J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN(Print) 1226-0657
https://doi.org/10.7468 /jksmeb.2024.31.3.283 ISSN(Online) 2287-6081
Volume 31, Number 3 (August 2024), Pages 283-298

WORKOUT FOR a-9-o-CONTRACTIONS IN GENERALIZED
TRIPLED METRIC SPACE WITH APPLICATION

GHORBAN KHALILZADEH RANJBAR

ABSTRACT. In this paper, by using fixed point techniques, we establish some com-
mon fixed point theorems for mappings satisfying an a-1-¢-contractive condition in
generalized tripled metric space. Finally, we give an example to illustrate our main
outcome.

1. INTRODUCTION AND PRELIMINARIES

It is also known that common fixed point theorems are generalizations of fixed
point theorems. Thus, over the past few decades, there have been many researchers
who have interested in generalizing fixed point theorems to coincidence point theo-
rems and common fixed point theorems. In this paper, we prove some common fixed
point theorems for a larger class of a-i-¢-contractions in generalized tripled metric

spaces.

Definition 1.1. Let Y be a non-empty set and d : Y x Y — R be a mapping such
that, for all z,y € Y and for all distinct points u,v € Y each of them different from
x and y, we have

(1) d(z,y) =0 if and only if x = y;

(i) d(z,y) = d(y, z);
(7i1) d(z,y) < d(z,u) + d(u,v) + d(v,y) (rectangular inequality).
(

Then (Y, d) is called a generalized metric space or shortly GMS.
Definition 1.2. Let (Y,d) be a GMS, {y,} be a sequence in Y and y € Y. Then
(1) We say that {y,} is GMS convergent to y if and only if d(y,,y) — 0 as

n — oo
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(11) We say that {y,} is a GMS Cauchy sequence if and only if for each € > 0,
there exists a natural number N such that d(y,,ym) < € for alln > m > N;
(731) (Y,d) is called GMS complete if every GMS Cauchy sequence is GMS con-

vergent in Y.

We denote by ¥ the set of function 1 : [0,00) — [0, 00) satisfying the following
hypothesis

(11) ¥ is continuous and nondecreasing;

(12) ¥(t) =0 if and only if t = 0.
we denote by ® the set of function ¢ : [0,00) — [0,00) satisfying the following
hypothesis

(p1) ¢ is lower semi-continuous;

(p2) ¢(t) =0 if and only if ¢t = 0.

Lakzian ans Samet established the following fixed point theorem involving a pair of

altering distance functions in a generalized complete metric space.

Theorem 1.3 ([12]). Let (Y, d) be a Hausdorff and complete GMS and letT : Y —Y
be a self-mapping satisfying

¢(d(Tx7Ty)) < w(d(xay)) - gp(d(m,y))

forallx,y €Y, where ¢y € ¥ and ¢ : [0,00) — [0,00) is continuous and ¢(t) =0 if
and only if t = 0. Then T has a unique fixed point.

Let (Y,d) be a non-empty set and 7', f : ¥ — Y. The mappings 7" and f are
said to be weakly compatible if they commute at their concidence points such that
Tfxr = fTx. A point y € Y is called point of the coincidence of T' and f, if there
exists a point z € Y such that y = Tz = fz.

Theorem 1.4 ([13]). Let (Y,d) be a Hausdorff GMS, and let T and f be a self-
mappings on Y, such that TY C fY. Assume that (fY,d) is a complete GMS and
that the following conditions holds:

forall z,y € Y, where v € ¥ and ¢ € ®. Then T and f have a unique point of

coincidence in 'Y . Moreover if T and f are weakly compatible, then T and f have a

unique common fized point.
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2. MAIN RESULTS

In this section, first we define a GMS tripled metric space and we prove some
common fixed point results for two self-mapping satisfying an a-p-t-contraction

condition.

Definition 2.1. Let Y be a non-empty set and S : Y xY x Y — RT be a mapping
such that for all z,y,z € Y and for all distinct u,v,w € Y each of them difference
from x,y and z, such that, S satisfies on following conditions
(1) S(z,y,z) =0if and only if x = y = z;
(1) S(z,y,2) = S(x,2,y) = S(z,y,2) = S(y,x,2) = S(z,2,y) = S(y, 2, 2);
(1ii) S(z,y,2) < S(z,u,u)+ S(v,y,v) + S(w,w, 2);
(v) for all z,y, €Y, S(x,z,y) = S(x,y,y).
Then (Y, 5) is called a generalized tripled metric space (GTMS).

Definition 2.2. Let T, f : Y - Y and a: Y xY XY — [0,00). The mapping
T is f-a-admissible, if for all x,y,z € Y, such that a(fz, fy, fz) > 1, we have
a(Tx, Ty, Tz) > 1. If f is the identity mapping, then T is called a-admissible.

Definition 2.3. Let (Y, S) be a generalized tripled metric space and o : Y XY xY —
[0,00). Y is a-regular, if for every sequence {y,} C Y such that a(zy, Zpi1, Tpi1) >
1, for all n € N and S(z,z,x,) — 0 or S(z,x,,z,) — 0 as n — oo, then there exists

a subsequence of {z,} such that a(x,,,z,z) > 1 or a(zp,, xn,,z) > 1 for alln € N.

Definition 2.4. Let (Y,S) be a GTMS, {y,} be a sequence in Y and y € Y, then
(1) we define that {y,} is GTMS convergent to y, if and only if S(yn,y,y) — 0

or S(Yn,Yn,y) — 0 as n — oo;

(73) we define that {y,} is GTMS Cauchy sequence if and only if, for each € > 0,
there exists a natural number n(e) such that S(yn,ym,ym) < €, for all
n >m > n(e);

(7i7) (Y,S) is called GTMS complete if every GTMS-Cauchy sequence is GTMS

convergent in Y.

Theorem 2.5. Let (Y,S) be a GTMS and let T and f be self-mappings on'Y such
that TY C fY and a 1 Y XY XY — [0,00). Assume that (fY,S) is a complete
GTMS and that the following condition holds

21)  Pla(fz, fy, f2)S(Tz, Ty, Tz)) < (M(x,y,2)) — ¢ (M(z,y,2))
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forallx,y,z €Y, where € ¥, p € & and M(x,y, z) = max{S(fz, fy, f2)},
S(fx, Tz, Tx),S(fy, Ty, Ty), S(fz, Tz Tz).

Let also that the following condition hold
(1) T is f-a-admissible;
(79) there exists xo,x1 € Y such that o fzo, Txo,Tx1) > 1;
(#i1) Y is a-regular and for every sequence {x,} CY such that a(xy, i1, Tni1) >
1, we have (T, T, xn) > 1 or a(Tm, Tm, Tn) > 1 for all m,n € N;
() either a(fu, fu, fw) > 1 or a(fv, fu, fw) > 1 or a(fw, fv, fu) > 1 or
a(fu, fw, fv) > 1 whenever fu =Tu, fv="Tv and fw =Tw.
Then T and [ have a unique point of coincidence in Y. Moreover, if T and [ are

weakly compatible, then T and f have a unique common fized point.

Proof. Suppose xy € Y such that «(fxg,Tzo,Txg) > 1. Define the sequence
{zn} and {y,} in Y by y, = frpt1 = Ta,, (n € NU{0}). Moreover, we as-
sume that if y, = Tv, = T2y4p = Yn+p, then we choose z,4py1 = Tp41. Since
TY C fY. In particular, if y, = ypt1, then y,41 is a point of coincidence of T’
and f, consequently, we can suppose that y, # y,11 for all n € N. By condition
(73) we have a(fxg, Txo,Tx1) > 1, thus o fzo, fz1, fr2) > 1. Since by hypothe-
ses T is f-a-admissible, we obtain a(Tzg,Tx1,Txs) = affz1, fre, frs) > 1 and
a(Txg, T, Txy) = o frs, fry, frs) > 1. By induction, we get a( fy, fTnt1, fTni2)
> 1 for all n € NU{0}. Now by (2.1), we have
Y (S(Txn, Trnt1, Tong1)) < Y (@(f2n, fratt, fony1)S(Ton, Toppr, TTng1))

(2.2) <Y (M(2n, Tns1, Tnt1)) — ¢ (M(Tn, Tpt1, Tns1))
where
M(xp, Tpy1, Tpy1) = max {S(fxn, fxni1, fens1), S(fan, Tep, Txy),
S(@nt1, TTnt1, Tni1), S(fa;n+1,Txn+1,Txn+1)}
= max {S(Yn-1,Yn, Yn)s S(Yn-1, Yn> Yn):
SYns Yn+1, Yn+1)5 S (Yn, Ynt1, yn+1)}
= max {SYn—1,Yn>Yn)> SWUns Yn+1,Yns1) }-

From (2.2) we get

(2.3) Y (SWny Ynt1:Unt1)) < (M(2n, g1, Tng1)) — @ (M (T, Tngt1, Tng1)) -
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If max {S<yn—17 Yn, yn)7 S(yTM Yn+1, yn+1)} = S<yn7 Yn+1, yn-i-l), from (23)7 we have

24) P (SYn Ynt1,Ynt1)) <P (SWnt1,Ynt1,Un)) = @ (S(Ynt1, Ynt1,Yn))

and hence S(Yn+1, Yn+1,Yn) = 0 which is a contradiction. Thus

M(x’flu Tn+1, xn-ﬁ-l) = S(y’fl—17 Yn, yn) > 0.

From (2.4) we get

1/} (S(yn’ Yn+1, yn-i-l)) §¢ (S(yn—lv Yn, yn))_gp (S(yn—17 Yn, yn)) <¢ (S(yn—l, Yn, yn)) :

Because v is nondecreasing, then

S(ynv Yn+1, yn+1) < S(ynfla Yn, yn)

for all n € N. That is the sequence of nonnegative numbers {S(yn, Yn+1,Yn+1)}
is decreasing, Hence, it converges to a nonnegative number, say t > 0. If ¢ > 0,
then letting n — oo in (2.4), we obtain ¥(t) < ¥(t) — ¢(t) which implies ¢t = 0,
that is limy,— 00 S(Yns Yn+1,Yn+1) = 0. Suppose that y, # yn, for all m # n and
prove that {y,} is a GTMS Cauchy sequence. First, we show that the sequence
{S(Yn, Yn+2, Yn+2)} is bounded. Since S(yn, Yn+1,Yn+1) — 0 as n — oo, there exists
L > 0 such that S(Yn, Yn+1,Ynt1) < L, for all n € N. If S(yn, Ynt2, Ynt+2) > L, for
all n € N, from
M (zy, Tpt2, Tnyo) = max {S(fxn,fxn+2,fxn+2),S(fxn,T:cn,Txn),
S(frnt2, Txni2, Tany2), S(frnia, Tnyo, Ta:n+2)}
= max {S(yn—la Ynt1> Ynt1)s S (Yn—1, Yns Yn)s S (Ynt1, Yn+2, yn+2)}-

Because

S(yn+17yn+2ayn+2) < S(ynvyn-l—layn-i—l)a and S(ynayn+17yn+1) < S(yn—laynayn)7
thus we have

M(‘Tna Tn+2, $n+2) = max {S(ynfla Yn, yn)a S(ynfly Yn+1, ynJrl)}

and by (2.1) we conclude that
(2.5)

U (SWn, Ynt2: Yn+2)) = ¥ (S(Txp, Tnio, TTny2))
<Y (alfan, frni2, foni2)) — o(S(Txn, Tony2, TTny2))
< ¢ (M(2n, Tpt2, Tny2)) — ¢ (M (2, Tni2, Tny2))
< (M(2p, Tpi2, Tni2)) -
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If M(xpn,Tnt2,Tnt2) = SWYn—1,Yn+1, Yn+1) from (2.5), we have
U (S(Yn, Ynt2, Yn+2)) < U (S(Yn—1, Yn+1, Ynt1)) -
Therefore the sequence {S(yn, Yn+2,Yn+2)} is decreasing and hence is bounded. If
M (zn, Tnt2, Tnt2) = S(YUn—1,Yn, Yn)

from (2.5), we have ¥ (S(yn, Yn+2, Yn+2)) < ¥ (S(Yn—1,Yn,yn)). Since 9 is nonde-
creasing, thus we have

SWYn, Yn+2:Yn+2) < SWn—1,Yn Yn) < -+ < S(Y1, Y2, y2).

and the sequence {S(yn,Yn+2,Yn+2)} is bounded. If for some n € N, we have
S(Yn—15Yn+1,Yn+1) < L and S(yn, Ynt2, Yn+2) > L, then

Y (SWn, Ynt2: Yn+2)) = ¥ (S(T2p, Txpto, TTny2))
<Y (a(fen, frny2, [Tni2)) S(T2n, Topio, TTny2)
< (M(2n, Tnt2, Tnt2)) — @ (M (Tn, Tny2, Tniz))
<Y (M(2p, Tni2, Tni2)) -

Now, if
M(xnv Tn+2, ':U'IH-Q) = S(yn—h Yn+1, yn+1) < La
we obtain S(yn, Ynt2, Ynt+2) < L, a contradiction. If
M(xna Tn+2, 1’n+2) = S(Z/n—l; Yn, Z/n) < L7

we obtain (S(yna Yn+2, yn+2)) < w(L) and S(ym Yn+2, yn+2) < L, a contradiction.
Then S(yn, Yn+2, Yn+2) > L or S(yYn, Yn+2, Ynt+2) < L for all n € N and in both cases
the sequence {S(yn, Yn+2, Yn+2)} is bounded. Now, if

(26) lim S(yn, Yn+2, yn+2) =0
n—oo
does not satisfied, then there exists a subsequence {yy, } of {y,} such that

S(ynkgynk+2aynk+2) —t>0 as k — oo.
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From

SWni—1> Ynisrs Ynirn) < SWng_rs Yngr Yni) + S Wni1 s Yo Ynnso)
+ S(Ynrs1s Ynkyss Ynss)
< S(Yng_rs Ynis Yng) + S Wng 10 Yngeros Yng )
+ SWnpsrs Yni1 Yni—1) T SYnpssr Yniyor Ynaio)
+ S(Ynrrss Ynrsas Ynpsa)-

If kK — oo we have

kli»ngo S(ynk_1 b ynk+1 9 ynk+1) S 0 + 0 + k;li)Hc}o S(ynk.H ) ynk+3 9 ynk+3)
<0+0+ khif}o SYnp_1> Ynigsr» Ynger) T0+0
= kli»n;o S<ynk—1 yYnpyro ynk+1)‘
We obtain that limg—co S(Yn,_1sYnps1>Ynysr) = t- By (2.1) with 2 = x,, and
Y = Ty, Wwe have

(2.7)

¢ (S(Txnk ’ Txnk+2 ) T‘rnk+2)) (O‘(fxnk’ fxnk-u? fxnk-»—z)) S(T:an ’ Txnk-m ) Tmnk+2)

<
< (M(xnk,anQ, xnk+2)) — (M(:Unk,xnk+2,:cnk+2))
where
M (Zny, Tnyyy Ty ,) = Max {S(fmnk, T Tros [0 ),
S(fan,, Tey,, Tay,), S(fanQ,T:CnHZ,TanQ)}
= max {S(Yny 1+ Yney 1> Y1 )s S WY 1s Yo Yoy,
S(Ynryrs Ynrar Ynpsa) ) -

This implies limg oo M (Zn,, Tny oy Tnyyn) = t. From (2.7) as k — oo, we get ¥(t) <
() —p(t), which implies ¢ = 0. Now, if possible, let {y,} be not a Cauchy sequence.
Then there exists € > 0 fro which we can find subsequence {y,, } and {yn, } of {yn}
with ng > my > k such that

(28) S(ymmynkaynk) 2 57

where corresponding to my, we can choose ny in such a way that it is the smallest

integer with ny — my > 3 and satisfying (2.8). Then

(2.9) S Ymy> Ymg 1 Ymy_1) < E-
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By using (2.8), (2.9) and the rectangular inequality, we get
€ < S(Yng» Ynps Ymy)
< SYng> Yni 0> Unis) + S Wnis Yni 1> Unie 1) + S Wimger Yo Y5 )
< S Ynns Ynins) + S W Ynpss Y _s) + €
(2.10) < S Yz Yr—2) + € + SWmpcs Y Y )

+ S(ynk,:;v ynk,2 9 ynkfz) + S(y’nk,g) ynk,1 9 ynk,1)
< € + € + S(ymk7ynk7y’nk) + € + S(ynk_37 ynk_17ynk_1)
<e+e+SYmp Yn Yni) T €+ SWni_ss Yni_2> Yny_o)

+ S(y”kfl ’ ynk ? ynk) + S(ynk71 9 ynk+1 9 ynk+1)'
Letting k — oo in the above inequality, using (2.4) and (2.5), we obtain
(2.11) S Yomgs Yngs Yn) — €7

From

SWmies Ynger Yni) = S Ymi—y» Ymas Ymi) — S WYng_1> Yns Yy,)

< SYni—y> Ymu—1» Yma_y)

< S(Yns_rs Yngs Yni) + SWma_ys Y Ymy) + S Uma_ys Y1 > Ymagr)-
Letting £ — oo, we get

(2.12) S(y’nk_pymk_l?ymk—l) — ™.

From (2.1) with = x,,, and y = x,, m we obtain
So

M(fmy, fEn,, fEn,)

= maX{S(fa:mk,f:z:nk,fxnk),S(fxmk,Txmk,Txmk),S(fxnk,Txnk,Tmnk)}
= max {SYmy_ys Yng_1» Yna—1)> S Wmi_1» Ymi» Ymi)» S Wiy » Yn» Y ) }

= max {S(Ymy_1s Ynx_1s Yni_1)s S Wnx_s» Yni> Y )s S Yrm > Yrm» Yoy, ) } -

By using the continuity of ¢ and the lower semi-continuous of ¢ as k — oo, we
obtain ¥ () < 1(e) — ¢(e) which implies that ¢ = 0, a contradiction with £ > 0.
Hence {y,} is a GTMS Cauchy sequence. Since (fY,S) is GTMS complete, there
exists z € fY such that y, — z. Let y € Y be such that fy = z. Since Y is
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a-regular there exists a subsequence {yp, } of {y,} such that a(yn, ,, fy, fy) > 1
for all k € N. If fy # Ty, applying (2.1) with = z,,, , we get
U (S(Tan,, Ty, Ty)) < ¥ (e fan,, fy, fy)S(Tan,, Ty, Ty))
S (M(fang, [y, fy) = (M(fn,, fy, 1Y),

where

M(f$nk7fyafy) = maX{S(fxnk,fy,fy),S(fxnk,Txnk,Txnk),S(fy,Ty, Ty)}
= max {SWYn,_1, [Y [Y), S Wni_1s Ynpo» Ynie)» S(Fy, Ty, Ty) }.

From S(Yn, 15 fY, fy)s SWny_1>YnpsUn,) — 0 as k — oo for k great enough, we
deduce M (fxn,, fy, fy) = S(fy,Ty,Ty). On the other hand

S(Ty, fy, fy) = S(fy, Ty, Ty)
< S(fYs Yni—rs Yre_r) + STY, Yny> Uny,) + S(TY Yngesrs Yriisr)
implies
S(fy, Ty, Ty) < likningS(Ty, Txp, Ty, ).

Because v is continuous and non-decreasing, for k great enough, we get

U (S(Ty, fy, fy) <liminf (S(Ty, Ty, Tany,,))
< v (S(fy, [y, Ty)) — ¢ (S(fy, fy, Ty))
which implies S(fy, fy,Ty) = 0, that is fy = Ty = z and so z is a point of
coincidence for T" and f. Suppose that there exist n,p € N such that y, = yn4p,
We prove that p = 1, then fxn+1 = Txn = Txpy1 = Ynt1 and S0 yp41 IS a point
of coincidence of T" and f. Let p > 1, this implies that S(yn+p—1, Yn+ps Yn+p) > 0.
using (2.3), we obtain
Y (SYn, Yn+1, Ynt1)) = ¥ (S(yn—l-pa Yn+p+1, yn+p+1))
< (S(yner*l’ Yn+p) yn+p)) - (S(ynﬂ)fla Yn+p yner))
< ¢ (S(ynerfla Yn+p, yn+p)) .

Because the sequence {S(Yn, Yn+1,Yn+1)} is decreasing, we deduce

w (d(yn7 Yn+1, yn+1)) < ’l/} (S(yTM Yn+1, y?’H‘l)) )

a contradiction and hence p = 1. We deduce that T" and f have a point of coincidence.
The uniqueness of the point coincidence is a consequence of conditions (2.1), (iv)

and so we omit the details. Now, if z is the point of coincidence of 1" and f as
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T and f are weakly compatible. We deduce that fz = Tz and so z = fz = T=.

Consequently, z is the unique common fixed point of 7" and f. O
If we choose f = Iy the identity mapping on Y, we deduce the following corollary.

Corollary 2.6. Let (Y, S) be a complete GTMS. Let T be a self-mapping on'Y, and
a:Y3 —[0,00). Assume that the following condition holds:

¥ (alz,y,2)S(Tz, Ty, Tz)) < ¢ (M(z,y,2)) — ¢ (M(z,y,2))
forall xz,y,z €Y, where y € ¥, p € & and
M(x7 y? Z) = max {S(x7 y’ Z)7 S(x7 Tx? Tm)? S(y7 Ty? Ty)7 S(Z7 Tz? TZ)} °

Assume also that the following condition hold:
(1) T is a-admissible;
(79) there exists xog € Y such that a(xo, Txo, Txo) > 1;
(#i7) Y is a-regular, for every sequence {xn} CY such that oz, Tpt1, Tnt1) >
1, we have (T, Tp,xn) > 1 for all m,n € N with m < n;
(iv) either a(u,v,w) > 1 or a(w,v,u) > 1 or a(u,w,v) > 1 or a(v,u,w) > 1

whenever u =Tu, v="Tv and w =Tw. Then T has a unique fixed point.

From Theorem 1.3, if the function @ : Y xY XY — [0, 00) is such that a(z,y, z) =

1 for all z,y,z € Y, we deduce the following theorem.

Theorem 2.7. Let (Y,S) be a GTMS and let T and f be self-mapping on X, such
that TY C fY. Assume that (fY,S) is a complete GTMS and that the following

condition holds:
Y (S(Tz, Ty, Tz)) < ¢ (M(z,y,2)) — ¢ (M(z,y,2))
forallx,y,z €Y, where p € ¥, p € & and
M(z,y,z) = max {S(fz, fy, f2),S(fz, Tz, Tx),S(fy, Ty, Ty), S(fz Tz Tz)}.

Then T and f have a unique point of coincidence in X. Moreover, if T and f are

weakly compatible, then T' and f have a unique common fized point.

From Theorem 2.5 in the setting of partially ordered GTMS spaces, we get the

follow theorem.
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Theorem 2.8. Let (Y,S,=) be a partially ordered GTMS and let T and f be a
self-mappings on'Y such that TY C fY. Assume that (fY,S) is a complete GTMS
and that the following condition holds

w (S(Tx,Ty, TZ)) < 77/) (M(:U,y,z)) - (M(:U,y,z)) )

forallz,y,z € Y such that fx < fy < fz, wherey € VU and ¢ € ® with(t)—p(t) >
0, for allt >0, and

M(x,y, z) = max{S(fz, fy, fz),S5(fx,Tx,Tx),5(fy,Ty,Ty),S(f2 Tz Tz)} .

Assume also that the following conditions hold.

(i) T is a f-nondecreasing;
(ii) there exists xg € Y such that fxg = Txo;
(iii) if {zn} C Y is such that x,, < xpy1 for alln € N and x, — x, then there
exists a subsequences {xy, } of {xn} such that x,, <z for all k € N;
(iv) for all u,v € Y such that fu = Tu and fv = Tv then fu and fv are

comparable.

Then T and f have a unique point of coincidence in Y. Moreover, if T and [ are

weakly comparable then T and f have a unique common fixed point.

Proof. Define the mapping a: Y x Y x Y — [0,00) by

R A TARLAETEE

Then we can verify easily that 7' is an f-a-admissible mapping. Let {z,} be a
sequence in Y such that a(z,,Zpi1,Zn42) > 1, foralln € Nand z, — z € Y as
n — 0o0. By the definition of o, we have z,,xpt1,Znt2 € fY and z, X xpp1 X
Xnyo for all n € N. Since fY is complete, we deduce that x € fY. By (iii),
there exists a subsequence {zy, } of {x,} such that x,, < z, for all ¥ € N, and so
a(xy,,z,z) > 1and oxy,, Tn,,x) > 1forall k € NandsoY is a-regular. Moreover,
(T, Tp, ) > 1 for all m,n € N, with m < n. Hence, (iii) of Theorem 2.5 holds.
The same considerations show that (ii) and (iv) of this Theorem imply (ii) and (iv)
of Theorem 2.5. Thus the hypothesis (i) - (iv) of Theorem 2.5 are satisfied. Also
the contractive condition (2.2) is satisfied, since a(fz, fy, fz) =1 for all x,y,z € Y
such that fo < fy < fz. Otherwise, ¥ (a(fx, fy, f2)S(Tx,Ty,Tz)) = 0 and so
condition (2.1) holds. From Theorem 2.5, T" and f have a unique common fixed

point. ]
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From Theorem 2.5, we can derive many interesting fixed point results in GTMS.
Denote by I' the set of functions p : [0,00) — [0, 00) lebesque integrable on each
compact subset of [0, 00) such that, for rvery e > 0, we have [; u(s)ds > 0. As the
function v : [0,00) — [0, 00) defined by ¥ (t) = fot p(s) ds belongs to ¥, we obtain

the following theorem.

Theorem 2.9. Let (Y,S) be a GTMS and let T and f be self-mappings on'Y such
that TY C fY and a : Y xY xY — [0,00). Assume that (fY,S) is a complete
GTMS and that the following condition holds

o(fz,fy,fz)S(Tz,Ty,Tz) M(z,y,z) M(z,y,z)
/ peyds < [ s [ uts)ds,
0 0 0

for all x,y,z € Y, where \,§ € I' and
M(z,y,z) = max {S(fz, fy, f2),S(fv,Tx,Tx), S(fy,Ty,Ty), S(f2, T2, T2)}.

Assume also that the following conditions hold.
(i) T is a f-a-nondecreasing;
(ii) there exists xg € Y such that o fxo, Txo,Txo) > 1;
(iii) Y is a-rgular and for every sequence {xn,} CY, a(xpn, Tni1, Tni2) > 1, we
have oy, T, ) > 1 for all m,n € N with m < n;
(iv) either a(fu, fv, fw) > 1 or a(fv, fu, fw) > 1, or a(fw, fv, fu) > 1, or
a(fu, fw, fv) > 1, whenever fu =Tu, fv="Tv, and fw =Tw.
Then T and f have a unique point of coincidence in Y. Moreover, if T and f are

weakly compatible then T and f have a unique common fized point.

Taking d(s) = (1 — k)A(s) for k € [0,1) in Theorem 2.9, we obtain the following

result.

Theorem 2.10. Let (Y, S) be a GTMS and let T and f be self-mappings on'Y such
that TY C fY and a1 Y XY XY — [0,00). Assume that (fY,S) is a complete
GTMS and that the following condition hold.

a(fz,fy,fz)S(Tz,Ty,Tz) M(z,y,z)
/ wu(s)ds < k/o w(s)ds,

forall x,y,z € Y, where k € [0,1). Let also thet the following condiotons hold.
(i) T is a f-a-admissibble;
(ii) there exists xg € Y such that o fxo, Txo, Txo) > 1;

0
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(iii) Y is a-regular and for every sequence {x,} CY such that a(xy, Tni1, Tnyz) >
1, we have a(xpm, Tp, xy) > 1 for all m,n € N with m < n;
(iv) either a(fu, fv, fw) > 1 or a(fv, fu, fw) > 1, or a(fw, fv, fu) > 1, or
afu, fw, fv) > 1, whenever fu=Tu, fv="Tv, and fw =Tw.
Then T and f have a unique point of coincidence in Y. Moreover, if T and [ are

weakly compatible then T and f have a unique common fized point.

Example 2.11. Let Y = [0,1] and B = {i, %, %, %, %, %} We define the GTMS, S

111 3 111 8
S<47m>_7’ S<4r7>_r

on Y as follows.

111 1 111 1
5(r8w¢>=1r S(r8w1>:7’
111 1 1 1
5<w9n>—§’ S<$urm>_?
111 8 1 11 3
5<yy7>:r SCW8%>:T
111 4 111 8
S<48%>:7’ S(rr9>:r
11 1 3 111 3
S(’uﬁm)_7’ S<«6wﬂ)‘r
1 11 3 111 4
Slr5m>:7’ S<yr7>:r
111 4 1 1 1 2
S(yy7>:r SQrurm>:T
111 4
S<44@>:7-

We have S(x,y,2) = |z —y| + |y — z|. (Y,S) is a complete GTMS. Let T: Y — Y
and 1, ¢ : [0,00) — [0,00) be defined by T'(x) = %, if x € Belse T(x) =1—u,
o(t) = % and 9(t) = t. Finally, o : Y XY xY — [0, 00) given by a(zx,y, z) = 1 when
x,y,z € B or x =y = z, otherwise a(x,y, z) = 0. We have

TP (Ck([l}, Y, z)S(Tx, Ty7 TZ)) < ¢ (M(.%',y, Z)) - (M(:C,y, Z)) )
where

M(x,y, z) = max {S(z,y,2),S(z, Tz, Tx),S(y, Ty, Ty),S(z,Tz,Tz)}.
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We give a few cases.
Case L. If z = %, Yy = % and z = %. Then oz, y,2) =1, ¢(1) =1, S (T%,T%,T%) =
0.

Caskg I1. Ifx:i,y:f and z =

$(8) = § and () = &
Casg III. If z = %, Yy =

G st NN (L Y
y 7y 66 6

_ 1 _ _ 1
Case V. If z = 15, y = 17 and 2 = 35, we have

s(rLl ol pl)_g(9 1011y 202
1070 117 12 10711712 14520

1 1 1 1 1 1 1 9 9
M<10’11’12>_max S<10’11’12>’S<10’10’10>’
1 10 10 1 11 11
5(11’11’11)’5@’12’12)}

[ 242 4 9 5 5
1145200571176 6

Then T and « satisfy all the condition of Corollary 2.6 and hence T has a unique

fixed point on Y that is z = %.

1
7

Case IV. Ifa::%,y:%andz:%,we have
1

and
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