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A B S T R A C T

The monochromatic hyperbolic neutron density wave is conceived as a Rayleigh-like wave with mixed
transverse and longitudinal components. It is proved for the first time that the absolute ratio of the longitudinal
to transverse interfering components, varies, with increasing the frequency of this wave, from zero to 1. Such
a limited variation is to be coined as vibrational enhancement of evolutionary one-speed neutron transport.

1. Introduction

A great deal of literature, [1–7], exists in the field of nuclear science
and technology on the propagation of neutron waves in nonmultiplying
and/or multiplying media. The monochromatic model for dynamical
neutronic fields is the simplest model from the analytical point of view,
as energy-dependent waves are much harder to analyze. The closest
setup to a monochromatic neutron field is a population of thermal
neutrons of most probable neutron speed 𝜐 = 2200 m/s. This population
is assumed to exist in a medium with a Maxwellian neutron energy
distribution over the 0–0.1 eV range, corresponding to an average
neutron energy of 0.0253 eV, at 20 ◦C, with the Principle of Detailed
Balance, [8,9], holding.

It is well known that transverse and longitudinal waves can be
described by the same mathematical expressions, but to mean different
‘‘orthogonal’’ fluctuations. Seismic surface waves, [10], which travel
slower than body waves are a mixture of both of these waves that
exist on the same space–time (𝑥 − 𝑡) domain. An example of this is the
Rayleigh wave, [10], and its special form, called the Love wave.

The seismic Rayleigh wave, contemplated here is a wave that prop-
agates along the surface of a semi-infinite elastic solid, and can still be
conceived as a plane wave, [10,11]. It is a combination of longitudinal
and transverse components that result from a 2D geometric spreading
of a surface wave relative to a 3D geometric spreading of a body
wave, [12]. The mechanical properties of the surface layer and body
can be entirely different and the ratio of the longitudinal to transverse
components is frequency-dependent. Seismic frequencies are, however,
rather low as they are restricted to the range of 1–20 Hz. The Rayleigh-
like model for the neutron density wave, resembles the seismic Rayleigh
wave only in being a mixture of longitudinal and transverse waves in
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a ratio that distinctively depends on the singular spectrum of frequen-
cies of the neutronic boundary vibration. The seismic and neutronic
Rayleigh waves happen to differ in their source-geometry aspects. Con-
sequently they are expected to differ, as well, in their wavefront, [13],
configurations. Nevertheless, the existing literature on processing and
applications of seismic Rayleigh waves is enormous, see e.g. [11,12,14],
and references there in. It is hoped then that future analysis of the
similar neutronic Rayleigh waves can benefit a good deal from this
literature.

2. Analysis

The neutron wave 𝜙(𝑥, 𝑡) entertained in this work is conceived, as
in the classical literature, [1–3,8,9], as a fluctuation around a steady
state component 𝛷𝑠(𝑥) of a neutron flux

𝛷(𝑥, 𝑡) = 𝛷𝑠(𝑥) + 𝜙(𝑥, 𝑡)

which could be of the same order of magnitude of 𝛷(𝑥, 𝑡),i.e.

|𝜙(𝑥, 𝑡)| ≤ 𝛷(𝑥, 𝑡).

Moreover, the parabolic 1-D monochromatic neutron wave, [1–3],
𝜙(𝑥, 𝑡),which is rederived in Appendix A, can be a finite, in 𝑥 ∈ ℜ
and 𝑡 ∈ [0,∞), solution to a boundary-value problem (BVP), on a
semi-infinite wedge, ℜ = [0,∞), for the dynamical source-free neutron
diffusion equation,
1
𝜐𝐷

▿𝑡𝜙 +
𝛴𝑎
𝐷

𝜙 − ▵𝑥 𝜙 = 0 , (1)

subject to an oscillatory boundary (𝑥 = 0) neutron current

𝐼(0, 𝑡) = 𝐽 (𝑡) = Re
[

𝐽0
2
𝑒𝑖 𝜔𝑡

]

, (2)
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supplemented by an additional Fickian constitutive law,

𝐼 = −𝐷 ∇𝑥 𝜙, (3)

which relates the neutron flux 𝜙 to the neutron current.
Here 𝐽0

2 and 𝜔 are respectively the amplitude and frequency of
𝐼(0, 𝑡), while 𝐷 is the diffusion coefficient and 𝛴𝑎 is the neutron ab-
sorption macroscopic cross section for the wedge. ℜ is also assumed to
be neutronically non-multiplying just for simplicity of the forthcoming
analysis.

This remarkably happens despite the fact that the diffusion equation-
being parabolic-cannot support oscillatory functions, [3,15], in its
general solution. The neutron diffusion equation is, incidentally, only
a rough approximation to neutron transport -a mathematically hy-
perbolic process - [15,16]. This approximation can be valid only at
low frequencies, [5,17]. Moreover when the diffusion model is used,
one tacitly concedes that the neutron wave propagates in the medium
with infinite speed. However, since the amplitude of this wave decays
exponentially fast in space, then this infinite speed paradox can be
ignored in many applications, see, e.g. [18,19].

In distinction, the hyperbolic version of this 𝜙(𝑥, 𝑡) wave is a
finite, in 𝑥 and 𝑡, solution to a BVP for a 𝑃1- approximation [4,5], to
the neutron transport equation, which embeds a non-Fickian constitu-
tive law, [6], subject to the same boundary current (2). This law is
generalized-Fickian,

𝜉∇𝑡𝐼 + 𝐼 = −𝐷∇𝑥𝜙, (4)

for a neutron current, 𝐼 , fluctuation, and happens to be only one
equation in a system of two coupled partial differential equations
(PDEs) that form the 𝑃1-canonical system, [7], of first-order PDEs. In
(4) 𝜉 is a temporal relaxation time,

𝜉 = 3𝐷
𝜐

= 1
𝜐𝛴𝑡𝑟

, (5)

in which 𝜐 is the speed of the monochromatic neutrons and 𝛴𝑡𝑟 is the
macroscopic neutron transport cross-section, [7], of ℜ.

Substitution of (4) in (1) transforms, [8,9], the previous canonical
system to the equivalent second-order telegraphic PDE

3
𝜐2

▵𝑡𝜙 + 1
𝜐𝐷

(

1 + 𝜉 𝜐𝛴𝑎
)

▿𝑡𝜙 +
𝛴𝑎
𝐷

𝜙 − ▵𝑥𝜙 = 0. (6)

This PDE represents the 𝑃1-approximation to dynamical neutron
transport, and can be rewritten in the more compact form:
1
𝜍2

▵𝑡𝜙 + 𝑎2 ▿𝑡𝜙 + 𝑏2𝜙 − ▵𝑥𝜙 = 0, (7)

where

𝑎2 = 1
𝜐𝐷

(

1 + 𝜉 𝜐𝛴𝑎
)

, 𝑏2 =
𝛴𝑎
𝐷

, 1
𝜍2

= 3
𝜐2

, (8)

with

𝜍2 = 𝜐𝐷
𝜉

. (9)

The associated BVP is also solved in Appendix A. Furthermore, the
flux 𝜙(𝑥, 𝑡), of (7), for monochromatic neutrons can be scaled down by
𝜐 to define the neutron density wave (NDW)

𝑁(𝑥, 𝑡) = 𝜙(𝑥, 𝑡)∕𝜐, (10)

which travels with a phase speed, [3], 𝑉𝑝 =
√

2𝜐𝐷𝜔 and obeys the
telegraphic 𝑃1-approximation to the transport NDW

3
𝜐2

▵𝑡𝑁 + 1
𝜐𝐷

(

1 + 𝜉 𝜐𝛴𝑎
)

▿𝑡𝑁 +
𝛴𝑎
𝐷

𝑁 − ▵𝑥𝑁 = 0. (11)

Compared with the parabolic DE, (7) contains an additional second-
order term 1

𝜍2
△𝑡 𝜙, with ‘‘viscous damping’’ coefficient 𝜍2 𝑎2 and 𝜍2 𝑏2

‘‘restoration’’ coefficient. All coefficients of are independent of 𝜔, but
may depend on 𝜉, 𝛴𝑎, 𝜐 and/or 𝐷. Moreover, according to (6), in the
limit of 𝜉 → 0, 𝜍 → ∞, and the entire reverts back to the parabolic
equation.

When the macroscopic neutron absorption cross section 𝛴𝑎 in ℜ is
zero, the diffusional NDW becomes mathematically isomorphic with
a temperature wave, [3], and both of them are transverse waves.
Moreover, diffusional NDWs are known, [3,17–20] to propagate with-
out neutron transfer. In contrast, NDWs in the context of neutron
transport theory show similarities with plasma waves, [21], which are
longitudinal. This is expected to facilitate their propagation with an
accompanying neutron transfer.

Interestingly, the physical consistency of modeling the propagation
of a neutron density wave by a Rayleigh-like wave should not be
questionable. Indeed, in the absence of scattering : 𝛴𝑡𝑟 = 0, i.e. when
𝐷 → ∞ (particularly when 𝛴𝑎 = 0), the incident neutron wave cannot
be supported and cannot change direction of propagation; i.e. it would
travel longitudinally. The earlier developed neutronic wave happens
to predict this simple behavior in the limit of 𝛴𝑡𝑟 = 0, or 𝐷 → ∞
when, according to (1), the transverse parabolic component can vanish
at 𝑥 = 0.

The parabolic NDW, which travels with infinite speed, can be
conceived as a special case of the hyperbolic NDW (which travels
with a finite speed 𝜍 = 𝜐

√

3
, [5]) when 𝜉 = 0. Let x and y be

orthogonal unit vectors pointing in the 𝑥 > 0 and 𝑦 > 0 directions to
phenomenologically accept that the hyperbolic NDW can define, ≜, a
vector on the 𝑥–𝑦 plane viz

𝑁(𝑥, 𝑡) ≜ 𝐙 , (12)

and

𝑁0(𝑥, 𝑡) ≜ 𝑌 (𝑥, 𝑡)𝐲 , (13)

to accompany

𝑁1(𝑥, 𝑡) ≜ 𝑋(𝑥, 𝑡)𝐱 ,

with 𝑁0(𝑥, 𝑡) as a diffusional transverse, [3], component and 𝑁1(𝑥, 𝑡) as
a higher-order transport longitudinal component. It should be noted
here that the notation ‘‘≜’’ above means defines but not equals, and
it is implicitly anticipated that only 𝑁1(𝑥, 𝑡) can be accompanied by
neutron transfer. Furthermore the neutrons of 𝑁(𝑥, 𝑡) can be conceived
as a rarefied neutron gas to invoke, as constructively explained in
Appendix B, Boyle’s law

𝑃 (𝑥, 𝑡) 1
𝑋(𝑥, 𝑡)

∼ 𝑅𝑇 ,

in which 𝑋(𝑥, 𝑡) in [n/cm3] is a neutron density fluctuation similar to
𝑌 (𝑥, 𝑡) but orthogonal to it, 𝑅 is the universal gas constant, [9], and 𝑇
is the absolute temperature of the neutron gas. The Appendix ends in
(B.10) with

𝑋(𝑥, 𝑡) = 𝑃 (𝑥, 𝑡),

proportional to a fluctuation in the pressure, in [atm], of the neutron
gas, and

 = 4.1 × 1019n/atm cm3,

emerges as a virial-like constant. Then we are motivated enough to
hypothesize for 𝑁(𝑥, 𝑡) a vectorial additive decomposition principle that
follows.

Principle 1. The hyperbolic NDW is a Rayleigh-type wave, i.e. it is
decomposable viz

𝐙 =𝑋𝐱 + 𝑌 𝐲 =𝑋(𝑥, 𝑡)𝐱 + 𝑌 (𝑥, 𝑡)𝐲, (14)

where

|𝐙|2 = |𝑋𝐱|2 + |𝑌 𝐲|𝟐,

or equivalently

𝑁2(𝑥, 𝑡)=𝑁 2
1 (𝑥, 𝑡) +𝑁 2

0 (𝑥, 𝑡) (15)
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Fig. 1. Sketch to illustrate the components of the neutron wave at a fixed time moment.

Proof. By consistency of the results obtained in (30) and (45) with
(14)–(15).

The phenomenological principle above is an effective replacement
of the sum of a transverse, 𝑁0(𝑥, 𝑡), and longitudinal, 𝑁1(𝑥, 𝑡), compo-
nents by an equivalent sum of two orthogonal transverse components,
𝑌 (𝑥, 𝑡) y and  𝑋(𝑥, 𝑡) x, as illustrated by Fig. 1, which may consistently
interfere. Clearly, the transverse 𝑁0(𝑥, 𝑡) ≜ 𝑌 (𝑥, 𝑡) y wave fluctuates
vertically on 𝑥, while the longitudinal 𝑁1(𝑥, 𝑡) ≜ 𝑋(𝑥, 𝑡) 𝐱 wave fluc-
tuates parallel to 𝑥. Moreover, according to Rayleigh-wave seismic
terminology, if 𝜂 (𝑥, 𝑡) = 𝑁 (𝑥,𝑡)

𝑁0(𝑥,𝑡)
= 𝑐𝑠𝑒𝑐 𝜃, then the ratio

𝛽(𝑥, 𝑡) =
𝑁1(𝑥, 𝑡)
𝑁0(𝑥, 𝑡)

=
√

[𝜂2(𝑥, 𝑡) − 1] = 𝑐𝑡𝑎𝑛𝜃, (16)

may be conceived as ‘‘ellipticity’’, [12,22], of 𝑁(𝑥, 𝑡). Incidentally 𝛽 ≾ 𝜂
and the Love wave is a special case of the Rayleigh-wave when the
associated ‖𝛽‖ → ∞.

The solution in Appendix A for the hyperbolic BVP can be shown,
[17], to infer the existence of a critical frequency 𝜔𝑐 = 2𝜋 𝑓𝑐 =
2𝜋
𝜉 , at which the neutron wave phase speed 𝑉𝑝 =

√

2𝜐𝐷 𝜔 becomes

a 𝜔−independent 𝜍 =
√

𝜐𝐷
𝜉 . This is similar to the situation with

temperature waves, [17,20], where 𝜔𝑐 = 2𝜋
𝛾 , and 𝛾 is the temperature

relaxation time. The basic difference between the two waves stems
from the different scales for their 𝜉 and 𝛾.Indeed 𝛾 ≪ 𝜉, as 𝛾 is
pico-scaled, while 𝜉 is micro-scaled. Moreover, since for a temperature
wave, with diffusivity 𝛼, the 𝑉𝑝 =

√

2𝛼 𝜔 transforms, as of 𝑓𝑐 = 1
𝛾 ∼

1012 Hz, [17,20], to 𝑢 =
√

𝛼
𝛾 ∼ 103 m/s, which is of the same order

of magnitude of sound speed in solids. This is one of the reasons why
𝑢 was, historically, called the second sound speed, [22], which can be
sensed only when 𝑓 > 𝑓𝑐 ∼ 1012 Hz. As for neutron density waves, since
the speed of sound in D2O, e.g., is 1480 m/s, [9], and 𝐷 = 8.1 × 10−3

m, then 𝜉 = 𝜐𝐷
𝜍2

= 11.1 × 10−6 = 11.1 μs.Correspondingly, 𝑓𝑐 = 1
𝜉 =

9 × 104 Hz = 90 𝑘 Hz. Furthermore, 𝜍 =
√

𝜐𝐷
𝜉 = 𝜐

√

3
= 1270 m/s is

a constant for all media, which is less than the speed of sound that
exceeds 1480 m/s. Clearly then there is no need for a concept like
‘‘second neutron wave speed’’ similar to the second sound speed, [22].

It should be noted here that experimental data on both 𝜉 and 𝛾
is difficult to obtain due to difficulties in measurements of both 𝜍
and 𝑢 and in generating the required 𝑓 ′s. For instance, with the
exception of liquid Helium, no reliable experimental data has so far
been reported, [23–25], for 𝛾. Also, there appears to be a shortage
of experimental data on 𝜉,as well. Nevertheless, non-Fourier effects
have recently been observed in a variety of phenomena involving
ultra fast heating such as supernovae explosions, [26], or laser power

pulsations [27]. There is no reason why this subject cannot possibly
extend, in a different setting, to cover also non-Fickian effects in
neutron transport.

The rest of this note shall investigate the impact of this principle on
𝛽 (𝑥, 𝑡) and its possible implications.

3. Ellipticity of hyperbolic neutron density waves

Let us look at the ratio 𝜂 (𝑥, 𝑡) = 𝑁 (𝑥,𝑡)
𝑁0(𝑥,𝑡)

, of (A.14) to (A.15), as
a function of 𝜔, throughout the wedge, in general, and at its 𝑥 = 0
boundary, in particular. This ratio is representable as

𝜂(𝑥, 𝑡) = 𝜌(𝜔)𝐸(𝑥;𝜔)𝑊 (𝑥, 𝑡;𝜔) (17)

where

𝜌(𝜔) = 𝐴2 + 𝐵2

𝐴2 + 𝐵2
=

√

𝜔2 + 𝜐 2 𝛴𝑎
2

(1+ 𝜉 𝜐 𝛴𝑎)2 𝜔2 + (𝜉 𝜔2 −𝜐𝛴𝑎)2
, (18)

𝐸(𝑥;𝜔) = 𝑒(𝐴−𝐴) 𝑥, (19)

𝑊 (𝑥, 𝑡;𝜔) =
(𝜉𝜔𝐵 + 𝐴) 𝑐𝑜𝑠(𝐵 𝑥 − 𝜔𝑡) + (𝜉𝜔𝐴 − 𝐵 ) 𝑠𝑖𝑛

(

𝐵 𝑥 − 𝜔𝑡
)

(𝜉𝜔𝐵 + 𝐴) 𝑐𝑜𝑠 (𝐵𝑥 − 𝜔𝑡) + (𝜉𝜔𝐴− 𝐵) 𝑠𝑖𝑛 (𝐵𝑥 − 𝜔𝑡 )
.

(20)

In view of the dependence of 𝐴, 𝐵, 𝐴 and 𝐵 on the set {𝜐,𝐷,𝛴𝑎, 𝜉, 𝜔},
𝜂 (𝑥, 𝑡) can tractably be analyzed only at the extreme ends of the 𝜔
spectrum.

3.1. Low frequency ellipticity

Below the critical frequency 𝜔𝑐 =
2𝜋
𝜉 , i.e. when 0 ≤ 𝜉 𝜔 ≪ 1, it can,

by inspection, be demonstrated that

(

𝐴

𝐵

)

≈

⎛

⎜

⎜

⎜

⎝

√

𝛴𝑎
𝐷
𝜔

2𝜐
√

𝐷𝛴𝑎

⎞

⎟

⎟

⎟

⎠

, (21)

(

𝐴

𝐵

)

≈

⎛

⎜

⎜

⎜

⎝

√

𝛴𝑎
𝐷

[

1 − 𝜉 𝜔2

2 𝜐 𝛴𝑎

]

(1 + 𝜉 𝜐𝛴𝑎) 𝜔
2𝜐

√

𝐷𝛴𝑎

⎞

⎟

⎟

⎟

⎠

, (22)

𝜌(𝜔) ≈ 1

/
√

(1+ 𝜉 𝜐 𝛴𝑎)2 𝜔2

𝜔2 + 𝜐 2 𝛴𝑎
2
+

(𝜉 𝜔2 −𝜐𝛴𝑎)2

𝜔2 + 𝜐 2 𝛴𝑎
2
,

when 𝜔 ≪ 𝜐 𝛴𝑎,while 𝜐 𝜉 𝛴𝑎 ≪ 1 (which is true for all neutron
moderators), satisfies

𝜌(𝜔) ≈ 1
√

𝜉 2𝜔2 + 1
. (23)

The small term 𝜉 𝜐𝛴𝑎 𝜔 is retained in (22) because of the possibility
for high enough values of 𝜐𝛴𝑎. Also the small term 𝜉 2𝜔2 is retained
in (23) to allow for values of 𝜉 𝜔 closer to 1. Then

𝐸(𝑥;𝜔) ≈ 𝑒
1
2

𝜉 𝜔2

𝜐
√

𝐷 𝛴𝑎
𝑥
≈ 1, (24)

𝑊 (𝑥, 𝑡;𝜔) ≈

√

𝛴𝑎
𝐷 𝑐𝑜𝑠(𝐵 𝑥 − 𝜔𝑡) − (1 + 𝜉 𝜐 𝛴𝑎) 𝜔

2 𝜐
√

𝐷𝛴𝑎
𝑠𝑖𝑛

(

𝐵 𝑥−𝜔𝑡
)

√

𝛴𝑎
𝐷 𝑐𝑜𝑠 (𝐵𝑥 − 𝜔𝑡) − (1 + 𝜉 𝜐 𝛴𝑎) 𝜔

2 𝜐
√

𝐷𝛴𝑎
𝑠𝑖𝑛 (𝐵𝑥 − 𝜔𝑡 )

.

(25)

Therefore 𝑊 (𝑥, 𝑡;𝜔) is expressible viz,

𝑊 (𝑥, 𝑡;𝜔) ≈ cos𝜔

(

(1 + 𝜉 𝜐 𝛴𝑎)

2 𝜐
√

𝐷𝛴𝑎
𝑥 − 𝑡

)

sec𝜔

(

1
2 𝜐

√

𝐷𝛴𝑎
𝑥 − 𝑡

)

,

(26)

which is the same as

𝑊 (𝑥, 𝑡;𝜔) ≈

[

1 − tan
𝜉
2

√

𝛴𝑎
𝐷

𝜔𝑥 tan𝜔

(

1
2 𝜐

√

𝐷𝛴𝑎
𝑥 − 𝑡

)]
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Fig. 2. Sketch to illustrate the Y and X components of the interfacial low frequency
(𝜉𝜔 ≪ 1) neutron density wave.

× cos
𝜉
2

√

𝛴𝑎
𝐷

𝜔𝑥. (27)

It is remarkable how the 𝑥 = 0 interface happens to be the simplest
spatial point, for a neutron density wave, with regard to analysis of
ellipticity. Indeed,

𝐸(0;𝜔) = 𝑊 (0, 𝑡;𝜔) = 1, 𝜂(0, 𝑡) = 1
√

𝜉 2𝜔2 + 1
, (28)

and

𝛽(0, 𝑡) =
𝑁1(0, 𝑡)
𝑁0(0, 𝑡)

=
√

[𝜂2(0, 𝑡) − 1] =

√

1
𝜉 2𝜔2 + 1

− 1 = 𝜉𝜔𝑖 . (29)

Hence when 𝜉 𝜔 ≪ 1 the longitudinal component 𝑁1(0, 𝑡) ≜ 𝑋(𝑥, 𝑡)
x of the interfacial NDW is only a tiny fraction of the transversal
component 𝑁0(𝑥, 𝑡) ≜ 𝑌 (𝑥, 𝑡) y, with a 𝜋

2 phase shift, viz,

𝑋(0, 𝑡)𝐱 ≈ 𝜉𝜔𝑖 𝑌 (0, 𝑡)𝐲,

or

𝑁1(0, 𝑡) = Im
[

𝑒𝑖
𝜋
2 𝜉𝜔𝑁0(0, 𝑡)

]

, (30)

which is an assertion of orthogonality of the actions of 𝑁1(0, 𝑡) and
𝑁0(0, 𝑡). The consistency of this result with (14) serves as a proof of the
correctness of the underlying Principle 1.

Moreover, it can then, by inspection, be verified that

𝑁0(𝑥, 𝑡) =
1

𝜐
√

𝐷𝛴𝑎

𝐽0
2

𝑒−
√

𝛴𝑎
𝐷 𝑥 cos𝜔

(

1
2 𝜐

√

𝐷𝛴𝑎
𝑥 − 𝑡

)

, (31)

𝑁(𝑥, 𝑡) = 1
𝜐
√

𝐷𝛴𝑎

𝐽0
2

1
√

𝜉 2𝜔2 + 1
𝑒−

√

𝛴𝑎
𝐷 𝑥

× cos𝜔

(

(1 + 𝜉 𝜐 𝛴𝑎)

2 𝜐
√

𝐷𝛴𝑎
𝑥 − 𝑡

)

. (32)

The last three relations demonstrate that, for low 𝜔, and at the at
𝑥 = 0 boundary, the NDW and its two components are

𝑁(0, 𝑡) = 1
𝜐
√

𝐷𝛴𝑎

1
√

𝜉 2𝜔2 + 1

𝐽0
2

cos𝜔𝑡, (33)

𝑁0(0, 𝑡) =
1

𝜐
√

𝐷𝛴𝑎

𝐽0
2

cos𝜔𝑡, (34)

𝑁1(0, 𝑡) = Im

[

𝑒𝑖
𝜋
2 𝜉𝜔 1

𝜐
√

𝐷𝛴𝑎

𝐽0
2

cos𝜔𝑡

]

, (35)

and that they satisfy (15) via 𝑁2(0, 𝑡) = 𝑁2
0 (0, 𝑡) +𝑁2

1 (0, 𝑡), when 𝜉 𝜔 ≪
1. The interference between 𝑁1(0, 𝑡) ≜ 𝑋(0, 𝑡) x and 𝑁0(0, 𝑡) ≜ 𝑌 (0, 𝑡) y,
noted above, is clearly 𝜔-dependent, as demonstrated in Fig. 2.

It should be underlined, however, that in the limit of 𝜔 = 0, 𝑁1(0, 𝑡)
should always vanish. This can be physically incorrect, in reflection to
the approximate nature of the present analysis.

3.2. High frequency ellipticity

At high frequencies, i.e. when 𝜉 𝜔 ≫ 1, the situation happens to be
entirely different. Above the critical frequency 𝜔𝑐 , 𝑉𝑝 transforms to 𝜍.
Here
(

𝐴

𝐵

)

≈

⎛

⎜

⎜

⎜

⎝

1
𝜇

(

1 + 𝛴𝑎
𝜔

)

1
𝜇

(

1 − 𝛴𝑎
𝜔

)

⎞

⎟

⎟

⎟

⎠

, (36)

(

𝐴

𝐵

)

≈
⎛

⎜

⎜

⎝

(1 − 𝜉 𝜐𝛴𝑎)
2
√

𝜐 𝐷 𝜉
𝜔
𝜍

⎞

⎟

⎟

⎠

, (37)

𝜌(𝜔) ≈ 1
√

𝜉 2𝜔2 + (1 + 𝜉2 𝜐2 𝛴2
𝑎 )

≈ 1
𝜉 𝜔

(38)

𝐸(𝑥;𝜔) ≈ 𝑒
1
𝜇

[

1 +
(

1
2 𝜔 +

√

𝜉
2

𝜐
√

𝜔

)

𝛴𝑎 − 1
√

2 𝜉𝜔

]

𝑥
, (39)

and

𝑊 (𝑥, 𝑡;𝜔) ≈

𝜉
𝜍 𝜔2 𝑐𝑜𝑠(𝐵 𝑥 − 𝜔𝑡) − (1 + 𝜉 𝛴𝑎)

2
𝜔
𝜍 𝑠𝑖𝑛

(

𝐵 𝑥 − 𝜔𝑡
)

1
𝜇 (𝜉 𝜔 + 1) 𝑐𝑜𝑠 (𝐵𝑥 − 𝜔𝑡) + 1

𝜇 (𝜉 𝜔 − 1) 𝑠𝑖𝑛 (𝐵𝑥 − 𝜔𝑡 )
.

(40)

Therefore 𝑊 (𝑥, 𝑡;𝜔) can be approximated viz

𝑊 (𝑥, 𝑡;𝜔) ≈ 𝜇 𝜔
𝜉

𝑐𝑜𝑠(𝐵 𝑥 − 𝜔𝑡)
𝑐𝑜𝑠 (𝐵𝑥 − 𝜔𝑡) + 𝑠𝑖𝑛 (𝐵𝑥 − 𝜔𝑡 )

= 𝜇 𝜔
√

2 𝜉

𝑐𝑜𝑠(𝐵 𝑥 − 𝜔𝑡)
𝑐𝑜𝑠 (𝐵𝑥 − 𝜔𝑡 − 𝜋

4 )
. (41)

For 𝜉 𝜔 ≫ 1, one can ignore 𝜋
4 in the denominator of (25) to rewrite

it as

𝑊 (𝑥, 𝑡;𝜔) ≈ 𝜇 𝜔
√

2 𝜉

𝑐𝑜𝑠(𝜔𝜍 𝑥 − 𝜔𝑡)

𝑐𝑜𝑠
[

1
𝜇

(

1 − 𝛴𝑎
𝜔

)

𝑥 − 𝜔𝑡
] . (42)

𝑊 (0, 𝑡;𝜔) = 𝜇 𝜔
√

2 𝜉
=
√

𝜉 𝜔 & 𝜂(0, 𝑡) = 1
√

𝜉𝜔
. (43)

It is remarkable how 𝛽 (0, 𝑡), when 𝜉 𝜔 ≫ 1, is just

𝛽(0, 𝑡) =
√

[𝜂2(0, 𝑡) − 1] =
√

1
𝜉 𝜔

− 1. (44)

Since 𝑙𝑖𝑚
𝜉𝜔 ≫1

𝛽 (0, 𝑡) = 𝑖, then as 𝜉 𝜔 ≫ 1, 𝑁1(0, 𝑡) ≜ 𝑋(0, 𝑡) x of the

interfacial NDW becomes identical to 𝑁0(𝑥, 𝑡) ≜ 𝑌 (0, 𝑡) y,but for a 𝜋
2

phase shift, viz,

𝑋(0, 𝑡)𝐱 ≈ 𝑖 𝑌 (0, 𝑡)𝐲,

or

𝑁1(0, 𝑡) = Im
[

𝑒𝑖
𝜋
2 𝑁0(0, 𝑡)

]

, (45)

which is another assertion of orthogonality of the actions of 𝑁1(0, 𝑡) and
𝑁0(0, 𝑡). The consistency of this result with (14) serves as a further proof of
the correctness of the underlying Principle 1.

Furthermore, as in (31)–(32), it can be shown that

𝑁0(𝑥, 𝑡) =

√

𝜉𝜔
𝜍

𝐽0
2

𝑒−
1
𝜇 𝑥 cos𝜔

(

1
𝜇

𝑥 − 𝑡
)

, (46)

𝑁(𝑥, 𝑡) = 1
𝜍

𝐽0
2

𝑒−
1
𝜇

(

1 + 𝛴𝑎
𝜔

)

𝑥 cos𝜔
(

1
𝜍

𝑥 − 𝑡
)

. (47)

Relations lead directly to

𝑁(0, 𝑡) = 1
𝜍

𝐽0
2

cos𝜔𝑡 , (48)

𝑁0(0, 𝑡) =

√

𝜉𝜔
𝜍

𝐽0
2

cos𝜔𝑡 , (49)
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Fig. 3. Sketch to illustrate the Y and X components of the interfacial high frequency
(𝜉𝜔 ≫ 1) neutron density wave.

𝑁1(0, 𝑡) = Im

[

𝑒𝑖
𝜋
2

√

𝜉𝜔
𝜍

𝐽0
2

cos𝜔𝑡

]

. (50)

that are illustrated in Fig. 3. The plot in this figure indicates that the
domain for Z, mentioned in Fig. 1, should subtend an angle of 𝜋

4 .
These relations infer a distinctive nearly 𝜔-free semi-diagonal inter-

ference between 𝑁1(0, 𝑡) ≜ 𝑋(0, 𝑡) x and 𝑁0(0, 𝑡) ≜ 𝑌 (0, 𝑡) y and satisfy,
when 𝜉 𝜔 ≫ 1, 𝑁2(0, 𝑡) = 𝑁2

0 (0, 𝑡) +𝑁2
1 (0, 𝑡).

4. Neutron transport enhancement by vibration

Since ellipticity of hyperbolic NDWs varies dramatically with vary-
ing 𝜔, it should be interesting to identify the frequency 𝜔∗ at which the
transition occurs between the previous two different modes of behavior
of 𝛽 (0, 𝑡). This can follow from uniqueness of the magnitude of 𝑁(0, 𝑡),
∀𝑡,by relations (33) and (50), viz

1
𝜐
√

𝐷𝛴𝑎

1
√

𝜉 2𝜔2 + 1
= 1

𝜍
. (51)

The solution 𝜔∗ of this algebraic equation is

𝜔∗ = 1
𝜉

√

1
𝜐 𝜉 𝛴𝑎

− 1 ,

where 𝜐 𝜉 𝛴𝑎 ≪ 1, for all neutron moderators, to become

𝜔∗ ≈ 1
𝜉
√

𝜐𝛴𝑎 𝜉
≿ 𝜔𝑐 =

2𝜋
𝜉

, (52)

which happens to be of the order of 108 rad/s for graphite, [6,9], and
of 107 rad/s for D2O. Hence the low-𝜔 and high-𝜔 domains for 𝛽 (0, 𝑡)
are 𝛬 = {𝜔 ∶ 0 < 𝜔 < 𝜔∗} and 𝛤 = {𝜔 ∶ 𝜔∗ ≤ 𝜔 < ∞},respectively.

Consequently,

|

|

𝑁1(0, 𝑡)||

{

≪ |

|

𝑁0(0, 𝑡)|| , 𝜔 ∈ 𝛬

= |

|

𝑁0(0, 𝑡)|| , 𝜔 ∈ 𝛤
, (53)

where the transverse wave 𝑁0(0, 𝑡) travels with nonrelativistic infinite
speed, while the longitudinal wave 𝑁1(0, 𝑡) travels with a finite speed
𝜍 = 𝜐

√

3
=
√

𝜐𝐷
𝜉 .This demonstrates that the NDW 𝑁(0, 𝑡) is a Rayleigh-

like wave with an absolute ellipticity that cannot exceed unity by
increasing 𝜔. Furthermore, since longitudinal NDW propagation is
accompanied by neutron transfer, then enhancement of evolutionary
neutron transport, by increasing the wave frequency, is constrained by
(53). These results are certainly generalizable, from the interface 𝑥 = 0
to any 𝑥 ∈ ℜ, after a due consideration of the strong exponential spatial
decay of 𝑁(𝑥, 𝑡).

5. Discussion

In the preceding sections, the mixed transverse-longitudinal nature
of a hyperbolic (𝑃−1 transport) NDW is analyzed, for the first time,

in the framework of a Rayleigh wave model. A frequency-dependent
interfacial ellipticity 𝛽 (0, 𝑡) is established in (29) and (44) to vary
restrictively on (0,1), by varying 𝜔 over (0,∞).The frequency singular
domain is shown by (53) to be characteristically divisible into two
subdomains, at a discrete transition frequency 𝜔∗ of (54).

Although the underlying principle (14)–(15) for the Rayleigh wave
model is only phenomenological, i.e. not foundational or microscopic,
it is proved, nevertheless, to be mathematically consistent. Physically,
however, it may not be sharp enough, but can certainly be expected
to hold at least in some approximate fashion. Any future sharpening
of our findings on 𝛽(0, 𝑡) calls for a preceding experimental verification
of them, at least for some technically feasible frequencies. Such ex-
perimental measurements of 𝛽(0, 𝑡),as a function of 𝜔,using accelerator-
based modulated neutronic beams, [18], may not be simple and can
even be rather costly.

6. Conclusion

We have demonstrated in this work that the frequency of a hyper-
bolic vibrating neutron population is a defining factor for the transport/
diffusion ratio content (ellipticity) of its NDW. This justifies the claim
for a vibrational enhancement of neutron transport. The Rayleigh wave
model is shown to lead to mathematically consistent and physically
verifiable results for the interfacial ellipticity of a NDW. The reported
analysis is developed along the steps that follow.

(i) Introduction of the telegraphic 𝑃−1 transport (hyperbolic) NDW
in Section 2. Here also a phenomenological principle is advanced to
support a Rayleigh wave model for the NDW.

(ii) A review of the analytical solution, in Appendix A, to the BVP’s
for both parabolic and hyperbolic NDW’s.

(iii) Definition, in Section 3, of ellipticity for a NDW and a study of
its approximate behavior at low and high vibrational frequencies.

(iv) Establishment, in Section 4, that vibrational frequency can
restrictively enhance the ellipticity of a NDW.

Generalization of the reported interfacial results to points deep
inside the NDW supporting wedge ℜ,remains, however, a pending
mathematical question.

In fairness to similar research on heat transfer, one needs to mention
that Cattaneo–Vernotte type BVPs, similar to (11) + (2) + (4), can
admit solutions with specific resonances, [28]. On another note, fre-
quency optimization of the NDW 𝑁(𝑥, 𝑡) has recently found particular
applications in dynamical neutron cancer therapy, [18,19]. The validity
of Principle 1, which calls for experimental verification, is expected,
moreover, to widen the horizons for this optimization. The present
frequency-enhancement of evolutionary neutron transport is, however,
entirely different from heat transfer enhancement by surface vibration,
reported in [29], for example. It even has nothing to do with it.
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Appendix A. Parabolic and hyperbolic neutron density waves

A.1. Parabolic neutron density waves

A separated variables finite solution, 𝑁 (𝑥, 𝑡) = 𝑋(𝑥) 𝑒𝑖 𝜔𝑡∕ 𝜐, to (1),
when subjected to satisfaction of (2)–(3), with

𝜇 = 𝜇(𝜔;𝐷) =
√

2𝜐𝐷
𝜔

𝑎𝑛𝑑 𝜀 =
√

𝐷
𝜐

, (A.1)

leads, see e.g. [7,15,16], to the conventional parabolic NDW,

𝑁(𝑥, 𝑡) =
(

𝐽0
/

[2𝜐𝐷 (𝐴2 + 𝐵2)]
)

𝑒−𝐴 𝑥

× [𝐴 𝑐𝑜𝑠 (𝐵𝑥 − 𝜔𝑡) − 𝐵 𝑠𝑖𝑛 (𝐵𝑥 − 𝜔𝑡 )] , (A.2)

where
{

𝐴

𝐵

}

=
√

𝛴𝑎
2 𝐷

√

√

√

√

√

𝜔2

𝜐2 𝛴𝑎
2 + 1 ± 1

= 1
√

2 𝜐 𝐷

√

√

𝜔2 + 𝜐2 𝛴𝑎
2 ± 𝜐 𝛴𝑎 . (A.3)

For any set
{

𝜔,𝐷,𝛴𝑎
}

, when 𝛴𝑎 ≠ 0,it is obvious that 𝐴 > 𝐵 ≈ 1
𝜇 ,

and relation (A.2) can, using the identity

𝐴 cos 𝛾−𝐵 sin 𝛾 = A cos(𝛾−𝜃) ; A =
√

𝐴2 + 𝐵2 ; 𝜃 = − tan−1 𝐵
𝐴

, ∀ 𝛾,

be demonstrated to be always convertible to

𝑁(𝑥, 𝑡) =
(

𝐽0
/

[2𝜐𝐷
√

𝐴2 + 𝐵2 ]
)

𝑒−𝐴 𝑥 𝑐𝑜𝑠
(

𝐵𝑥 − 𝜔𝑡 + tan−1 𝐵
𝐴

)

,

(A.4)

where,

𝐵
𝐴

=

√

√

√

√

√

√

√

√

√

√

𝜔2

𝜐 2 𝛴𝑎2 + 1 − 1
√

𝜔2

𝜐 2 𝛴𝑎2 + 1 + 1
, (A.5)

happens to be independent of 𝐷.
Important special cases of (A.2) are the following
(i) If 𝛴𝑎 = 0,then 𝐴 = 𝐵 = 1

𝜇 and

𝑁(𝑥, 𝑡) =
𝐽0

2𝜐 𝜀
√

𝜔
𝑒−

𝑥
𝜇 𝑐𝑜𝑠

(

𝑥
𝜇

− 𝜔𝑡 + 𝜋
4

)

. (A.6)

(ii) If 𝜔 ≪ 𝜐𝛴𝑎, then 𝐴 =
√

𝛴𝑎
𝐷 , 𝐵 = 0 and (A.2) becomes

𝑁(𝑥, 𝑡) =
𝐽0

2𝜐
√

𝐷𝛴𝑎
𝑒−

√

𝛴𝑎
𝐷 𝑥𝑐𝑜𝑠𝜔𝑡 . (A.7)

(iii) Conversely, If 𝜔 ≫ 𝜐𝛴𝑎, then 𝐴 = 𝐵 →0 and

𝑁(𝑥, 𝑡) ≡ 0 . (A.8)

This result is a clear reflection of the inconsistency of the neutron
diffusion model for the NDW at very high 𝜔.

A.2. Hyperbolic neutron density waves

𝜙(𝑥, 𝑡) is obtained here, as in [17,20], also via separation of vari-
ables: 𝜙(𝑥, 𝑡) = 𝑌 (𝑥) 𝑒𝑖 𝜔𝑡.In application to (7), this leads to the
Helmholtz equation

𝑌 ′′ − æ2𝑌 = 0,

with

æ =

√

𝑎2𝜔 𝑖 −
(

𝜔2

𝜍2
− 𝑏2

)

= ±(𝐴 + 𝑖𝐵), (A.9)

where
{

𝐴

𝐵

}

=

√

√

√

√

√

1
2

⎛

⎜

⎜

⎝

√

(

𝜔2

𝜍2
− 𝑏2

)2
+ 𝑎4𝜔2 ∓

(

𝜔2

𝜍2
− 𝑏2

)

⎞

⎟

⎟

⎠

, (A.10)

which is the same as
{

𝐴

𝐵

}

=

√

√

√

√

√

𝜉 𝜔2 −𝜐𝛴𝑎
2𝜐𝐷

⎛

⎜

⎜

⎝

√

(

(1 +𝜉 𝜐𝛴𝑎) 𝜔
𝜉 𝜔2 −𝜐𝛴𝑎

)2
+ 1 ∓ 1

⎞

⎟

⎟

⎠

. (A.11)

It is straight forward to demonstrate that
{

𝐴

𝐵

}

tends to
{

𝐴

𝐵

}

tends to 𝜉 = 0. of (A.3) when 𝜙(𝑥, 𝑡)

Finiteness of 𝜙(𝑥, 𝑡),∀, 𝑥 & 𝑡, allows for writing

𝜙(𝑥, 𝑡) = 𝐶𝑒−𝐴 𝑥 𝑒−𝑖
(

𝐵 𝑥 − 𝜔𝑡
)

.

Then to determine the 𝐶 constant, the non-Fickian BC (4) :

𝜉∇𝑡𝐼(𝑥, 𝑡) ∣𝑥 = 0 + 𝐼(𝑥, 𝑡) ∣𝑥 = 0= −𝐷∇𝑥𝜙(𝑥, 𝑡) ∣𝑥 = 0, (A.12)

is invoked, when 𝐼(𝑥, 𝑡) ∣𝑥 = 0= 𝐼(0, 𝑡) = 𝐽 (𝑡) of (1.2). As a result,

𝐶 =
(

𝐽0
/

[2𝐷 (𝐴2+ 𝐵2)]
) [

(𝜉𝜔𝐵 + 𝐴) + 𝑖 (𝜉𝜔𝐴 − 𝐵 )
]

.

Consequently, the hyperbolic NW is

𝜙(𝑥, 𝑡) =
(

𝐽0
/

[2𝐷 (𝐴2+ 𝐵2)]
)

𝑒−𝐴 𝑥
[

(𝜉𝜔𝐵 + 𝐴) 𝑐𝑜𝑠(𝐵 𝑥 − 𝜔𝑡)

+ (𝜉𝜔𝐴 − 𝐵 ) 𝑠𝑖𝑛
(

𝐵 𝑥 − 𝜔𝑡
) ]

, (A.13)

and the associated hyperbolic NDW is 𝜉 = 0,

𝑁(𝑥, 𝑡) =
(

𝐽0
/

[2𝜐𝐷 (𝐴2+ 𝐵2)]
)

𝑒−𝐴 𝑥
[

(𝜉𝜔𝐵 + 𝐴) 𝑐𝑜𝑠(𝐵 𝑥 − 𝜔𝑡)

+ (𝜉𝜔𝐴 − 𝐵 ) 𝑠𝑖𝑛
(

𝐵 𝑥 − 𝜔𝑡
) ]

. (A.14)

It is straightforward to verify that when 𝜉 = 0 relation is the same
as (A.2), i.e., 𝜙,

𝑁0(𝑥, 𝑡) =
(

𝐽0
/

[2𝜐𝐷 (𝐴2 + 𝐵2)]
)

𝑒−𝐴 𝑥

× [𝐴 𝑐𝑜𝑠 (𝐵𝑥 − 𝜔𝑡) − 𝐵 𝑠𝑖𝑛 (𝐵𝑥 − 𝜔𝑡 )] . (A.15)

Appendix B. Neutrons as an ideal gas in nuclear reactors

It is well known, [8,9], that neutrons in nuclear reactors, even with
high fluxes, 𝜙, of the order of 1013−1015 n/cm2 s, behave like a rarefied
ideal gas, i.e. with pressures on below the nano atmosphere scale.

To estimate the magnitude of pressures associated with such fluxes,
we shall reasonably assume neutrons to constitute a single species in
their gas then to invoke Boyle’s law

𝑃𝑉 = 𝜈𝑅𝑇 , (B.1)

in which 𝑃 is pressure in [atm], 𝑉 is the molar volume in [l], T is
temperature in [◦K], 𝑅 is the universal gas constant

𝑅 = 0.082057 atm l /mole. ◦K, (B.2)

and 𝜈 is the molar number in [mole]. In this respect, for an 𝐻2 gas 𝑣 = 2
moles, whereas for 𝐷+ ions, (p+n), 𝜈 = 1 mole. We may artificially
expand the concept of 𝑣 to cover nuclear particles to assume for this
𝐷+ that 𝑣 = 2 that ‘‘moles’’. Extension of this approach to neutrons
means for them a 𝑣 = 1 ‘‘mole’’. It should be noted however that this
extension is foundationally incorrect and hence should be avoided in
any practical evaluation based on (B.1), as we shall see later in this
appendix.

Furthermore, the ratio
𝑃𝑉
𝜈𝑅𝑇

= 1,
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is called the compression factor, which is a measure of the ideality of
any gas. The greater this ratio deviates from 1, the more it will behave
like a real gas.

For a neutron density wave 𝑋 = 1
𝑉 = 𝑋(𝑥, 𝑡) the unit is [n/cm3],

and this can be related to (B.1) via the gas mechanical density

𝜎 = 𝑚
𝑉

= 𝑚𝑋, (B.3)

where 𝑚 is the mass in [g] and satisfies

𝑚 = 𝑀𝜈,

with 𝑀 being a molar mass in [g/mole], which is 1 g/mole for
neutrons. Therefore (B.1)

𝜎 = 𝑀 𝜈
𝑉

= 𝑀𝜈𝑋 and 𝜎
𝑀

= 𝜈
𝑉

= 𝜈𝑋 . (B.4)

Rewrite then (B.1) as

𝜈𝑋 = 𝑃
𝑅𝑇

, (B.5)

to combine (B.4) and (B.5) in the form

𝜎 = 𝑃𝑀
𝑅𝑇

, (B.6)

which is explicitly independent of the undesirable 𝜈.
Since 𝜎 is in [g/l] and the neutron mass is

𝑚𝑜 = 1.674663 × 10−24g , (B.7)

then

𝑋 = 𝑀𝑃
𝜈𝑀𝑅𝑇

= 𝑀 𝑃
𝑚𝑜𝑅𝑇

[𝑛∕𝑙] = . 𝑀 𝑃
103 𝑚𝑜𝑅𝑇

[n/cm3] (B.8)

Substitute then 𝑀 = 1 with (B.2) and (B.7), when 𝑇 = 20 ◦𝐶 = 293 ◦𝐾
in (B.8) to obtain

𝑋= 𝑃 = 4.1 × 1019𝑃 , (B.9)

in n/cm3, when 𝑃 is in atm. Conversely,

𝑃 = 2.44 × 10−20𝑋 = −1𝑋 (B.10)

where  can be conceived only as a phenomenological empirical con-
stant.

Assume further that, at standard temperature and pressure, the
thermal neutron average speed 𝜐 in a neutron gas to be 2200 m/s.
Hence

𝑋 =
𝜙

2.44 × 105
= 4.545 × 10−6𝜙. (B.11)

As for neutron fluxes in common nuclear reactors, i.e. 𝜙 ≈ 1013

n/cm2.s, the neutron densities, according to (B.11), are 𝑋 ≈ 4.545 × 107,
n/cm3. Ultimately, relation (B.9) provides an empirical estimate for the
neutron gas associated pressure

𝑃 = 1.11 × 10−12 atm = 1.11 p atm,

which is clearly on the pico atmosphere scale.
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