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SOME FIXED POINT RESULTS ON DOUBLE CONTROLLED
CONE METRIC SPACES

A. HERMINAU JOTHY*, P. S. SRINIVASAN, LAXMI RATHOUR, R. THEIVARAMAN,
AND S. THENMOZHI

ABSTRACT. In this text, we investigate some fixed point results in double-controlled
cone metric spaces using several contraction mappings such as the B-contraction,
the Hardy-Rogers contraction, and so on. Additionally, we prove the same fixed
point results by using rational type contraction mappings, which were discussed by
the authors Dass. B. K and Gupta. S. Also, a few examples are included to illustrate
the results. Finally, we discuss some applications that support our main results in
the field of applied mathematics.

1. Introduction

By using fixed point theory (f.p.t), researchers from many fields have contributed
to the progress of science and technology. Large scale problems requiring f.p.t are
highly esteemed for their lightning-fast solutions. As a result, in recent years, many
scholars have focused on developing f.p.t approaches and have provided various use-
ful techniques for discovering f.p’s in complex issues[see [19], [23], [30] and [32]].
Authors have also proved interesting results on modified metric spaces such as par-
tial metric and ordered metric, see [24] and [43] . These are currently crucial in
many mathematics related areas and its applications, including economics, astron-
omy, dynamical systems, decision theory, and parameter estimation. The father of
f-p.t, mathematician Brouwer [6], proposed f.p theorems (f.p.t's) for continuous map-
pings on finite dimensional spaces. In 1922, Banach [4] established and confirmed the
renowned Banach contraction principle. Several authors used the Banach contrac-
tion principle in numerous ways and presented numerous fixed point results (f.p.r’s)
[see, [5], [7], [8], [14], [15], [16], [17], [28] & [44]]. On the other hand, the concept of
b-metric space was initiated by Bakhtin [3] in 1989, which was an interesting expan-
sion of metric spaces. Recently, more and more extensions of b-metric spaces, such as
b,(s)-metric spaces and b-rectangular metric spaces, were introduced, and some f.p.t's
are shown on these spaces [refer, [23], [25], [29] & [31] |. Also, authors Mlaiki et al. [26]
studied extension of the expanded b-metric spaces called controlled metric type spaces

Received September 21, 2023. Revised June 11, 2024. Accepted June 16, 2024.

2010 Mathematics Subject Classification: 47H10, 54H25.

Key words and phrases: fixed point, cone metric space, double controlled cone metric space,
B-contraction, rational contraction mappings.

x Corresponding author.

(© The Kangwon-Kyungki Mathematical Society, 2024.

This is an Open Access article distributed under the terms of the Creative commons Attribu-
tion Non-Commercial License (http://creativecommons.org/licenses/by-nc/3.0/) which permits un-
restricted non-commercial use, distribution and reproduction in any medium, provided the original
work is properly cited.



330 A. H. Jothy, P. S. Srinivasan, L. Rathour, R. Theivaraman, and S. Thenmozhi

and proved some innovative f.p.t's. There are plenty of surveys available in the lit-
erature about b-metric spaces and their extended cone metric spaces, one can also
see [37] and [39] which shows a very short survey on fixed point results in cone metric
spaces obtained recently. See [12], [38] and [45] for more informations and results in
cone metric space. Many results on approximating fixed point on suitable contrac-
tive conditions are proved in [33], [34], [35] and [42],. Subsequently, Abdeljawad et
al. [2] proposed some f.p.r's using contraction mappings including «-contraction [see,
Theorem 1], Kannan contraction [see, Theorem 3] and their consequences in double
controlled cone metric spaces [DCCM S)]. In [36], which is also of recent, Shateri, T.
L., proved many f.p.r's on DCCMS. In particular, he showed the f.p.r for Reich
type contraction mapping (see, Theorem [2.5]). Researchers in the field of f.p.t should
consult manuscripts [11], [21], [22], [27], [40], [41] and the references therein for more
relevant results on DCCMS.

On the other hand, the first researchers to investigate a generalization of the Banach
f.p theorem while simultaneously using a contraction condition of the rational type
were Dass and Gupta [9]. Later, Jaggi [13], used a contraction condition of the rational
type to prove a f.p.t's in complete metric spaces. Moreover, rational contraction
conditions have been heavily employed in both the f.p and common f.p locations. In
this study, we first provide f.p solutions utilising two contraction mappings, the B-
contraction mapping [20] and the Hardy-Rogers [10] contraction mapping, and their
associated consequents. Secondly, we demonstrate the f.p.r’s in the setting of rational
contraction mappings, which were discussed mostly in [9] and [13].

The remaining parts of this manuscript are displayed as follows: In Section 2, some
basic notions, such as notations, definitions and lemmas, are recalled from previous
literature. In Section 3, we propose the main results of this work, where the existence
and uniqueness of f.p’s are rigorously discussed in DCCMS. In Section 4, we ex-
tend these concepts to rational type contraction operators and prove some innovative
f.p.r's. Finally, in Section 5, we present some conclusions.

2. Preliminaries

In this section, some notations and basic notions, such as definitions and lemmas,
from earlier research are recalled. These are then employed throughout the remainder
of the main findings of this manuscript.

DEFINITION 2.1. [1] Let E be a real Banach space and P be a subset of E. P is
called a cone if it satisfies the following conditions:
(C1) P is closed, non-empty and P # {0};
(C2) ax + by € P for all x,y € P and non-negative real numbers a, b; and
(C3) PN (—P) = {0}.

REMARK 2.2. [1] Consider a cone P C E. We can define a partial ordering < on
E with respect to P by x < y if and only if y — x € P. Here, x < y indicate that
x =< y but z # y, while z < stand for y — x € intP, in which intP # () and < is a
partial ordering with respect to P.

DEFINITION 2.3. [2] The cone P is called normal if
inf{lle+yll: 2.y € P.Joll = lyll = 1} > 0
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or equivalently, there is a constant number M > 0 such that for all x,y € E where
0 <z <Xy implies ||z|| < M||y||. The least positive number satisfying above is called
the normal constant of P.

DEFINITION 2.4. [2] Let T be a non-empty set. A mapping d : T x T' — FE is said
to be a cone metric (CM) on T if for all p,q,z € T the following hold:
(CM1) 0 < d(p,q) and d(p,q) = 0 if and only if p = ¢;
(CM2) d(p,q) = d(q,p);
(CM3) d(p,q) = d(p,z) + d(2,q).
Then, the pair (T, d) is called cone metric space (CMS).

DEFINITION 2.5. [36] Let 7" be a non-empty set and let v : T x T" — [1,+00)
be a mapping. A mapping d : T'x T — E is said to be a controlled cone metric
(CCM) with v if for all p, ¢, z € X the following hold:

(CCM1) 0 < d(p,q) and d(p,q) = 0 if and only if p = ¢;

(CCM2) d(p,q) = d(q, p);

(CCM3) d(p,q) = v(p, 2)d(p, 2) + v(2,q)d(2, q).

Then the pair (7', d) is called controlled cone metric space (CCMS). Note that
each cone metric space is a controlled cone metric space with v(p, q) = 1.

DEFINITION 2.6. [36] Let 7' be a non-empty set and let v, : T'x T — [1,4+00)
be non-comparable functions. A mapping d : T x T — FE is said to be a double
controlled cone metric (DCCM )with respect to v and p if for all p,q,z € X the
following hold:

(DCCM1) 0 < d(p,q) and d(p,q) = 0 if and only if p = ¢;

(DCCM2) d(p,q) = d(q,p);

(DCCM3) d(p, q) = v(p, 2)d(p, z) + u(z,q)d(z, q).

Then the pair (7, d) is called double controlled cone metric space (DCCMS).
It is clear that each CCMS is a DCCMS. But there exists DCC M S which are not
CCMS.

EXAMPLE 2.7. Let E = R? P = {(p,q) € E : p,q > 0}, T = [0,+00) and
d:T xT — E be defined by

1
(_7 ) lpr 17q6 [071)
p
-
3
1

(1,1)  otherwise.

d(p,q) =

1
i
7_) 1fq21,p€[0,1)

q

)
\
Define v, pu: T x T — [1,+00) by:

(9. q) p ifpg=>1
y ) - .
P4 1 otherwise.

and

(9. q) 1 ifp,g<1
v(p,q) = .
P max{p,q} otherwise.
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Then (7, d) is a double controlled cone metric space. Also, we have

(0, %) RIS (g, §> — 1(0,3)d(0,3) + (3, %)d(?), %).

Which implies that d is not a controlled cone metric space when v = p.

DEFINITION 2.8. [36] Let (7, d) be a DCCMS with respect to v and p.
(i) A sequence {p,} is convergent to some p in 7, if for every ¢ € F with 0 < ¢
there is IV such that for all n > N, d(p,,p) < ¢, then {p,} is said to be convergent
and {p,} converges to p, and p is the limit of {p, }. It is written as lim, 1 pr = .
(i) A sequence {p,} is Cauchy, if for every ¢ € F with 0 < ¢ there is N such that
for all m,n > N,d(p,,p) < c.
(iii) (7, d) is said to be complete if every Cauchy sequence is convergent.

LEMMA 2.9. [36] Let (T',d) be a DCCMS with respect to v and u, P be a normal
cone with normal constant M. Let {p,} be a sequence in T. Then {p,} converges to
p if and only if lim,,_, o d(pp,p) = 0.

LEMMA 2.10. [36] Let (T, d) be a DCCM S with respect to v and u, P be a normal
cone with normal constant M. Let {p,} be a sequence in T such that {p,} converges
top and q. Iflim, o v(py, p) and lim,,_,  « 1(py, q) exist and are finite, then p = q.

3. Results for contraction mappings

In this section, we prove some f.p.r’'s in DCCM S using various contraction map-
pings. For that, assume (T, d) be a complete DCCM S with respect to the functions
v T'x T — [1,400) and P be a normal cone with normal constant M. Follow-
ing is the B-contraction mapping considered here to prove our first f.p theorem in

DCCMS.
THEOREM 3.1. Let K : T'— T be a map satisfy the contraction condition

(1)  d(Kp,Kq) =2 rd(p,q) + sld(p, Kp) + d(q, Kq)] + t[d(p, Kq) + d(q, Kp)]

for all p,q € T, where r,s,t € (0,1) with r + 2s + 2t < 1. For py € T, choose
pn = K™py. Suppose that

. V(pit1; pis2) l—s—1
2 lim ———————u(pit1, pm) < ———.
(2) ,iuzli i oo v(piy Piv1) #(Pis1: Pm) r+s+t
If for each p € T,
1
3 li n ists, is finite and i ny D) < —
(3) Jim v(p,pn) exists, is finite an nirfwu(p p) .

then K hasawu.fpinT.
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Proof. Consider a sequence {p, } in T satisfies the hypothesis of the theorem. From
(3.1), we obtain

d(Pn, Pns1)
= d(Kpn—1, Kpy)
2 rd(pn—1,Pn) + 8[d(Pn—1, Kpn—1) + d(pn, Kpn)] + t{d(pn—1, Kpn) + d(pn, Kpn-1)]
= rd(pn—1,Pn) + s[d(Pa-1,Pn) + (P, Pps1)] + t{d(Pr—1, Pnt1) + d(pn, Pr)]
= 7d(Pn—1,Pn) + S[d(Pn—1,Pn) + d(Pp; Pry1)] + d(Pn1,Pn) + d(Pn, Prs1)]
= M(pn—1,Pn), where A = rstt
1—s—1t

j )\Qd(pn—% pn—l)

j )\nd(pi)a pl)

That is, d(pn, pnt1) = N'd(po, p1), for all n > 0. Let m, n be integers such that m > n.
Show that {p,} is a Cauchy sequence. Consider,

d(pmpm) j V(pnvpn+1)d(pn7pn+1) + ﬂ(anrl;pm)d(anrlapm)
j V(pnapn+1)d(pn7pn+l> + M(pn—l—hpm>y(pn+lapn+2)d<pn+lapn+2)

+ (D1, Pm) 1 (Pnt2, Pim ) A(Prt2, Dm)
<. ..

= V(Pn, Pnt1)d(Pr; Prt1) Z H 1(pj> Pm) )V (P, Pis1)d(Di; Piv1)
i=n+1 j=n+1
m—1
+ I #rpm)d(pr-1. pm)
k=n-+1
r+s+t

V(Pn, Pnt1) (1_—

-1

r+s+t\
+ 1(ps, Pm) )V (Dis Dit1) | ———— | d(po, 1)
1—s—1

= n+1 Jj=n+1

)nd(po,pl)

+ H /‘L(pkapm) 1_s5_1¢
k=n-+1

= V(Pn; Pot1) (

m—1 m—1
r+s4+1t
< ) d(p()apl)

r+s+t
1—s5—1¢

r+s4t\’
+ (P Pm) )V (Pis Dig1) | = | d(po,p1)
1—s—1

= n+1 Jj=n+1

)nd(po,pl)
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r+s+t\"

V(Pn, Pnt1) (1 — —t) d(po,p1)

: r+s+t\’
+ Z HM Pj» m ) )V(Dis Pis1) (m) d(po, p1)-

This implies,

r4+s+t\"
14 )| < M| ) (ﬁ) d(po. 1)
' rts+t\’
4 m iy i PN d ) .
(4) +Z Hupg,p pp+1)(1_s_t) (popl)'
i=n+1 j=0
r+s+t

Choose N; = Zizo(nézou(pj,pm))y(pi,piﬂ) < ) , then we get

e
)l < M) [ (51 ) i) + s = M) |

Then (3.2) implies that the limit of the sequence { N, } exists and so { N, } is Cauchy.
Letting m,n — 400 in (3.3) gives lim,, 400 d(Pn, Pm) = 0, and so {p,} is a Cauchy
sequence. By using the completeness of K, there exists p € K such that lim,, ., p, =
p. We claim that Kp = p. It follows from (DCCM3) and (3.1) that

0 < d(p, Kp)
(p Pnt1)d(p; Prs1) + 1(Pnt1, Kp)d(pnir, Kp)
V(P; Pt 1) AP, Pot1) + 1(Potr, Kp)d(Kpn, Kp)
(p Pt 1)d(D, Potr) + p(Pntr, Kp)[rd(pn, p) + s[d(pn, Kpn) + d(p, Kp)]
+ t[d(pn, Kp) + d(p, Kpn)]]
2 VP, Put1)d(ps potr) + 1(Pns1, Kp)[rd(pn, p) + s[d(pn, Prs1) + d(p, Kp)]
+ t[d(pn, Kp) + d(p, pns1)]]

and so

0 < |ld(p, Kp)|| < M||v(p, pns1)d(p, Prs1) + p(prs1, Kp)[rd(pn, p)
(5) + s[d(pn, pns1) + d(p, Kp)] + t[d(pn, Kp) + d(p, pnia)]]|]-
Now, making use of the condition (3.3) and passing to the limit on (3.5) we get
0 < [ld(p, Kp)|| < blld(p, Kp)|.

which is a contradiction, therefore K'p = p. Suppose that K has another f.p.(say, q),
then

d(p,q) = d(Kp, Kq)
= rd(p,q) + sld(p, Kp) + d(q, Kq)] + t[d(p, Kq) + d(q, Kp)]
= rd(p,q) + s[d(p,p) + d(gq, )] + t[d(p, q) + d(q, p)]
= (r+2t)d(p, q).
But r 4 2t < 1. Therefore, our supposition is wrong. Hence, K has a u.f.pinT. [
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EXAMPLE 3.2. Define a partial order relation < on E as follows:
p = ¢ if and only if ||p|]2 < ||g||2-

Let E=01*X =1*and P={p € E:p(i) > 0}, then P is a cone. Consider a map
d: X x X — F is defined by

z ifp#q
d(p,q) = {0 ifp— g

where z(i) = |p(i)| + |q(i)|. Let v,u: T x T — [1,00) be defined by v(p,q) = 1 and
w(p,q) = 1, for all (p,q) € K x K. It can be easily verified that d is a DCCM.
Define K : [? — [* by Kp = p/3. Thus, d(Kp,Kq) = d(p/3,q/3) = z/3, where
z = |p(i)| + |q(7)|. Choose r =1/2; s =t =3/16 then r + 2(s +t) < 1. Also,

rd(p, q) + s[d(p, Kp) + d(q, Kq)] + t[d(p, Kq) + d(q, Kp)] = (r + g(s +1))[p(@)| + [q(@)]

= |p(3)| + |q(4)|

Therefore, K is a B-contraction operator. Hence, K has a f.p. More concretely, 0 is
the only f.p.

Following is the Hardy-Rogers contraction mapping considered here to prove another
f.p theorem.

THEOREM 3.3. Let K : T — T be a map satisfy the contraction condition
(6)  d(Kp,Kq) = rd(p,q) + sd(p, Kp) + td(q, Kq) + ud(p, Kq) + vd(g, Kp)

for all p,q € T, where r, s, t,u,v € (0,1) withr+s+t+u+v < 1. For py € T, choose
pn = K™py. Suppose that

. V(piy1, Pive) l-t—u
7 lim ——————=u(pit1,pm) < :
Y T R N
If foreachp e T,
1
8 I ) exists, is finite and i p) < .
(8) dim v(p, pn) exists, is finite an n_lgloou(p p) < :

Then K has awu.f.pinT.
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Proof. Consider a sequence {p, } in T satisfies the hypothesis of the theorem. From
(3.6), we obtain

d(Pn; Pni1)
= d(Kpp-1, Kpy)
= rd(pn-1,pn) + $d(Pn-1, Kpp-1) + td(pn, Kpy) + ud(pp-1, Kpn) + vd(pn, Kpp-1)
= rd(pn-1,pn) + 8d(Pn-1,pn) + td(Pn, Pni1) + ud(pp—1, Pry1) + vd(pn, Pr)

)
j Td(pn—lapn) + Sd(pn—bpn) + td(pnapn—i-l) + Ud(pn—lypn) + Ud(pn,an)
= Ad(pn—l7pn>, Whel"e A = m
1—t—u

__< /\2d(pn—27 pn—l)
= X"d(po, p1)-

That is, d(pn, pns1) = N'd(po, p1), for all n > 0. Let m, n be integers such that m > n.
Show that {p,} is a Cauchy sequence. Consider,

d(Pn Pm) 2 V(Pn, Prt1)d(Pns Pnt1) + 1(Pnt1s D) A(Prs1, Pm)
= V(Pns Pnt1)d(Pns Prt1) + 1(Pnt1, Pm) V(P15 Pot2)d(Pns1, Prt2)

+ (D1, Pm) 1(Pnt2, Pim ) A(Prt2s D)
< ...
m—2

= V(P Pos))d (o onr) + Y (T s ) ) (01, pigd) (i, pisa)
i=n+1 j=n+1l

m—1

+ I #rpm)d(pr-1. pm)
k=n+1

r+s+u\”
= V(Pns Pot1) (m) d(po p1)

T Z_ ( H 1(Ps, Pm) )V (Pi; Dis1)

i=n+1 j=n+1
m—1
(r +s+u

r+s4u
1—t—-u

)id(po,pl)

+ [1 #xpm) T
k=n+1

j V(pnapn—&-l) (

)ml d(po, p1)

r+s4+u
l1—t—u

)nd(p(),pl)

+ i ( H 1(Pjs Pm) )V (Di Dis1) )ld(po,pl)

(r +s+u
i=n+1 j=n+1

1—t—u
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r+s+u\”
ny I’n ¥ 4. d Y
V(Pn, Pnt1) (1 —t—u) (po, p1)
m—1 i %
r+s4u
+ > (I ] s pm) v (pis pis1) (m) d(po, p1)-
i=n+1 j=0
This implies,
r+s+u)”
1d(pn; pm)| < V(P Pns1) (#) d(po, p1)
—t—u
' r+s+u)
(9) + Z HM Dj> D) V(Di, Dit1) (m) d(po, p1)||-

i=n+1 j=0

r+s4+u

m) s then we get

Choose N; = Y4 (H] oﬂ(pyapm))l/(pi,]?iﬂ)(

)1 < 3 n) [ () ) + (s = 0]

Then (3.2) implies that the limit of the sequence {N, } exists and so {N,} is Cauchy.
Letting m,n — 400 in (3.3) gives limy, - 00 d(Pn, Pm) = 0, and so {p,} is a Cauchy
sequence. By using the completeness of K, there exists p € K such that lim, ., p, =
p. We claim that Kp = p. It follows from (DCCM3) and (3.6) that

0 < d(p, Kp)
(D, Pt 1) (D, Prt1) + 1(Pns1, Kp)d(pns1, Kp)
(p Prr1)d(D, Pny1) + 1(Pnsy1, Kp)d(Kpn, Kp)
v( + (pnt1, Kp)[rd(pa, p) + sd(pn, Kpn) + td(p, Kp)

+ ud(pn, Kp) + vd(p, Kp,)]
= v(P, Put1)d(P; Prg1) + p(Prs1, Kp)[rd(pn, p) + 5d(pn, pus1) + td(p, Kp)
+ Ud(pna Kp) + Ud(p7pn+1)]

)
)
V(P; Prt1)d(p, Pot1)
(p
)

and so

0 < [ld(p, Kp)|| < M||v(p, prs1)d(p, prt1) + 1t(Prsr, Kp)[rd(pn, p)
(10) + 5d(pn, Pnt1) + td(p, Kp) + ud(pn, Kp) + vd(p, pps1) |-
Now, making use of the condition (3.3) and passing to the limit on (3.5), we get
0 < |[d(p, Kp)|| < (¢t + u)||d(p, Kp)|.-

which is a contradiction, therefore K'p = p. Suppose that K has another f.p (say, q),
then

d(p,q) = d(Kp, Kq)
= rd(p,q) + sd(p, Kp) + td(q, Kq) + ud(p, Kq) + vd(q, Kp)
= rd(p,q) + sd(p,p) + td(q, q) + ud(p, q) + vd(q, p)
< (r+u+v)dp,q).

But r + u 4+ v < 1. Therefore, our supposition is wrong. Hence, K has a u.f.p in
T. O
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ExAMPLE 3.4. Example 3.2 satisfies the rational contraction equation (3.6) when
r=1/5and s =t =u = v = 3/20. Therefore by Theorem 3.3, K has a u.f.p. More
concretely, 0 is the only f.p.

The following are some results that are derived from the above two theorems, which
include the contraction, the Kannan contraction, the Chatterjee contraction, the Reich
contraction mapping and so on.

COROLLARY 3.5. Let K : T — T be a map satisfy the contraction condition
(11) d(Kp, Kq) X rd(p,q)
for all p,q € T, where r € (0,1). For py € T, choose p, = K"py. Suppose that

V(Pit1, Dita) 1

(12) sup lim P(Pit1, Pm) < -

m=1 =400 V(pi7pi+1)

If for each p € T, lim,,_, 1o V(p, p) and lim,_, o p(pn, p) exist and are finite, then
K hasau.fpinT.

Proof. Substituting s =t = u = v = 0 in Theorem3.3 completes this corollary. [J
COROLLARY 3.6. Let K :'T"— T' be a map satisfy the contraction condition
(13) d(Kp, Kq) = rd(p,q) + sd(p, Kp)

for all p,q € T, where r,s € (0,1) with r + s < 1. For arbitrary py € T, choose
pn = K™py. Suppose that
V(Dit1, Pita) 1—s

14 sup lim i1y Pm) < .
(14) sup M o ey PP Pm) < =

1

If for each p € T, lim,,_, . o v(p, p,) Is exists, finite and lim,,_, o p(pp, p) < — then K
s

has awu.f.pinT.

Proof. Substituting ¢ = v = v = 0 in Theorem3.3 completes this corollary. O]
COROLLARY 3.7. Let K :'T'— T" be a map satisfy the contraction condition
(15) d(Kp, Kq) 2 rd(p,q) + sd(p, Kp) + td(q, Kq)

for all p,q € T, where r,s,t € (0,1) with r + s+t < 1. For arbitrary py € T, choose
pn = K"py. Suppose that

. V(pi+17pi+2> 1—1
16 | —————1(Pis1, Pm) < .
(16) sup lim 1(Pit1, Pm) s

m=1 4=+ V(pi7pi+1)

1
If for each p € T, lim,,_, o V(p, pn) is exists, finite and lim,,_, o w(pp,p) < n then
K hasau.fpinT.

Proof. Substituting © = v = 0 in Theorem3.3 completes this corollary. O]

COROLLARY 3.8. Let K :'T'— T' be a map satisfy the contraction condition

(17) d(Kp, Kq) = sld(p, Kp) + d(q, Kq)]
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for all p,q € T', where s € (0,1) with 2s < 1. For arbitrary py € T, choose p,, = K"py.
Suppose that
v(Pis1, Div2) l—s

18 Su hm 7 s Mm < .
(18) sup ) P(Pit1, Pm) .

1
If for each p € T, lim,,_,, o v(p, pn) Is exists, finite and lim,,_, |« (P, p) < — then K
s
hasawu.fpinT.

Proof. Substituting r =t = 0 in Theorem3.1 completes this corollary. O]
COROLLARY 3.9. Let K :T'— T' be a map satisfy the contraction condition
(19) d(Kp, Kq) = t[d(p, Kq) + d(q, Kp)]

for all p,q € T, where t € (0,1) with 2t < 1. For arbitrary py € T, choose p,, = K"py.
Suppose that

. V(Diy1,Div2) 1—1
20 sup lim —————————— 0 (pis1, pm) < ——.
( ) mgi i 100 V(pi;pi—f—l) M(p +1,P ) n

1
If for each p € T', lim,,_, o, v(p, p,) is exists, finite and lim,_, o p(pp, p) < n then K
has awu.f.pinT.

Proof. Substituting r = s = 0 in Theorem3.1 completes this corollary. O]
COROLLARY 3.10. Let K : T'— T be a map satisfy the contraction condition
(21) d(Kp, Kq) X rld(p, q) + d(p, Kp) + d(q, Kq)]

for all p,q € T, where t € (0,1) with 3t < 1. For arbitrary py € T, choose p, = K"py.
Suppose that

V(Pit1, Dita) 1—1

(22) sup lim (Pit1, Pm) < o

m1i=+00 V(D Pit1)
1
If for each p € T, lim,,_,, o v(p, pn) Is exists, finite and lim,,_, o 1(pn, p) < . then K
hasau.fpinT.

Proof. Substituting r = s and ¢t = 0 in Theorem3.1 completes this corollary. O]

4. Results for rational contraction mappings

In this section, we prove some f.p.r's in DCCMS by using rational contraction
mappings which were discussed mainly in [9] and [13]. For that, assume (7', d) be a
complete DCCM S with respect to the functions v, : T'x T — [1,4+00) and P be a
normal cone with normal constant M.

THEOREM 4.1. Let K : T — T be a map satisfy the rational contraction condition

rd(q, Kq)[1 + d(p, Kp)]
(23) d(Kp, Kq) < T+ dp.g)

+ sd(p, q)
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for all p,q € T, with 1+d(p,q) # 0 wherer,s € (0,1). For py € T, choose p,, = K"py.
Suppose that

. V(Pit1, Pita) L=
24 m ——————=u(pis1, pm) < :
(24) UL S ey plpir m) < —
If foreachp e T,
1
(25) lim v(p,p,) exists, is finite and lim p(p,,p) < —
n—-+00 n——+00 r

then K hasawu.fpinT.

Proof. Consider a sequence {p, } in T satisfies the hypothesis of the theorem. From
(3.1), we obtain

d(pn, Prt1) = d(Kpn-1, Kpy)

rd(pn, Kpn)[1 + d(pn—1, Kpn_1)]
L+ d(pn—1,pn)

_ 7d(Pp, Pr1)[1 + d(Pn1,P0)]

B 1+ d(pn-1,Pn)

= 70d<pn>pn+l) + Sd(pn,l,pn).

+ Sd<pn717pn)

+ Sd<pn—l7pn>

S

That iS7 d(pnapn-i-l) j 1
- T

d(pn—_1,pn). By using induction on n, we get

S
1 —

(26) d(Pns Prs1) = ( 7") d(po,p1), for all n > 0.
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Now, to prove {p,} is a Cauchy sequence. Using (DCCM3) and (4.1), for allm,n € N
implies that

d(pns pm)

= V(P Pri1)d(Prs Pry1) + 1(Pnr1, Pm) A(Prs1s Pm)

= V(P Prt1)d(Prs Prt1) + #(Prt1, Pm)V (Prtts Prs2)d(Prs1s Pota)
+ 1(Pns 15 Do) (Pt 25 P ) A (Dt 2, D)

<.
= V(Pn, Pnt1)d(Pry Prt1)

m—2 ) m—1
+ > (I wws o)) i pic)d(pi pic) + [ 10k pm) (D1, Prm)
t=n+1 j=n+1 k=n+1

m—2
S

= V(Pny Ps1) (%r)nd(po,pl) + > H p(pjs o)) (Pis Pit1) (1 — T)id(po,pl)

i=n+1 j=n+1

m—1 m—1
S
+ 11 u(pk,pm)(l_r) d(po, p1)
k=n+1

m—1

= (P, Pr1) <1—ir>nd(po,p1) + > ( H 1(pjs Pm) )V (P> Pit1) (1 B T>id(po,p1)

i=n+1 j=n+l

m—1

= V(P Pri1) <1—ir>nd(po,p1) + Y (f[u(pj,pm))V(pi,pm) (1 : )id(po,pl)

. . —T
i=n+1 j=0

This implies,

s n
i, 2ol < 1) (7 ) )

(27) + 2_: (H 1(pjs Pm) )V (Di Dit1) (1 i T>Zd(p0,p1)|’-

i=n+1 j=0

S
1—

Choose N; = Zézg(nézo (s, Pm))V(Pi> Dis1) < r) , then we get

)1 < 08 ) | (2 ) o) + (s = 0.

Since < 1. Which implies that the limit of the sequence {N,} exists and

—r
so {N,} is Cauchy. Letting m,n — +oo in (4.5) gives lim,;, ;s 400 d(Pn, Pm) = 0, and
so {pn} is a Cauchy sequence. Using the completeness of K, there exists p € K such
that lim,, . p, = p. We claim that Kp = p. It follows from(DCCM3) and (4.1)
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that

Kp)
P, Pnt1)d(D, Ppg1) + p(prtr, Kp)d

(P,
( Pni1, Kp
(p pn+1>d(p7pn+1) + M(pn+17 Kp)d
(

)
Kpn, Kp)
rd(p, Kp)[1 4 d(pn, pni1)]
1+ d(pn,p)

A IA)\

d
v
v

(
(

PN

V(D, Prs1)d(P, Prs1) + 1(Prtr, Kp) { + Sd(pmp)}

and so
0 < [ld(p, Kp)|
(28)

rd(p, Kp)[1 + d(pn, Pni1)]
1+ d(pn,p)

Now, making use of the condition (4.3) and passing to the limit on (4.6) we get
0 < [d(p, Kp)|| < rlld(p, Kp)l|

V(0. Pt )A(ps prss) + 1(prer, K) { ; sd(pn,m] H .

which is a contradiction, therefore Kp = p. Suppose that K has another fixed point
(say, ), then

d(p,q) = d(Kp, Kq)
rd(q, Kq)[1 + d(p, Kp)]

+ sd(p. q)
L+d(p,q)
= sd(p,q).
But s < 1. Therefore, our supposition is wrong. Hence, K has a u.f.p in T'. O

THEOREM 4.2. Let K : T'— T be a map satisfy the rational contraction condition

rd(p, Kp)d(q, Kq)
d(p,q)

for all p,q € T, and d(p,q) > 0 where r,s € (0,1) with r + s < 1. For pg € T, choose
= K"py. Suppose that

(29) d(Kp, Kq) =

+ sd(p,q)

v(Piy1, Div2) L—r
30 lim ———————2 0 (pis1, Pm) < .
(30) sup ) plpivs m) < —
If for each p € T,
1
(31) lim v(p,p,) exists, is finite and lim p(p,,p) < —
n—-+oo n—+00

then K has au.f.pinT.

Proof. Let {p,} be a sequence satisfying the hypothesis of the theorem. From (4.7)
and using the same procedure in the above Theorem 4.1, we have

S n
(32) d(Pns Prs1) = (E) d(po,p1), for all n > 0.



Some fixed point results on double controlled cone metric spaces 343

Now, to prove {p,} is a Cauchy sequence. Using (DCCM3) and (4.7), for all m,n € N
implies that

d(pn, Pm)

m—2

= (P, Pr1) (1—:>nd(po,p1) + > ( H p(pj Pm) )V (P Pit1) (1 B 7a>id(po,p1)

i=n+1 j=n+1

+ ﬁ $(Dres Pin) (1 - T)m_l d(po, p1).

k=n+1

Since (1 i ) < 1, which gives ||d(pn,pm)| — 0 as m,n — 4o00. Therefore the
—r

sequence {p,} is a Cauchy, and the completeness of K implies that there exists an
element p € T such that {p,} converges to p. If Kp # p, we deduce that

0 < d(p, Kp)

rd(pn, Kpy)d(p, Kp)
d(pn, p)

j V(papn-l-l)d(papn—i-l) + M(pn-‘rl? Kp) |: + Sd(pnap):|

and so
0 < [|d(p, Kp)|

0 ]|

Now, making use of the condition (4.3) and passing to the limit on (4.6) we get
0 < [ld(p, Kp)|| <0

which is a contradiction, therefore K'p = p. Suppose that K has another f.p (say, q),
then (4.1) becomes d(p, q) = sd(p,q). But s < 1, therefore, our supposition is wrong.
Hence, K has a u.f.pin T. n

(33) <M

V(0. e ) rss) + f(pmsss KD) [

THEOREM 4.3. Let K : T — T be a map satisfy the rational contraction condition
rd(p, Kp)d(p, Kq)d(q, Kq)
d(q, Kq) + d(p, q)
for all p,q € T, and d(q, Kq) + d(p,q) > 0 where r,s € (0,1) with r + s < 1. For

po € T, choose p, = K"py. Suppose that

V(Pi+1, Pi+2 1
MH(MH,]%) < 5

(34) d(Kp,Kq) 2

+ sd(p, q)

35 sup lim
(35) mt% im+oe (i, Pit1)
If foreachp e T,

1

(36) lim v(p,p,) exists, is finite and lir+n w(pn,p) < —

n——+o0o r

n—-+oo

then K has awu.fpinT.
Proof. Using the same procedure as in Theorem 4.1 completes this notion. O

THEOREM 4.4. Let K : T — T be a map satisfy the rational contraction condition

r[d(p, Kp)d(p, Kq) + d(q, Kq)d(q, Kp)]
d(p, Kq) + d(q, Kp)

(37) d(Kp, Kq) =
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for all p,q € T, and d(p, Kq) + d(q, Kp) > 0 where r,s € (0,1) with r +s < 1. For
po € T, choose p, = K™pg. Suppose that

V(Dit1, Pita) 1

(38) sup lim L(Pit1, Pm) < -

m=1 t—+00 V(pi:piJrl)
If for eachp € T,

1
(39) lim v(p,p,) exists, is finite and lir+n w(pn,p) < —
n—-+00 r

n—-+oo

then K has au.f.pinT.

Proof. Using the same procedure as in Theorem 4.1 completes this notion. O]

REMARK 4.5. All the results proved in the Section 3 and Section 4 hold in complete
double controlled cone metric spaces, too.

5. Applications

The f.p.t covers a wide range of applications in the field of mathematics, par-
ticularly differential geometry, numerical analysis, and so on. By reading [18] and
references therein, one can find a variety of applications involving f.p.r’s in the field
of applied mathematics. The examples below demonstrate how to apply f.p findings
in differential equations.

ExampLE 5.1. Let T' = C([0,1],R) and T is complete extended b-metric space
defined by d(p, q) = sup;co) [p — ¢|*. Also, consider y"(t) = 3y*(t)/2, 0 <t < 1 and
the initial conditions y(0) = 4, y(1) = 1. Here, the exact solution is y(t) = 4/(1+t).
We have, yy(t) = c1t + ¢o. By using the initial conditions, we get yo(t) = 4 — 3t. Now,
define the integral operator,

(40) Aly) =y + / Gt )y — f(s,y.9/))ds

where
Git,s) = {:(ll—t) 0<s<t
Then, the equation (5.1) becomes
AW =90+ [ G s~ [ 6600
=430~ [ G320

=4—3t+ ; {/01 G(t, s)yZ(s)ds} .
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Consider,
d(Ap, Aq) = sup |Ap — Aq|’

te(0,1]
3 [t ) 3 [l , 2
= sup |= | G(t,s)p(s)ds — = | G(t,s)q°(s)ds
te(0,1] 2 0 2 0
9 ! 2 ! 2 2 2
<= G(t,5)|*ds p°(s) — ¢"(s)|°ds
4 0 0
3t2(1—1)% [*
i3 P*(s) = ¢°(s)| " ds
3,11 [t 2
< 22 2/ 2
<1 [ e -dePa
3 2
< — su S) —qls
S Ip(s) —a(s)]
3
< gpdp:a)

Then, equation (3.1) gives
d(Ap, Aq) < (3/64)d(p, q) + e2[d(p, Ap) + d(q, Aq)] + es[d(p, Aq) + d(q, Ap)].
Thus, e; = 3/64 and e; = e3 = 0 satisfies all the conditions of Theorem3.1. Also,

by Theorem3.1, A has u.f.p in T = C([0,1],R). Therefore, the given bounded value
problem has u.f.p in T.

6. Conclusion

This paper has introduced some new f.p.r's that are applicable to both contrac-
tion and rational contraction operators on DC'CMS. In particular, going in the same
direction as [26] and [36], we provide the results in the setting of contraction map-
pings, namely the B-contraction type, the Hardy-Rogers contraction type, and their
consequences. Additionally, we provide the f.p.r’s by using the rational contraction
mappings, which were discussed mostly in [9] and [13]. In order to confirm the pres-
ence of the f.p.r's, alternative discoveries presented in the later can be demonstrated
in a lower environment.
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