #H be the class of holomorphic (analytic) functions in the open unit disc
U={z:|z]|<1}. Let

H(a,n) ={f €H, f(2) =a+ap2" + an12" T + ...}
be the subclass of H. Also, let

A={feH, f(z) =2z+ax® +azz®+...} (1)
and two functions f, g € A are called mutually adjoint if for all z € U
2f'(2) z9'(2)
Re —————>0 and Re——"— >0,
f(z) +9(2) f(z) +9(z)
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which is denoted by MS™. Lewandowski and Stankiewicz in [7] established that
if f(z) and g(z) are mutually adjoint, then the function ¥(z) = w is
starlike and both f(z) and g(z) are close-to-convex. We let S denote the class of
functions f € A which are univalent in #. §* and CC will denote the respective

class of starlike and close-to-convex in .

Example 1.1. Let f(z) = 2 and g(z) = 21, |2 < Land let T(z) = 720C)

; 1—2 ~ et
and R(z) = f(ig)lf(;)(z)' Then we can see that
2
and
1-=2

Re[R(z)] = Re ((3—2)) >0 (zel).

It is well known that if f(z) given by (1) is in S, then the f-symmetrical

function [f(zf)]l/g, (¢ is a positive integer) is also in S (see [5, pg. 18]). Let ¢
be a positive integer and & = exp(2mi/{). For f € A, let

1o,
file)y =3 S 16D )
v=0

3

The class of starlike functions with respect to ¢-symmetric points, denoted by
S;, which was defined by Sakaguchi [10] as below:

The function f is said to be starlike with respect to ¢-symmetric points if it
satisfies the condition
2f'(2)
fe(2)
and shown that f € S; are univalent. Note that S} = S*.

With primary aim of unifying the class of mutually adjoint close-to-convex
functions and the class of functions starlike with respect to ¢-symmetric points,
Aouf et al. [2] defined the class of functions Q(¢, U, V') satisfying the subordina-
tion condition

z gi(z) 1+ Uz

1 ¢ =

P ig(z) 1+Vaz

where g1,..., g¢ € A. Note that Aouf et al. [2] defined the class (¢, U,V)

involving multiplier transformation. Notice that £ =2, U =1 and V = —1, the

class Q(¢, U, V) reduces to the class MS™. Also, letting g;(z) = f(2), g.(2) =

Wwlfwz) (feAv=1,... Lw=e/) U=1and V =—1in Q, U, V),
then the class Q(¢, U, V') reduces to the class S;.
Recently, Breaz et al. [3] defined the function

[(A+Up+o(V-U)¥()+[1-U)p—o(V-U)

LUV ps o) = [V )¥() + (1=V)] » ()

S;={f€A:Re >0, fi(z) asin(2)}

(zel;i=1,2,...,4, -1 <V <U<1),
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where U(z) € P, a well-known class of functions with positive real part and is
of the form

U(2) =1+ Ryz+ Rp2® + - . (4)
Lemma 1.2. [4] If p € P, and V(z) is given by (4), then
R, <2 forn>1, (5)

where P is the family of all functions U analytic in U for which
Re(¥(z)) >0 (z€ A).
Using Hadamard product, we let following operator Z(6, ¥, p)f : Y — U by

0,0, ) = [+ R 0(5)] =5+ 3 gy
()

where Ry 4(2) =2+ 307, %z" (2,0, 9, pe C,Re(f) > 0). The

function R; o(2) is the normalized form of the Mittag-Leffler three parameter
function (popularly known as Prabhakar function [9]).

Throughout this paper, we assume that —1 <V < U < 1,/ € N, ¢ =
exp(2mi/f) and

/ 1

=0, 9, ) fie(z) = 3 B0, 9, (D) = 24 - (7)

v=0
(feA=1,23,..).
And let 2(0, 9, p) f1,e(2) = E(0, 9, p) fi(2)
Motivated by Aouf et al. [2], we now define the following.

Definition 1.3. For I'(U, V; p; o; ¥) defined as in (3), a function f € A is said
to be in A}c’fo(ﬁ, 9, p; U, V; U) if and only if

R0
%Zi:15(6719,p)fy(z)< (7 y L5 05 )a ( €U, s 2y, )7 ()

-
where %ijl =0, 9, p)fu(z) #£0.
Remark 1.1. For appropriate choice of the parameters, we can see that MS*
and Q(¢, U,V) can be obtained as a special case of A, (0, ¢, p; U,V; ¥). Now

we list a few special cases to illustrate that A, (0, ¥, p; U,V; ¥) is a complete
generalization of various subclasses of starlike functions.

(1) Hwelet 6 =0 =0, p=1, filz) = f2), fulz) = w I f(w'z) (f €

Av =1,...06w = €™/, U = 1 and V = —1, then the class
A, (0, 9, p; U, V; U) reduces to the class
zf'(2)
A { fj,f(z) ( )
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The class S7 ,(¥) was introduced and studied by Karthikeyan in [6].

(2) Ifwelet 8 =0 =0,p=1, fi(z) = f(2), fulz) = w " f(wWz)+
WIfwE) (feAv=1,...,0;w0=e> "), U=1and V = —1, then
the class A, (0, 9, p; U, V; ¥) reduces to the class

S5 0= {feA: ;{/52) <\If(z)}.

The class S5; ,(¥) was introduced and studied by Selvaraj et al. in [12]
(also see [14]).

Further, for convenience we now define the following.

Definition 1.4. For T'(U,V; p; o; ¥) defined as in (3), a function f € A is said

to be in M, (0, ¥, p; U,V, X,Y) if and only if
2E(0, U, p)f'(2)

5(97 v, p)ff(z) + 5(9, v, p)gz(Z)

<IL(U,V; 1; 0;9), 9)

and
2E(0, 9, p)g'(2)
5(97 19? p)ff(z) + E(ea 19) p)gl<z)
where Z(6, 9, p)fe(z) # 0 and Z(6, ¥, p)ge(z) # 0 are defined as in (7).

Remark 1.2. If welet 0 =0=0,p=1,¢(=1,U=X=1,V =Y =—-1and
U(z) = 12 then the class M, (0, 9, p; U, V, X,Y) reduces to the class MS*

1—z
introduced and studied by Lewandowski and Stankiewicz in [7].

<I(X,Y; 1; 0;9) (10)

2. Integral Representation and Subordination Results.

We begin this section by obtaining the integral representation for functions
in the class M, (0, 9, p; U,V, X,Y).

Theorem 2.1. f € M, (0, 9, p; U, V, X, Y) if and only if there exists
R(z)=T(U,V; 1; 0;¥[w(2)]) and T'(2) =T (X,Y; 1; 0; ¥[w(z)]) in P such that

z ¢ .
=0, 9, p)fe(z) = /0 R(O) |exp /O R(’””de] ac

2n

and

=6, 9. plantz) = [ 700 -

exp/c R(n)+T(n)—2dn dc
O b

where w(z) is the Schwartz function.

Proof. Let f € My(0,9, p; U, V,X,Y). Replacing z by €“z in (9), (10) and
using the fact that 2(0, ¥, p) f'(¢”z) = Z(0, 9, p) f;(2) we can establish that
ZE(0, 9, p) fi(2)
2(0, 9, p)fe(2) + E(0, 9, p)ge(2)

<T(U,V; 1; 0;9)
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and
ZE(0, 9, p)gy(2)
E(0, 7, p)fe(z) +E(0, 9, p)ge(2)
Therefore f € M, (0, ¥, p; U, V, X,Y) implies fo € M, (0, 9, p; U, V,X,Y).
By definition 1.4, (9) and (10) can be equivalently written in the form

<T(X,Y; 1; 0;0).

22(0, 9, p) fi(2)
E(@, 19’ p)fl(z) + E(a’ 79’ p)gl(z)

~ R(2) (11)

and
Z2(0, 9, p)gy(2)

E(0, 9, p)fe(z) +E(0, 9, p)ge(2)
where R(z) =T'(U,V; 1; 0; U[w(2)]) and T(z) =T (X,Y; 1; 05 ¥[w(z)]). Using
Logarithmic differentiation on (11), we get

20,9, p)fi'(2) _ R(z)  R(z) +T(z) -2
20,9, p)fi(2) — R(z) 2z '

On integrating the above expression, we get

=T(2), (12)

- Sl [CRm)+ T -2 ]
=06, ¥ = R ——— —dn| dC.
0.9.002) = | RO & | 0|
Similarly, from (12) we can establish
- ol R +TO) -2 ]
=06, ¢ = T ——— dn| dC(.
0.9, 02) = [ 700 & | 0| ac

Adding (11) and (12), retracing the steps as in [7, p. 49] we can establish the
sufficiency part. Hence, the proof of the theorem is completed. O

Lettingd =0 =0, u=p=¢=1,U=X =1and V=Y = —1 in Theorem
2.1, we have the following result.

Corollary 2.2. [7] f € MS* if and only if there exists ®(z), ¥(z) € P such

that
z ¢ _
f(z) = /O (C) |exp /0 de ac
and
z ¢ _
o(2) = /O B(¢) |exp /0 ‘D(m*;’n(")?dn] d.

Remark 2.1. In general, we note that I'(U,V; 1; o; ¥) need not be convex
univalent in A. However, the function I'(U, V; 1; o; ¥) is convex depending on
the choice of ¥(z) (see [3]).
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Lemma 2.3. Let ¢ be convex in U, with £(0) = d, v # 0 and Rev > 0. If
r € H(d, n) and

< {(2),

then
r(z) < q(z) < £(2),

where

q(z) = —2 /AWW%@M

n zv/n o
The function q is convexr and is the best (d, n)-dominant.

Theorem 2.4. Let (0, ¢, p)f € A for all z € U\ {0}. Also letT'(U,V; 1; o;¥)
be convex univalent inU with [I'(U,V; 1; 03 V)], _, =1 andRe T(U,V; 1; 0; ¥) >
0. Further, suppose that
2
< 2 [2(0, 9, p)f1(2) >
-
% Zj:l E(0, 9, p)fi(2)
‘=
220, 9, iz
—ZJ;I _( P )}] <T(U,V; 1; 0; 7). (13)
Zj:l E(0, 9, p)fi(2)

2[2(6, 9, p)f(2)]
ISt (20,9, p)fi(2)

(20, 9, ) f1(2)
i 2{ =6, 9, p)f(2)

Then

< K(z) = v/Q(2), (14)

where

1 z
O(z) = 7/ U, V; 15 0;9) dt
< Jo

and K is conver and is the best dominant.

Proof. Let
— ’
’I“(Z) _ - ZEH(HL’L% p)fz (Z)]

7 Zj:l ‘:(97 197 p)fj(z)
Then r(z) € H(1, 1) with r(z) # 0. By assumption, I'(U, V; 1; o; ¥) is convex
univalent in ¢ which in turn implies +/I'(U, V; 1; 0; ¥) is convex and univalent
in U. Suppose that T'(z) = r%(z). Then T(z) € H with T(z) # 0 in U.

Using logarithmic differentiation, we have

(z€eU; p=0).

2T (2) _olis 2(2(0, 9, p)fi'(2) Zf-:l 2E(0, 9, p) f5(2)
T(2) 20,9, 0)f1(z) YU E(0,9,0)f5(2) |
Thus by (2.4), we have

T(z)+ 2T (z) < T(U,V; 1; 03 ) (2 € U). (15)
Now by Lemma 2.3, we deduce that
T(z) < Q=) <T(U,V; 1; ;7).
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Since ReT'(U,V; 1; 0;¥) > 0 and Q(z) < (U, V; 1; o; ¥), we have Re Q(z) > 0.
Q(z) is univalent by the virtue of £ being univalent and 72(z) < Q(z) implies
that r(2) < 1/Q(z) which establishes the assertion. O

Corollary 2.5. Let (0, 9, p)f € A for all z €U \ {0}. If

2[26, 9, p)fl(z)] \° 2200, 9, p)ff () Xj=1 2B, 9, p)fj(2)
Re{(% TR0 0, i >) 342 =00, 0, 0)f1(2) =TT pm(z)} >0,

then

Re {1 z [Zz(e,_ﬁ, P (2)]
7 j=1 :‘(97 191 p)fj(z)
where w(s) = /[2(1 — <) - log 2 + (26 — 1)]. The inequality is sharp

} > w(s),

Proof. Let 6 =0, U =1,V = -1 and ¥(2) = H(ﬁ%;l)z, 0 < ¢ <1 in Theorem

2.4, we can easily get the desired result. O
If we let 8 =0 and p = 1 in the Corollary 2.5, then we have the following
Corollary 2.6. Let f € A with f'(z) and f(2) # 0 for all z €U\ {0}. If

SN[ 28 22 ()
fe (f@)) T R T I I (R
then )
2f (2)
Re 78 > w(s),

where w(s) = /[2(1 — <) -log2 + (2¢ — 1)]. This inequality is sharp

3. Coefficient Inequalities

Theorem 3.1. Let f,(z) = z+ Y oo oau n2™ be defined in A and let f €
Ay (0,9, p; U V; U). Then forn > 2,

U-V)1-0)|R An(Y,0,0)0
|nan—bn|§ ( )( O—)‘ 1|Z | ( ) P ) t|, (16)
h h, =1 d A, (9, p,0) = T (p)n—1 ]
where by, =  [a1,n + -+ agn] and A, (9, p, Y CET Ty Ty
Proof. By the definition of A, (6, 9, p; U, V; ¥), we have
z[2(0, 9, p)fl(z
20000 -

[

7 201 20,9, p) fu(2)
where p(z) € P is subordinate to p(z) < % and U(z) is defined as
in (4).

Equivalently, (17) can be written as

nz2A (9, p, B)nay, z (an )(iAnﬁp, )

n=1
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(bl = Al(ﬁapa 0) = 1) :
Equating the coefficient of 2™ on both sides

|[n Ay — bn] An('ﬂvp? 6)' = [Anfl(,l9 p?9> n—1P1 + - +pn—1A1(19,/77 e)bl]

= let (0, p,0) | < let (0, p, 0)] [be]-

From [3, Lemma 4], we have |p¢| < w

we have

,t > 1. On computation

(U= V)(1 = o) [ Ra| 35353 |An (¥, p,0) be|

nan — bn S
I I 215, (0..0)

(18)
O
If welet 0 =0, fi(2) = f(2), fo(2) =w Wfw2) (feAv=1.. 0((w=

€2/} in Theorem 3.1, then we have:

Theorem 3.2. Let (0, 9, p)fj ¢(z) = %25:1 eYI[2(0, 9, p)f(e¥2)]. If fe A
satisfies the condition

2=2(6, 9, p)f'(2) B U+1)¥(2)—(U-1)

20,9, p)fje(z)  (V+DU(z) = (V= 1)
then form>2, =1 <V <U <1,

U-V)RiY,; =21t -7, V]

| (
LS verrys T | Sy sy v N )

‘e o
where Tpj = 230 w=9v,

Proof. By definition, Z(0, 9, p)f;,¢(z) = > oy An(9, p,0) T, janz", where

T, = %Zle wn=av (Ti;=1=a1 = A1(¥,p,0)). Replacing b, =T, ja, in
(18), we have

(U =V)(L = 0)|[Ba| 3207, [An(W, 9, 6) Yot
2[An (9, p, )Iln Tl '

Let n =2 in (20). Then

(U—=V)|Ry Tyl
= 2|Ax(9,p,0)] 2 = Yo 4

|ag| < (21)

Letting n = 2 in (19), we get

2—1
las] < 1 H (U—=V)Ri Yy —2[t—"T,;]V|
[A2(d, p,0)] 22 2|t +1) = Teqa 41



Mutually Adjoint Functions 1005

B2 (3, p, 0)] 212 =T 2|A2(19,p,9)||2—T?,j)
22

From (21) and (22), we find that the hypothesis is correct for n = 2. Using
induction hypothesis and retracing the steps as in [13, Theorem 2.1], we can
establish the assertion of the theorem. O

Ifwelet § =0,p=1,0=0and ¥(z2) = if; in Theorem 3.2, then we get
the following result.
Corollary 3.3. [1, Theorem 2] If f € A satisfies the condition
zf'(z) 14Uz
fielz) 14+Vz
then formn>2 —1<V <U <1,

n—1
ol < [ el 0 =10 11+
= t+1—"Yi1 ]

t=1
Ifwelet j=¢=1,U=1-2nand V = —1 in corollary 3.3
Corollary 3.4. If f € A satisfies the condition
!/
ZHON
f(z)

Re

then forn > 2,

n—1

@ ‘<H2(1—n)+t
" = 1+t

Remark 3.1. Results obtained by Senguttuvan et al. [13] can be obtained
as special case of Theorem 3.2, except for a difference in the coefficient of the
defined operator.
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