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COINCIDENCE POINT RESULTS UNDER GERAGHTY-TYPE
CONTRACTION

AMRISH HANDA

ABSTRACT. The main aim of this research article is to establish some coincidence
point theorem for GG-non-decreasing mappings under Geraghty-type contraction on
partially ordered metric spaces. Furthermore, we derive some multidimensional re-
sults with the help of our unidimensional results. Our results improve and generalize
various well-known results in the literature.

1. INTRODUCTION

As the Banach contraction principle is a powerful tool for solving many problems
in applied mathematics and sciences, it has been improved and extended in many
ways. In particular, Geraghty [9] proved in 1973, an interesting generalization of
Banach contraction principle which had a lot of applications.

The concept of multidimensional fixed /coincidence point was introduced by Roldan
et al. in [18] which is an extension of Berzig and Samet’s notion given in [2]. For
more details, one can consult [1, 3-8, 10-13, 15-23].

In this research paper, we establish some coincidence point theorem for G-non-
decreasing mappings under Geraghty-type contraction on partially ordered metric
spaces. With the help of our unidimensional results, we obtain some multidimen-
sional results. The results we obtain generalize, extend and improve several classical

and very recent related results in the literature of metric spaces.

2. PRELIMINARIES

If X is a non-empty set, then we denote X x X x ... x X (n times) by X", where
n € N with n > 2. Let {A, B} be a partition of the set A,, = {1, 2, ..., n}, that is, A
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and B are non-empty subsets of A, such that AU B = A,, and AN B = (). Denote

Qa p={c: A, — A, :0(A) CA, ¢(B)C B}

and

Q) p={0: Ay — Ay :0(A) C B, o(B) C A}.
Hence, let o1, 09, ..., 0, be n mappings from A,, into itself and let T be the n—tuple
(01, 02y vy Op).

Let FF: X™ — X and G : X — X be two mappings. For simplicity, we denote
G(e) by Ge where € € X.

A partial order < on X can be extended to a partial order C on X" in the
following way. If (X, <) be a partially ordered space, €, § € X and i € A,,, we will
use the following notations:

e, ifieA,

(2.1) 5j5${5t&ﬁi63

Consider on the product space X" the following partial order: for Y = (g1, €9, ...,
Efy vony En), V= ((51, 02, cery 04y -nn, (Sn) e X",

(2.2) YLV e =y (51

Note that C depends on A and B. We say that two points Y and V' are comparable,
it Y CV or VLY. Obviously, (X", C) is a partially ordered set.

Definition 2.1 ([15, 18, 20]). A point (1, €2, ..., £,) € X" is called a T—coincidence
point of the mappings F': X" —- X and G: X — X if

F(é‘ai(l), €53 (2)r o Eai(n)) = (e, for all i € A,,.

If G is the identity mapping on ¢, then (g1, €9, ..., &,) € X™ is called a T —fized point
of the mapping F.

If we represent a mapping o : A, — A, throughout its ordered image, that is,
o= (o(1),0(2), .., 0(n)), then

(i) Gnana-Bhaskar and Lakshmikantham’s coupled fixed points occur when n =
2,01 =(1,2) and 09 = (2, 1),

(74) Berinde and Borcut’s tripled fixed points are associated with n = 3, o1 = (1,
2,3), 00 = (2,1, 2) and o3 = (3, 2, 1),

(7i7) Karapinar’s quadruple fixed points are considered when n = 4, o1 = (1, 2,
3,4),00=1(2,3,4,1), 03 =(3,4, 1, 2) and 04 = (4, 1, 2, 3).
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These cases consider A as the odd numbers in {1, 2, ..., n} and B as its even
numbers. However, Berzig and Samet [2] use A = {1, 2, ..., m}, B={m+1, ..., n}

and arbitrary mappings.

Definition 2.2 ([18]). Let (X, <) be a partially ordered space. We say that F
has the mized (G, <)-monotone property if F' is G-monotone non-decreasing in
arguments of A and G-monotone non-increasing in arguments of B, that is, for all

€1, €2, ..., €n, 0, T € X and all 17,

Go <Gt = F(€1, ...,61_1,(5, €itl, ...,€n) =i F(El, ey €11, T, Ei41, ...,En).

Definition 2.3 ([20, 22]). Let (X, d) be a metric space and define A,,, p, : X" X
X" — [0, +OO), for Y = (51, £y ey En), V= (51, 09y very 5n) € X" by

n

1
An(Y, V) = ;de &) and pp(Y, V) = max d(g;, &).

: 1<i<n
=1

Then A,, and p, are metrics on X™ and (X, d) is complete if and only if (X", A,)
are complete. Similarly, (X, d) is complete if and only if (X", p,) are complete. It

is easy to see that
A(YE YY) — 0 (as k — 00) & d(eF, &) — 0 (as k — 00),
and p,(Y*, Y) — 0(ask — o0) & d(eF, &) = 0 (as k — o0), i € Ay,

where Y* = (e}, ek, ..., eb) and Y = (g1, 9, ..., &,) € X™.

Definition 2.4 ([18]). We will say that two mappings F, G : X — X are commuting
if GFe = FGe for all e € X. We will say that F': X" — X and G : X — X are
commuting if GF (e, €9, ..., en) = F(Gey, Gea, ..., Gey,) for all €1, €9, ..., &, € X.

Definition 2.5 ([16]). Let (X, d, <) be a partially ordered metric space and let
F: X" — X and G : X — X be two mappings. Let T = (o1, 09, ..., 0,) be an
n—tuple of mappings A,, into itself verifying o; € Q4 p if i € A and o; € Q’A, g if
i € B. We will say that (F, G) is an (O, T)—compatible pair if, for all i € A,,,

lim d(GF (7MW, 7 o)y pGgeai® Geni) - GeTim)y) = o,

m m
m—00

whenever {1}, {2}, ..., {7} are sequences in X such that {Gel }, {Ge2,}, ...,

{Gel } are < —monotone and

lim F(e5M, 7 %)) = lim Ge! e X, for all i € A,,.
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Lemma 2.1 ([1, 20, 22, 23]). Let (X, d, <) be a partially ordered metric space and
let F: X" — X and G : X — X be two mappings. Let T = (o1, o9, ..., o) be an
n—tuple of mappings from A,, into itself verifying o; € Qa p ifi € A and 0; € Q:‘L B
if i € B. Define Fy, Gy : X™ — X", for all €1, €2, ..., e, € X, by
F(Egl(l), 801(2), ceey 50'1(71))7
FT(517 EQy ey €n) = F(&Uz(l), 502(2), vy 602(n)), s
oy F€g,(1)y €on(2)s +r Eon(n))

(2.3) Gr(e1, €2y «oy €n) = (Ger, Geg, ..., Gep).

(1) If F has the mized (G, <)—monotone property, then Fy is monotone (G,
C)—non-decreasing.

(2) If F is d—continuous, then Fy is A,—continuous and p,— continuous.

(3) If G is d—continuous, then G~ is A,—continuous and p,— continuous.

(4) A point (€1, €2, ..., €n) € X" is a YT—fized point of F if and only if (1, €2,
ceey En) 18 a fized point of Fy.

(5) A point (g1, €9, ..., en) € X" is a Y—coincidence point of F and G if and
only if (e1, €2, ..., €n) 15 a coincidence point of Fy and Gy.

(6) If (X, d, =) is regular, then (X", Ay, C) and (X™, pn, C) are also regular.

(7) If F and G are (O, YT)-compatible, then Fy and Gy are O-compatible.

(8) If there exist €}, €3, ..., el € X verifying Gely =; F(&gi(l), €g¢(2)’ s egi(n)), for
all i € Ay, then there exists Yy = (g, €3, ..., €f) € X™ such that Gy(Yo) C Fy(Yp).

3. MAIN RESULTS

In [14], Kadelburg et al. introduced, denoted by ©, the class of all functions 6 : [0,
+o00) — [0, 1) satisfying that for any sequence {s,} of non-negative real numbers,

O(sp) — 1 implies that s, — 0.

Theorem 3.1. Let (X, d, =) be a partially ordered metric space and F, G : X — X
be two mappings satisfying

(i) F is (G, =)-non-decreasing and F(X) C G(X),

(17) there exists eg € X such that Geg = Fey,

(131) there exists 0 € © such that

d(Fe, F§) < 0(d(Gs, Go))d(Ge, Gd),

foralle, § € X where Ge <X Gd. Also assume that one of the following conditions
holds.
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(a) (X, d) is complete, F and G are continuous and the pair (F, G) is O-
compatible,

() (G(X), d) is complete and (X, d, <) is non-decreasing-regular,

(¢) (X, d) is complete, G is continuous and monotone non-decreasing, the pair
(F, G) is O-compatible and (X, d, <) is non-decreasing-regular.

Then F and G have a coincidence point.

Proof. Let g € X be arbitrary. By (i), we have F'(X) C G(X), and so there exists
e1 € X such that Fey = Gey. Then, by (i), Geg < Feg = Gey. Since F is (G, <X)-
non-decreasing, F'eg < Fe;. Repeating this argument, we get a sequence {ey, }n>0

such that {Ge,} is <-non-decreasing, Ge,,+1 = Fe, X Fepy1 = Gepqa and

(3.1) Gepy1 = Fey, for all n > 0.

Let ¢, = d(Gey, Gept1) for all n > 0. By using contractive condition (iii), we
have
(3.2) d(Gept1, Genye) = d(Fepn, Fepg)

< 0(d(Gep, Gept1))d(Gep, Gepgr).

It follows from the fact § < 1 that

d(Gept1, Genyo) < d(Geyp, Gepgr), that is, (uy1 < ¢, for all n > 0.
Thus the sequence {(,}n>0 is decreasing. Hence there exists ¢ > 0 such that
(3.3) 7111—>I20 Cn = nan;O d(Gey, Gept1) = C.
Suppose ¢ > 0. Then, from (3.2), we obtain that

d(Gent1, Genya)
d(Gep, Gept1)
Taking the limit as n — oo, we get

< 0(d(Gep, Gepy1)) < 1.

0(d(Gep, Gept1)) — 1 as n — oo.
Using the properties of function 6, we have
Cn = d(Gep, Gepy1) — 0 as n— oo.
which contradicts the fact that ¢ > 0. Hence, by (3.2), we get
(3.4) nh_)rgo Cn = nh_}rrgo d(Gey, Gept1) = 0.

We now prove that {Ge, }n>0 is a Cauchy sequence in (X, d). Suppose, to the

contrary, that the sequence {Gey,}n>0 is not a Cauchy sequence. Then there exists
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an 7 > 0 for which we can find subsequences {e,x)}, {€m)} of {en}, 5, With n(k) >
m(k) > k such that

(3.5) d(Gengrys Gemry) = 1-
We can choose n(k) to be the smallest positive integer satisfying (3.5). Then
(3.6) d(Gengry-15 GEmr)) < 1-

By using (3.5), (3.6) and triangle inequality, we have

IN

wi, = d(Gen(ry, Gemr))
< d(Geprys Genry-1) + d(Genr)—1: Gemr))
< d(Gepgy, Gepgiy—1) +1-

Ui

Letting k — oo in the above inequality and using (3.4), we get
(3.7) klgl;o wg = kl;r{)lo d(Genys Gemry) = 1-

By using triangle inequality, we have

d(Gen(k) ) Gsm(kz) )

Wk

IN

d(Genry, Geniy+1) + d(Geny+1, Gemmy+1) + AGemmy+1, Gemr))
Ca(k) T Cmr) + d(Fen@y, Femr))

Cn(k) + Cmek) + 0(d(Gengys Gemr)))A(Geny, GeEmr))

Cak) + Cm(r) + Wk-

This shows that

IN A

IN

Wi < Gy + k) T 0(wWr)wk < Gar) + Cm(r) + Wk
Taking the limit as n — oo in the above inequality, by using (3.4) and (3.7), we get
O(wg) — 1.
Using the properties of function 6, we obtain
wi = d(Gepy, Gepmpy) — 0as k — oo,
which implies that
klingo Wi = kh—>nolo d(Genry, Gemry) =0,

which contradicts the fact that n > 0. Therefore, {Gey, }n>0 is a Cauchy sequence in
X.

Now, we claim that F' and G have a coincidence point for the cases (a)—(c).
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Suppose (a) holds, that is, (X, d) is complete, F' and G are continuous and the
pair (F, G) is O—compatible. Since (X, d) is complete, there exists ¢ € X such that
{Ge,} — ¢ and it follows from (3.1) that {Fe,} — ¢, since F' and G are continuous,
{FGe,} — Fe and {GGe,} — Ge. Since the pair (F, G) is O-compatible, we

conclude that

d(Ge, Fe) = lim d(GGept1, FGey) = lim d(GFe,, FGe,) =0,

n—oo n—oo
that is, € is a coincidence point of F' and G.

Now suppose (b) holds, that is, (G(X), d) is complete and (X, d, <) is non-
decreasing-regular. Since {Ge,}n>0 is a Cauchy sequence in the complete space
(G(X), d), there exists 6 € G(X) such that {Ge,} — J. Let ¢ € X be any point
such that 06 = Ge. Then {Ge, } — Ge. Since (X, d, <) is non-decreasing-regular and
{Ge,} is <-non-decreasing and converging to Ge, we have Ge,, < Ge for all n > 0.

By using the contractive condition (iii),
d(Gept1, Fe) =d(Fey, Fe) < 0(d(Geyn, Ge))d(Gey, Ge).
It follows from the fact 6 < 1 that
d(Geny1, Fe) < d(Gey, Ge).

Letting n — oo in the above inequality and using Ge,, — Ge, we get d(Ge, Fe) =0,
that is, € is a coincidence point of F' and G.

Suppose now that (c) holds, that is, (X, d) is complete, G is continuous and
monotone non-decreasing, the pair (F, G) is O—compatible and (X, d, <) is non-
decreasing-regular. Since (X, d) is complete, there exists ¢ € X such that {Ge,} —
e and it follows from (3.1) that {Fe,} — &, since G is continuous, {GGe,} — Ge.
Since the pair (F, G) is O—compatible, we have

lim d(GGepy1, FGep) = lim d(GFe,, FGey,) = 0.

n—oo n—oo
The above fact and {GGe, } — Ge together imply that {FGe,} — Ge.

Since (X, d, <) is non-decreasing-regular and {Ge,} is <-non-decreasing and
converging to €, we have that Ge, =< e, which, by the monotonicity of G, implies
GGe,, < Ge. Then by using the contractive condition (3.1), we get

d(FGey, Fe) < 0(d(GGey, Ge))d(GGey, Ge),
which, by the fact § < 1, implies

d(FGe,, Fe) < d(GGe,, Ge).
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Taking the limit as n — oo in the above inequality, by using the facts {GGe, } — Ge
and {F'Ge,} — Ge, we get d(Ge, Fe) = 0, that is, € is a coincidence point of F' and
G. O

Putting 6(s) = k with k£ € [0, 1) for all s € [0, o) in Theorem 3.1, we obtain the

following corollary:

Corollary 3.2. Let (X, d, <) be a partially ordered metric space and let F, G : X —
X be two mappings satisfying conditions (i) and (i) of Theorem 3.1 and assume that
there exists k € [0, 1) such that

d(Fe, F$) < kd(Ge, G9),

forall e, 6 € X where Ge < G6. Also assume that one of the conditions (a) — (c) of

Theorem 8.1 holds. Then F and G have a coincidence point.

Example 3.1. Suppose that X = R, equipped with the usual metric d : X2 — [0,
b+o0) with the natural ordering of real numbers <. Let F, G : X — X be defined

as
Fe=In(1+¢%) and Ge =¢”, foralle € X.

Define 6 : [0, +o00) — [0, 1) as follows

In(1+ s)
0<s>={ el
0, s=0.

First, we shall show that the contractive condition of Theorem 3.1 holds for the
mappings F and G. Let ¢, § € X be such that Ge < G§. Then we have

d(Fe, F§) = |Fe— F¢|
= |In(14¢*) —In(1+6%)|
‘lnw
1+ 62
In <1 + Ef;(fj) ’
< ln(1+}52—52‘)
In (14 |Ge — GJ|)

A
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In(1+ |Ge — G6))

- Go
< Ge— Go| x |Ge — G|
In (14 d(Ge, G9))
< i(Ge. G3) x d(Ge, G9)

< 0(d(Ge, G6))d(Ge, G9).

This shows that the contractive condition of Theorem 3.1 holds with the function
0. In addition, all the other conditions of Theorem 3.1 are satisfied and z = 0 is a

coincidence point of F' and G.

4. MULTIDIMENSIONAL COINCIDENCE POINT RESULTS

Next we give an n—dimensional fixed point theorem for mixed monotone map-
pings. For brevity, (1, €2, ..., €n), (01, 02, ..., ) and (g}, €2, ..., €#) will be denoted
by Y, V and Yj respectively.

Theorem 4.1. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let F : X" — X and
G: X — X be two mappings and Y = (o1, 03, ..., 0,) be an n—tuple of mappings
from A, into itself verifying o; € Q4 B if i € A and 0; € Q;\, g if i € B. Suppose
that the following properties are fulfilled:

(i) F(X") C G(X),

(ii) F has the mized G-monotone property,

(iii) there ewist €}, €3, ..., e} € X werifying Gel) =; F(&?gi(l), €g¢(2)7 ey egi(n)), for
all i € Ay,

(1v) there exists 0 € © such that

(41) d(F(El, E2y iy €n), F((Sl, (52, ceny 511))
< 60 <max d(Ge;, Géi)> (max d(Ge;, G(SZ')> ,
1<i<n 1<i<n

for all €1, €9, ..., €pn, 01, 09, ..., On € X with ; =X; 0;, for i € A,,. Also assume that
one of the following conditions holds,

(a) (X, d) is complete, F' and G are continuous and the pair (F, G) is (O, Y)-
compatible,

(b) (G(X), d) is complete and (X, d, <) is non-decreasing-reqular,

(¢) (X, d) is complete, G is continuous and monotone non-decreasing, the pair

(F, G) is (O, Y)—compatible and (X, d, <) is non-decreasing-reqular.
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Then F and G have a Y—coincidence point.
Proof. For fixed i € A, we have Ge,, (1) 2t Gy, 1) for t € Ay,. From (4.1), we have

d(F(eai(l)a €0i(2)y o eai(n))v F(éai(l)v 501-(2)7 X3) 501(n)))
(4.2) < 0 (max d(Ge;, G(Si)) <1n<aa<x d(Ge;, G5¢)> ,

1<i<n

for all i € A. Similarly, for fixed i € B, we have G,y =t Gug, () for t € Ap. It
follows from (4.1) that

d(F(éai(l)a 501-(2)7 X3) 5ai(n))a F(gai(l)v €i(2)y eoi(n)))
= d(F(EJi(l)a €0i(2)y 50'7;(n))7 F(5gi(1)7 501-(2)7 X3) 5al(n)))

(4.3) < 0 (max d(Ge;, G&i)) <max d(Ge;, G@-)) ,

1<i<n 1<i<n

for all i € B. By (2.2), (2.3), (4.2) and (4.3), we have

pn(Fr(Y), Fr(V)) < 0(pn(Gx(Y), Gr(V)))pn(Gr(Y), Gx(V)),

for all Y, V € X™ with Gy(Y) C Gy (V). It is only necessary to apply Theorem 3.1
to the mappings F' = Fy and G = Gy in the ordered metric space (X", p,, ) by
taking all items of Lemma 2.1. O

In a similar way, we may state the result analog of Corollary 2.2.
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