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SOME COMMON FIXED POINT THEOREMS WITH CONVERSE
COMMUTING MAPPINGS IN BICOMPLEX-VALUED
PROBABILISTIC METRIC SPACE

SARMILA BHATTACHARYYA ®*, TANMAY BISWAS? AND CHINMAY BISWAS ©

ABSTRACT. The probabilistic metric space as one of the important generalizations of
metric space, was introduced by Menger [16] in 1942. Later, Choi et al. [6] initiated
the notion of bicomplex-valued metric spaces (bi-CVMS). Recently, Bhattacharyya
et al. [3] linked the concept of bicomplex-valued metric spaces and menger spaces,
and initiated menger space with bicomplex-valued metric. Here, in this paper, we
have taken probabilistic metric space with bicomplex-valued metric, i.e., bicomplex-
valued probabilistic metric space and proved some common fixed point theorems
using converse commuting mappings in this space.

1. INTRODUCTION

Fixed point theorems are of fundamental importance in many areas of Mathemat-
ics. Several fixed point theorems are established on metric space theory. In 1986,
Jungck [9] introduced the notion of compatible mappings in metric space. Later
on, Jungck et al. [10] studied the notion of weakly compatible mappings and im-
proved the commutativity conditions in common fixed point theorems. In 2002, Lii
[14] presented the concept of the converse commuting mappings as a reverse process
of weakly compatible mappings and proved few common fixed point theorems for
single-valued mappings in metric spaces. Then some interesting common fixed point
theorems were established for converse commuting mappings by several researchers.
For examples, one may see [5, 17, 18, 19, 23].

However, in 1942, K. Menger [16] was the first who thought distance distribution

function in metric space and introduced the concept of probabilistic metric space.
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He [16] replaced the distance function d(zx,y), the distance between two points z
and y by distribution function F'z,y(t), where the value of Fx,y(t) is interpreted as
the probability that the distance between z, y, i.e., d(x,y) is less than ¢, t > 0.

In this connection, the definition of probabilistic metric space is given as follows:

Definition 1.1 ([16, 22]). A probabilistic metric space (briefly PM space) is an
ordered pair (X, F), where X is a non-empty set of elements and F is a mapping of
X x X into a collection A, of all distribution functions F' (a distribution function
F' is a nondecreasing and left continuous mapping from the set of real numbers to
[0,1] with inf F'(¢) = 0 and sup F'(t) = 1). The value of F' at (z,y) € X x X will be
denoted by Fj,. The function F,,, x,y € X, are assumed to satisfy the following
conditions:

for all ¢ > 0, if and only if z =y,

d) If Fpu(t) =1 and F,.(s) =1, then F,.(t+s) =1 for all z,y,2z € X and

After that, many mathematicians proved several fixed point results in proba-
bilistic metric spaces and menger spaces. In 2013, Chauhan et al. [4] proved some
common fixed point theorems for conversely commuting mappings using implicit
relations in menger space.

On the other hand, in 2011, Azam et al. [1] introduced the notion of complex
valued metric space (CVMS) as a generalization and extension of cone metric space
and classical metric space. Considering the idea of CVMS, as introduced by Azam et
al. [1], Kumar et al. [12] proved some common fixed point theorems for conversely
commuting mapping in complex valued metric space in 2014. Again in 2017, Choi et
al. [6] linked the concepts of bicomplex numbers and complex valued metric spaces
and introduced bicomplex valued metric spaces (bi-CVMS). For more details in the
direction of CVMS and bi-CVMS, we refer the researchers [2, 7, 8, 11, 13, 15].

The set of bicomplex numbers denoted by Cs is the first setting in an infinite se-
quence of multicomplex sets which are generalizations of the set of complex numbers
C ={z=2+iy|lr,y € R and i = —1}, where R be the sets of real numbers.For
the idea and characteristics of bi-CVMS, one may see [20, 21]. However, we discuss

briefly about the bicomplex numbers as follows:

Co = {w = po + i1p1 + i2p2 + i1i2ps|pr € R,k =0,1,2,3}.
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Each element w in Cy be written as

w = po+i1p1 +iz2(p2 +i1p3)
orw = z1+i929(z1,29 € C).
So, we can also express Co as
Cy = {w = 21 +i222]21, 22 € C}

where 21 = pg+11p1, 22 = p2 +11p3 and 41, i2 are independent imaginary units such
that i3 = —1 = 3. The product of i; and 42 defines a hyperbolic unit j such that

42 = 1. The products of all units are commutative and satisfy
112 = J,11) = —i2,%2] = —i1.
Let u = uj+igug € Cy and v = v1+igvy € Cay. A partial order relation 3;, defined

on Cy, for details one may see [6]. A norm of a bicomplex number w = 21 + i229
denoted by ||w|| is defined by
ol = llz1 + iazal] = (a1l + |22%)

which, upon choosing w = pg + i1p1 + t2p2 + i1i2ps (pr € R, k =0,1,2,3), gives

lwll = (3 + 03 + 93 +93)? -

For details about bicomplex numbers, one may see [20]. For any two bicomplex
numbers u, v € Cq, one can easily verify that 0 =;, u 3;, v which implies ||u|| < [|v];
llu+v|| < |Ju]| + [|v]|; ||eu|| < a||u|] where « is non-negative real number. Choi et
al. [6] have defined a bicomplex-valued metric as follows:

Let X be a nonempty set. A function d : X x X — Cy be a bicomplex-valued
metric on X if it satisfies the following properties: For x,y,z € X,

(M1) 0 2, d(z,y) for all z,y € X;

(Ms) d(z,y) = 0 if and only if x = y;

(M3) d(z,y) = d(y,z) for all z,y € X; and

(My) d(x,y) Z, d(x, 2) + d(z,y) for all z,y,z € X.

Then (X, d) is called a bicomplex-valued metric space.

Let (X,d) be a metric space and S,T : X — X be two mappings. A point = €

X is said to be a common fixed point of S and T if and only if
Sxr=Txr==x.
The self maps S and T are said to be commuting (see [14]) if STx = T'Sx for all

x € X, and the point z is called commuting point. Two self maps S and T are said
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to be conversely commuting if STx = T'Sx implies Sx = Tz for all x € X. The set
of converse commuting points of S and T is denoted by C(S, T').

Recently, Bhattacharyya et al. [3] linked the concept of bicomplex valued metric
spaces and menger spaces, where they interpreted Fx,y(t) as the probability that
the norm of the distance between x and y is less than ¢, i.e., ||d(x,y)|| < t,t > 0 and
they initiated menger space with bicomplex valued metric. They [3] have also proved
certain common fixed point theorems for a pair of weakly compatible mappings
satisfying (CLR,) or (E.A) property in this space. Here, in this paper, we have
taken probabilistic metric space with bicomplex-valued metric, i.e., probabilistic
bicomplex-valued metric space and proved some common fixed point theorems using

converse commuting mappings in this space.

2. MAIN RESULTS

In this section, we have established the main results of this paper.

Theorem 2.1. Let X be a set of elements and (X, F) be a bicomplez-valued proba-
bilistic metric space. Let P, Q, S and T be four self maps on X such that

(i). (P, S)and (Q, T) are conversely commuting,

(ii). P and S have a commuting point,

(iit). Q and T have a commuting point, and

(iv). Fpgoy(t) > max{Fpy so(L), Fsary(L), Foyry(L)} where o € (0,1), ¢ >0
and for all z,y € X.
Then P, @, S and T have a unique common fized point.

Proof. From (ii), P and S have a commuting point, say a. So,
(2.1) PSa = SPa.

Also, from (éii), @ and T have a commuting point, say b. So,
(2.2) QTb =TQbH.

Since P and S are conversely commuting, therefore
(2.3) Pa = Sa.
Also, as () and T" are conversely commuting, so

(2.4) Qb = Tb.
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Then from (2.1), (2.2), (2.3) and (2.4), we have

(2.5) PPa = PSa = SPa=5S5a
and
(2.6) QQb = QTb = TQb = TTb.

Now from (iv) using (2.3) and (2.4), we get by putting z = a and y = b that,

t t t
Fpaqu(t) > maX{FPa,Sa(a)vFSa,Tb( )s Fovre(—)}

b1y

[0}

a a
= max{l,FSa’Tb(
= 1.
Which implies that
Fpaqu(t) > 1.
But
FPanb(t) } 1'
Therefore,
Fpa,Qb(t) =1forallt>0.
Which implies that
(2.7) Pa = Qb.
Now we show that Pa is a fixed point of the mapping P. Taking x = Pa and

y = b in (i), and using (2.4) and (2.5), we obtain that

t

t t
Fppaqgp(t) > maX{FPPa,SPa(a%FSPa,Tb( )s Fobro(—)}

a a
t
= max{laFSP(LTb(a)vl}
= 1.
Since Fppggp(t) # 1, we must have Fpp, gp(t) = 1 for all ¢ > 0. Hence, by (2.7),
we get that
Fppmpa(t) = 1forallt>0.

(2.8) So, PPa = Pa.

Therefore, Pa is a fixed point of P.
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Again with the help of (2.3) and (2.6) and putting z = a and y = Qb in (iv), we
obtain that

Fpa,qob(t)

' t '
> maX{FPa,Sa(a)a FSa,TQb(&)a FQQb,TQb(a)}

t
= maX{l,FSa,TQb(a)a 1}
= 1.

Therefore, Fp, ggp(t) = 1 for all t > 0, as Fp,oop(t) # 1.
So, using (2.7), we get that Fy ogu(t) =1 for all ¢ > 0. Then

(2.9) Qb = QQb.

Therefore, from (2.7) and (2.9), it follows that

Pa = Qb=QQb=QPa,
(2.10) ie, QPa = Pa.

Hence Pa is a fixed point of Q).
On the other hand, using (2.5) and (2.8), we get that

Pa = PPa= PSa= SPa,
(2.11) ie., SPa = Pa.

Also, using (2.6), (2.7) and (2.9), we obtain that

Pa = Qb=QQb=TQb=TPa,
(2.12) ie.,, TPa = Pa.

Therefore, from (2.8), (2.10), (2.11) and (2.12), we see that Pa is a common fixed
point of P, Q, S and T.

Now, to show the uniqueness, let, if possible, w be another fixed point of P, @,
S and T in X.

Taking # = Pa and y = w in (iv), we have

t

)

t t
FPP@,QW(t) > maX{FPPa,SPa(E)7 FSPa,Tw(a)a FQw,Tw(
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Since Pa and w are common fixed points of P, @), S and T, so from above we get
t t t
FPa,w(t) > maX{FPa,Pa(a)a FPa,w(a)a Fw,w(a)}

)1}

= max{l, Fpg

= 1.

t
«o

Hence Fpy.(t) =1 for allt > 0, as Fpq(t) # 1.
Which implies Pa = w.
Therefore, Pa is the unique common fixed point of P, @), S and T in X. O

Example 2.2. Let X = [1,00) and a mapping d : X x X — C; be defined by
d(:c,y) = (1 +i1 + 2 —}—1122)|ZL‘ - y|7 T,y € Xv

where the symbol | | denotes the usual real modulus. So, d is a bicomplex-valued
metric on X. Now we define

t
b >0
Fyy(t) = { T , forallz,yeX.

Then (X, F) is a probabilistic metric space with bicomplex-valued metric. Now the
self-mappings P, @), S, T are defined on X as
2% —1, x<2,
1, x> 2,
20 — 1, x <2,

Qz) = { 2, x> 2,
2, x <2,
S(x)_{x+3, x> 2,
322 -2, x<2,
2 +1, =>2.
Here the pairs (P, S)and (Q, T') are conversely commuting. All conditions of the

T(z) =

Theorem 2.1 are satisfied by the mappings and 1 is the unique common fixed point
of the mappings P, Q, S, T.

Corollary 2.3. Let X be a set of elements and (X, F) is a bicomplez-valued prob-
abilistic metric space. Let P and S be self maps on X such that

(i). the pair (P, S) is conversely commuting,

(ii). P and S have a commuting point, and

(iii). Fpy py(t) > max{Fps s:(L), Fsu.59(L), Fpy.sy(L)} where o€ (0,1), ¢ >0
and for all x,y € X.

Then P and S have a unique common fized point in X.
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Proof. The proof can be established easily by taking P = @ and S = T in Theorem
2.1. O

Theorem 2.4. Let (X, F) be a bicomplex-valued probabilistic metric space. Let
P,Q,S and T are self mappings on X such that

(i). the pairs (P,T) and (Q,S) are conversely commuting,

(ii). P and T have a commuting point,

(iii). Q and S have a commuting point, and

(Z’U).Fp%Qy(t) > max{ FPx,Tx(é);FTx,Sy(é) FPx,Tx(ﬁ);rFSy,Qy(é) ’FPac,Sy(i)‘gFTz,Qy(i)}
for all z,y € X and o € (0,1), t > 0. Then P,Q,S and T have a unique common
fized point in X.

9

Proof. Let a and b be commuting points of the pairs (P,T) and (Q, S) respectively.

Therefore,
(2.13) PTa = TPa
(2.14) and QSb = SQb.

Again, the pairs (P,T) and (Q, S) are conversely commuting, so

(2.15) Pa = Ta
(2.16) and Qb = Sb.

From (2.13), (2.14), (2.15) and (2.16) , we have
(2.17) PPa = PTa=TPa=TTa
(2.18) and QQb = QSb=SQb=S55b.
Now we try to establish

Pa = Qb.

In (iv), putting z = a, y = b, we have

Fpa,qu(t)
Fpara(L) + Fros(L)
2 )
Frama(L) + Fsbo0(L) Frase(L) + Fraon(L) }

> max

2 ’ 2
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Hence in view of (2.15) and (2.16), we get that

FPa,Qb(t)
t t t
> max { 1+ FT;Sb(a) 1, Fpa,sp(s) ; Fraqv(%) }

= 1

Since Fpq qb(t) # 1, we must have Fp, gp(t) = 1 for all ¢ > 0.
Which implies that

(2.19) Pa = Qb.

Next we show that
P?aq = PPa = Pa.
Taking x = Pa, y = b in (iv), we have

Fp2q,qp(t)
t t
> max { FPPa,TPa(a);‘ Frpa,se(z) ’
Fppa,rra(t) + Fsogo(L) Fppase(L) + Freaqu(L)
2 ’ 2 '
Now using (2.16) and (2.17), we obtain that
Fp2q ou(t)
t t t
> max L+ Frpase(y) 1, Fppa,so(3) + Freaqu(y)
2 2

= 1.

Since Fp2, gp(t) # 1, we must have Fpz2, op(t) = 1 for all ¢ > 0.
Therefore, from (2.19) and above, we get that

P?a = Qb= Pa,
(2.20) ie., P2a = Pa.
Similarly, we obtain that
(2.21) Q% = Qb.
Hence it follows that
Pa = PPa = PTa="TPa,
which implies that

(2.22) TPa = Pa.
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Again by (2.18) and (2.21), we have
Qb= QQb=QSb=SQbh.
As Pa = Qb, so we get from above,
(2.23) SPa = Pa.
Also, QQb = Qb implies that
(2.24) QPa = Pa.

From (2.20), (2.22), (2.23) and (2.24), we can show that Pa is a common fixed
point of P, @, S and T.

To show the uniqueness, let, if possible, w be another fixed point of P, ), S and
T in X.

Taking # = Pa and y = w in (iv), we have

{FPPa,TPa(i) + Frpa,sw(L)

Fppa7Qw(t) >  max 5 ,

FPPa,TPa(é) + FSw,Qw(é) FPPa,Sw(é) + FTPa,Qw(é) }
2 ’ 2 '

Which implies that

F LY+ Fpaw(t
Fpaw(t) > maX{ Pa.pal) + Frow(s)

2 )
FPa,Pa(é) + Fw,w(é) FPa,w(é) + FPa,w(%)
2 ’ 2 ’
1+ Fpgo(t
— max{‘FPayw(a)J?FPaw(t)}
2 o
= 1.

Hence Fpg(t) =1 for all t > 0, as Fp,(t) # 1.

Which implies that Pa = w.

Therefore, Pa is the unique common fixed point of P, @), S and T in X.

This completes the proof. ]
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