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ON THE WEAKENED HYPOTHESES-BASED GENERALIZATIONS
OF THE ENESTROM-KAKEYA THEOREM

SHAHBAZ MIR* AND ABDUL LIMAN

ABSTRACT. According to the well-known Enestrom-Kakeya Theorem, all the zeros

n
of a polynomial P(z) = > asz® of degree n with real coefficients satisfying a, >
s=0
ap—1 > -+ > a1 > ag > 0 lie in the complex plane |z| < 1. We provide comparable
results with hypotheses relating to the real and imaginary parts of the coefficients
as well as the coefficients’ moduli in response to recent findings about an Enestrom-
Kakeya “type” condition on real coefficients. Our findings so broadly extend the
other previous findings.

1. Introduction

The classical Enestrom-Kakeya Theorem addresses where the complex zeros of a
real polynomial with non-negative monotone coefficients are located. Gustav En-
estrom [3] and Soichi Kakeya [8] separately demonstrated it in 1893 and 1912, respec-
tively.

THEOREM 1.1. (Enestrom-Kakeya) If P(z) = Y asz® is a complex polynomial
s=0
of degree n and its real coefficients meet the conditions a,, > a,_1 > --- > a; > ag > 0,
then all the zeros of P(z) are located in the circle |z| < 1.

There are several different generalizations of the Enestrom-Kakeya Theorem. The
majority of these entail loosening the restriction on the coefficients. See [5] for a sum-
mary of these outcomes until 2014. Govil and Rahman [6], for instance, demonstrated
the following in 1968.

THEOREM 1.2. If P(z) = ) " ,as2° is a polynomial of degree n with complex
coefficients such that |arg(as) — p| < 0 < w/2 for 0 < s < n for some real u, and
lan| > |an_1| > -+ > |agl|, then all the zeros of P lie in

9 g en—l
|| §cos€+sin0+%2|as|.
Qn
s=0
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Theorem 1.2 reduces to the Enestrom-Kakeya Theorem 1.1 when p =6 = 0.
The following result regarding a monotonicity constraint on the real and imaginary
parts of the coefficients was stated by Gardner and Govil ( [4], Corollary 1) as a
corollary to a more comprehensive result.

THEOREM 1.3. Let P(z) = Y " asz® be a polynomial of degree n with complex
coefficients where Re(as) = a4 and Im(as) = 5 for s = 0,1,---  n. Suppose that
Qp > Qpyq >+ > g and B, > B,_1 > --+ > [y. Then all the zeros of P lie in

|aol lag| — (o + Bo) + (avn + 5)
o = (0 T fo) F (an ¥ By = 171 2] '

According to Theorem 1.3, a result of Joyal, Labelle, and Rahman [ [7], Theorem
3] is implied when 5, =0 for s =0,1,--- ,n.
In 2012, Aziz and Zargar [1] published the following result, which involves a slight
generalization of the Enestrom-Kakeya monotonicity condition on the real coefficients
of a polynomial.

THEOREM 1.4. Let P(z) =Y "_,as2° be a polynomial of degree n with real coef-
ficients such that, for some positive numbers k and p with k > 1 and 0 < p < 1, the
coefficients satisty ka, > a,_1 > -+ > a1 > pag > 0. Then all the zeros of P lie in

the closed disk
lz+k—1] <k+2a0(1 —p)/ay.

The Enestrom-Kakeya Theorem 1.1 is implied by Theorem 1.4 with k= p = 1.
Shah et al. [9] recently established the following result, which keeps the monotonicity
criterion on the “central” coefficients but does not impose one on the “tail” coefficients.

THEOREM 1.5. Let P(z) = Y .»_,asz° be a polynomial of degree n with real co-
efficients such that, for some positive numbers p and ¢ with 0 < ¢ < p < n, the

coefficients satisfy a, > a,—1 > -+ > ag41 > a,. Then all the zeros of P lie in the
closed annulus
N, — M
min < 1, | <z < |ao| + Ny — ag +ap + P
Ny, —ag+ay, + M, + |a,| ||

where N, = i las — as—1| and M, = > |as — as_1].
s=1 s=p+1

A result from Joyal, Labelle, and Rahman [8] is implied by Theorem 1.5 for p =n
and g = 0.
Furthermore, when ag > 0, it entails the Enestrom-Kakeya Theorem 1.1.
This study combines Theorems 1.4 and 1.5’s hypotheses and applies them to poly-
nomials with complex coefficients while allowing the possibility of ay < a,_; and
Bs < Bs_1 for 1 < s < n. We apply the hypotheses to the real and imaginary parts of
the coefficients, and to the moduli of the coefficients.

2. Statement of Results

THEOREM 2.1. Let P(z) = ) asz® be a polynomial of degree n with complex
s=0
coefficients. Let as = Re(as) and Bs = Im(as) for 0 < s < n. Suppose that, for some
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positive numbers kg, k., p, p', p and q with ks > 1, k. > 1, 0<p <1, 0< p <1,
1<s<p-—qand0<q<p<n, the coefficients satisfy
PQq S klaq+1 S k2aq+2 S e S kpqulapfl S kpfqalh

and

plﬁq S k;ﬁq-l—l S ké/Bq-‘rQ S e S k;)_q_lﬂp—l S k;_qﬁp-

Then all the zeros of P lie in the closed annulus
min{l , |a0|/<N + (kp—qap — pag) + (1 —p |aq|—|—22 1)|ags)

+(kp—qBp — £'Bg) + (1 = p")|Bg| + 22 (K, — 1)|Bgts| + M, + |an|> } < 7|

p—q
< <|a0| + Ng + (kp—gap — pag) + (1 — p)|ag| + 2Z(ks = 1)|og+|
s=1

KBy~ B) + (1— Il +2§j (K, = 1)|Byrs] + M ) / aul,

where N, = zq: las — as—1| and M, = > |as — as—1].
s=1 s=p+1

It is important to note that Theorem 2.1 becomes Theorem 1.5 when §, = 0 for
0<s<nand ks =p=1for1l <s < p-—q and also Theorem 2.1 reduces to a
result of Joyal, Labelle, and Rahman [8] when 3, = 0 for 0 < s < n, ks = p =1
for1<s<p-—¢q,q=0,and p = n. It further simplifies to the Enestrom-Kakeya
Theorem 1.1 if, moreover, ag > 0.

The following example illustrates Theroem 2.1.
Example: Consider the polynomial

1002° + (=1 —4)2° + (5 +4i)2" + (1 +14)2° + (2+14)2> + (2 — 2i)2 + 5.
Take, ¢ =1, p =4, so that N, = v/13 and M, = v61 + v/10202.
Choose,
p=1/3, ki=1, ks =2, ky =1,
pr=1/2, ki =1, k=1, kj =1.
Clearly, the coefficients satisfy the hypotheses

pog < kiagyr < koo < ksagys,

pﬁq < k16q+1 < ks 6q+2 < k: 6q+3
Applying Theorem 2.1, it is easy to verify that all the zeros of p lie in a < |z| < 3,
where o = 0.02246 and § ~ 1.3108.
Next, we prove the following result by imposing a similar hypothesis as that of
Theorem 2.1 on the moduli of the coefficients of a polynomial.

THEOREM 2.2. Let P(z) = > asz® be a polynomial of degree n with complex
s=0
coefficients. Suppose that, for some positive numbers kg, p, p and q with ks > 1,
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0<p<1,1<s<p—qgand0 < g <p <n, the coefficients satisty | arg(ksa,+s) —p| <
0 < /2 for some real u, and
plagl < krlagir] < kalagye| < -0 < kypgoalap | < kyglayl.

Then all the zeros of P lie in the closed annulus

p—gq-1
min{l , ]a0|/(Nq+]aq\+2 Z (ks — 1)|ag+s| + plag|(sin® — cosd — 1)

s=1
p—q—1
+2sin6 Z kslagrs| + kp—qlap|(sin@ 4 cos 8 + 1) — |a,| + M,

s=1

1 p—q—1 ‘
+|an‘>} <zl < (!a0| + Ng + [ag| +2 Z (ks — 1)|ag+s| —i—p\aq\(smﬁ

‘an’ s=1

p—q—1
—cosf — 1) +2sin0 > kalags| + kp_glap|(sind + cosd + 1) — |ay| + Mp>,

s=1
where N, and M, are same as defined in Theorem 2.1.

REMARK 2.3. For¢q=0,p=nand p=Fk; =1, 1 < s <n, Theorem 2.2 implies
that all the zeros of P lie in

n—1
1
|z] < o ((COSH + sinf)|a,| + |ao| (1 — cosf — sin6) + QSinﬁz ]as\).
Qn
s=0
This is an improvement of Theorem 1.2. More over choosing 6 = . = 0, it results
in the Enestrom-Kakeya Theorem 1.1.

The class of polynomials of the form P(z) = ag+ > asz® was taken into consideration

in relation to Bernstein type inequalities by Chan and Malik [2]. By enforcing the
inequality hypotheses of Theorems 2.1 and 2.2 to this class of polynomials, we get the
following.

COROLLARY 2.4. Let P(z) = ag + Y, asz® be a polynomial of degree n with
complex coefficients. Let as = Re(ay) and Bs = Im(as) for 0 < s < n. Suppose that,
for some positive numbers kg, k., p, p/, p and ¢ with ks > 1, k. > 1,0 < p < 1,
0<p<1,1<s<p—qgand0<q<p<n, the coefficients satisfy

poyg < krogir < koagyo <o < kpogoiop1 < Ep_gau,
and
plag < Klog <khagee < - <k, o <k, 0
Then all the zeros of P lie in the closed annulus defined in Theorem 2.1 where N,

q
is to be replaced as N, = Y |as — as_1].

s=m

COROLLARY 2.5. Let P(z) = ag + > asz® be a polynomial of degree n with

complex coefficients. Suppose that, for some positive numbers kg, p, p and q with
ks > 1, 0<p<1,1<s<p—-—qand0 < q < p < n, the coefficients satisfy
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|arg(ksagys) — pu| < 0 < 7w/2 for some real j1, and

plag| < kilager| < kofage] < - < kp—gafapa| < kp—glayl.
Then all the zeros of P lie in the closed annulus defined in Theorem 2.1 where N,

q9
is to be replaced as N, = Y |as — as_1].

s=m

3. Lemma

In proving Theorem 2.2, we require the following lemma by Govil and Rahman
( 6], equation (6)).

LEMMA 3.1. Let {as}"_, be a set of complex numbers which satisfy | arg(as) pl <
0 <m/2for0<s<mn and for some real p. Suppose that |ag| < |ai| < -+ < agl,
then

lap — ak—1] < (Jax| — |ak—1]) cos @ + (Jax| + |ak—1])sind, 1 <k < n.

4. Proof of the Results

We first give a proof of Theorem 2.1.

Proof. Let P(z) = >""_, as2°, a, # 0 be the given polynomial satisfying the stated
hypotheses. Define f by the equation

P(z)(1—-2) = ao—i-z s —as1)2° = f(2) —a,2"th
For |z| = 1, we have

FE) = \ao+z s —as 1)z

‘CLo’ + Z ‘as - as—l‘
s=1

q
= |ao| + Z las — as—1| + g1 +iBgr1 — g — iBg| + gt + 182 — g1 — iBg+1]
s=1

IN

n
+- ’ap—l + Z.Bp—l — Qp—2 — iﬁp—Q’ + |C¥p + Zﬂp — Qp-1— iﬁp—l’ + Z |as - as—l‘-
s=p+1

q n
Let Ny = ) |as —as—1| and My = > |as — as—1|. Therefore for |z| =1, we get
s=1 s=p+1

1f(z)| < aol + Ny + (|aq+1 — gl + ogre —agyr] + - A |apo1 — apa| + oy — O‘p71|)
(1Bg+1 = Byl + 1Bgra — Baral + -+ 1Bp—1 — Bp—2l + 1Bp — Bp-1l) + M.
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That is

[f(Z)] < laol + Ng + [krager — pag + aq(p = 1) + agra(1 — k1)| + k22 — krags
+O‘qul(kl — 1)+ agra(l = k)| + - + [kp—qop — kp—g10p1 + p1(kp—g-1 — 1)
+0‘p( )| + |kiﬁq+1 - Plﬁq + Bq(l’, - 1) + Bqul(l - kll)| + |ké/8q+2 - kiﬁq—i—l
+ﬁq+1(k‘1 D)+ Byra(L = ko)l + -+ + [k Bp = Ky g1B8p—1 + Bp-1(kpy g1 — 1)
+8p(1 = Ky )| + M,

p—q
< aol + Ny + (kp—qop — pag) + (1 — p)lag| + 2Z(ks = 1)]ags|
s=1
p—q
(K)o — 'Bg) + (1= p))Bal +2) (K, — 1)[Bgs| + M.
s=1

Notice that, we have

max
|2=1

= max
|2[=1

“1(3)

it is clear that z”f(—) has the same bound on |z| =1 as f, that is
z

1(3)] = maxlro

z |z|=1

p—q

e
2z f(;)’ < ag| + Ny + (kp—qorp — payg) + (1 = p)|ag| + 2821(1% — 1)]arges|
+(ky_gBp = £'By) + (1= 9|8y +2Z (K. —1)|Byss| + M, for |2| = 1.

1
Since 2" f(—) is a polynomial and hence is analytic in |z| < 1, it follows by Maximum
Modulus Theorem, that

1
an(%)’ < ao| + Ng + (kp—q0p — pag) + (1 = p)|eyg| + 22 Dlegss|
—|—(l€;7q5p_plﬁq>+( |ﬁq‘+2z ]{;/ |ﬁq+3|+M for ‘Z| <1
Hence
1 1
f(;) W |ao| + Ng + (kp—qap — pag) + (1 — p)|ayg| + QZ Dlege|

+(ky—gBp — P'By) + (1= 91l + 2Z(k; — 1)[Bgus| + M,,) for |2] < 1.

s=1
Replacing z by 1/z, we see that
p—q

F2)] < (!ao| Ny + (kp—q@p = pag) + (1= p)lag| +2 ) (ks — 1)lagas]

s=1

+(kpgBp — P'By) + (1= p)1B4 +2Z (K, — 1)|Bgs| + M, ) 2| for |z| > 1.
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Therefore, for |z| > 1, we have

(1=2)P(2)] = [£(2) — anz""] = Jan|l2""" = [ f(2)]

> |2 [Ian||2| - (Iaol + Ny + (kp—gp — pag) + (1 = p)lay]

p—q

+2) (ks = Dlages| + (ko8 — 0'8,) + (1= 9)IB4|

s=1

+2Z (k. —1)|Byges| + M, )]

Hence, if
1 p—q
> 1o ool 8 (g, = pog) (1= ] +2 3 (ks = Dl
ap, s=1

+(Ky_yBp = 0'Bg) + (1= p)[Bal +2D (K, = 1)l Byrs| + Mp> ,
s=1

then |(1 — 2z)P(z)| > 0, that is (1 — z)P(2) # 0 and so P(z) # 0. Therefore all the
zeros of P lie in

||

[tn]

<|a0‘ + Ny + (kp—qop — pag) + (1 — p)ag| + 22 1)]etges]

+(k;>—q6p — p'By) + (L= p)|By| +2 Z(k; — 1)[Bgss| + Mp)-

s=1

Next, consider the polynomial

~

—~

N

S—

I

N

3

o
VR
| —
~

I
3

IS

w

N

3

.

Let
Rz = (1-27()
q P n
= —aoz"t+ Z(asﬂ —a.)2" T+ Z (as—1 —as)z" 7%+ Z (as—1 —as)z"™' 7 +an.
s=1 s=q+1 s=p+1

With as = Re(as) and S5 = I'm(as) for ¢ < s < p, we have
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[R(2)| > |ao||2["*" — <|ao —ar])2[" 4 lay — agl|2["T 4 A fag — agaa| 2]V -
Flap — apal[2"7 + -+ |an-1 — anllz| + Ian|>

= laoll2|"*" - <|a0 —arlz]" + Jar — anf[2[" 7 4+ fagor — gl

Flag +i8y = agir — ifga] 4 lag—1 — agl[2]"™* + |agi1 + iBg1 — g2

_Zﬂq+2||z|n_q_1 +eoet |O‘p—1 +ifp-1 — ap — Z‘610||Z|n_p+1 + |ap - ap+1||z|n_p +

et |an—1 - CLn||z| + |an|>

> ag|z["*" - <|a0 —ag|2]" + lag — aol|2[" T+ -+ Jagy — agf |20
+pag — kg + ag(1 — p) + agp (b — 1)z + |Plﬁq - kllﬁqﬂ
+ﬁq(1 - P,) + 6q+1(k5; = D]z[""" + |k51aq+1 — kacrgya + aq+1(1 — k)
Fagra(ke — D]|2]"797" + [k Byr1 — K Besa + Bgra(1 — k7)
+5q+2(ké - 1)||Z|n_q_1 ot k101 — kpgap + 1 (1= Ky 1)
+O‘p(kp*q - 1)||Z’n7p+1 + ‘kéqul/ﬁpfl - k}/a—qﬁp + Bpfl(l - kjlo—q—l)
+Bp (k= DIz + Jap — appa| 2] 4 - 4 Jan—1 — anl|2] + ‘a”o
>

a —a g1 — @ kiog41 — pa
|Z‘n ’@OHZ‘_ |CL0—G1’+M+...—|—| q 1_1 Q|_|_ 1Qg4+1 — POy
|| |2 2]

Logl@=p) | ognltk =1) | KiBen = 0By | 15l = p')

2] |9 |29 |2]4

+|/3q+1|(]fi —1) | keogre — krag n loga|(kr — 1) | [agea|(ko — 1)

|29 |z|at |zat |z]at
kyBor2 — k1Bgrr | |Beral(By — 1) | Byl (ks — 1)

P R P B F T B

kp—qtp = kp—q—105—1 |O‘p—1|<kp—q—1 — 1) |O‘p|(kp—q - 1)
2Pt |z|P~1 |z|P~1

k;_qﬁp - k;_q_lﬁp—l 4 |5p—1|(k;—q—1 - 1) + |/8p|(k;7—q - 1) |ap B aP+1|
|z|P~1 2Pt |2[P~1 |2|P

|an—1 _an| |an|
R e e N
2] ||
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1
Now for |z| > 1, implies —— <1, 0 < s <n — 1, so that we have

2"

[R(z)] = [2]" [|ao||2\ - (Iao —a| + o —az| + -+ fag1 — agl + (kp—qop — pay)
P—q
+(1 = p)lagl +2 Y (ks = Dlages| + (ko8 — p'By) + (1 = p)|5|
s=1
+22 (k. — )| Byas| + lap — apia] + -+ + |an—1 — an| + yw)]
q
= [2l" [!aoHZ\ - (Z |as—1 = as] + (kp—q0p — poyg) + (1 = p)lag]
s=1
+2 Z Dlagss| + (k8 — 0'8,) + (1 = p) |4l
+QZ (ks = DIBgrs| + Z |as—1 — as| + |an|>]
s=p+1
P—q
= [2I [|ao||2\ - (Nq + (kpq0ty — pag) + (1= p)lag| +2 (ks — 1)]agys|
s=1
/ / /
+(kp—q6p —p'By) +(1— |Bq| + 22 (K, — V)| Bgrs| + My + |an|>]
> 0,
if

1 P—q
2| > (N + (kp—q0p — porg) 4 (1 — p)|oyg| 42 Z(ks — 1)log+]

|a0‘ s=1

- (kp—gBp = P'B0) + (L= )18l +2 (K, = 1)| | + M, + \%\) :

s=1

Therefore all the zeros of R(z) whose modulus is greater than 1 lie in

1 p—q
2| < Taol (N + (kygty — pag) + (1= p)lagl +2 ) (ks — 1)]agys|
s=1

+(%—qu - Plﬁq) + (1 - ’6q| + 22 k, |ﬁq+8| + M, + |an’>
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This gives all zeros of R(z) and hence of 7'(2) lie in

2] < max{l, (Nq+(kp—q0‘p_paq) (L—p ]aq|—|—22 1)]org+s
(K — By) + (1 - !6q|+2z (K, — D)yl + M, +yany> / w}.

Hence all the zeros of P(z) lie in

2| = min{L’a()’/(Nq“’(kp—qO‘p_po‘q) (1= p)ey] "’22 1)]ovg|
+(ky_gBp — 0'By) + (1 = 0)|By] + 2 Z (ke — D|Bgrs| + My, + |an!> }
as claimed. O

We now give a proof of Theorem 2.2.

Proof. Let P(z) = >""_,asz°, a, # 0 be the given polynomial satisfying the stated
hypotheses of Theorem 2.2. We can assume without loss of generality that pu = 0.
Consider

For |z| = 1, we have

FEI = |ao+2 s — s )
S ’CL0|+Z|CLS—CLS_1|
s=1

q
= lao| + Z |as — as—1] + [agi1 — agl + .. + |ap—1 — ap—2| + |ap — ap—
s=1

n
+ Z |CLS - CLS_1|

s=p+1
= ao| + Ny + [ags1 — ag| + ... + |ap-1 — ap—o| + |ay — ap—1| + M,
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where N, = Zq: las — as—1| and M, = i las — as_1|. Therefore for |z| =1
s=1 s=p+1
f(2)] < aol + Ny + |aq+1 - CLq| et |ap—1 - ap—2| + |ap - ap—1| + M,
= ao| + Ny + |k1ag11 — pag + ag(p — 1) + aga (1 — k)| +
katgrs = Krgan + agan (b — 1)+ agea(l — k)| 4+ +
|kip—qp — kp—q1ap—1 + ap-1(kp—g—1 — 1) + ap(1 — ky—g)| + M,
|ao| + Ny + [k1age1 — pag| + |ag|(1 = p) + age| (k1 — 1) +
bntgsn — Frage] + lagaal (b — 1) + lagaal(ks — 1)+ -+ +
|kp—qp — kp—q-1ap1| + [ap-1|(kp—g—1 — 1) + [ap|(kp—q — 1) + M,

A

Applying Lemma 3.1, we get for |z| = 1,

1F(2)] < laol + Ny + (k1lags1] — |pag|) cos O + (ki|ag+1| + |pagl) sin 6 +
p—q
|agl(1 —p) 42 Z (ks - 1)|aq+5| + (k2’aq+2‘ - k1|aq+1’) cost +

s=1
(k2lagia| + kilagi]) sin€ + - + (kp—qlap| — kp—g—1]|ap—1]) cos +
(kp—glap| + kp—q—1]ap-1]) sin 6 + M,

p—gq-1
< Jao| + Ng + |ag| +2 Z (ks — 1)|ag+s| + plag|(sin® — cosf — 1)
s=1
p—g—1
+2sin6 Z kslagys| + kp—glap|(sin@ + cosf + 1) — |ap| + M.
s=1

Hence also,

1 p—q—1
f(—)‘ < aol + Ny +lagl +2° 3 (k. = Dlagea] + plag|(sin6 — cos — 1)

s=1

p—q—1
+2sin 6 Z kslages| + kp—glap|(sin@ + cos 0 + 1) — |a,| + M,.
s=1

Therefore by Maximum Modulus Theorem

1 p—q—1
z”f(;)‘ < ol + Ny +lagl +2 ) (ks = Dlagss| + plag|(sin — cos§ — 1)

s=1

p—g—1
+2sin6 Z ks|ages| + kp—glap|(sin@ + cos 6 + 1) — |a,| + M,
s=1

holds inside |z| < 1 as well.

If R > 1, then }%e*i“ lies inside the unit disc for every real w. Hence it follows
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that
' p—g—-1
If(Re™)| < (\aol + Ny + |ag| +2 Z (ks — 1)|ag+s| + plag|(sind — cos§ — 1)
s=1
p—q—1
+2sin6 Z kslagys| + kp—glay| (sin@ + cosf + 1) — |a,| + Mp)Rn
s=1

for every R > 1 and real w. Thus for every |z| = R > 1,

IP(z)(1—2)] = |—anz"" + f(2)]
> an|R™ — | f(2)]
p—q—1
> Janl R = (Jaol + 8, + lagl 423 (5 = Dlagead + pl] (sin6 -
s=1
p—gq—1
cosf —1) + 2sin6 Z kslagrs| + kp—qlap|(sind + cosf + 1) —
s=1
)
p—g—1
= R"||an|R— (]a0| + Ny + |ag| +2 Z (ks — 1)|ag+s| + plag| (sin6 —
s=1
p—q—1
cos — 1) +2sin0 Y kalagys| + kp—glap|(sind + cosf + 1) —
s=1
|ap| +Mp>
> 0,

if

1 p—q—1 '
R > |a|<|a0 + Ny + lagl +2 > (ks — Dlagss| + plag| (sin6 —

" s=1

p—q—1

cosf — 1) + 2sinf Z kslag+s| + kp7q|ap|(Sin€ + cosf + 1) —

s=1
lap| + Mp)-

Therefore all the zeros of P(z) lie in

1 ' .
2| < Tan] (’CLO\ + Ny +lagl +2 D (ks = Dlagrs| + plag| (sin6 —
n s=1

p—g—1
cos — 1) + 2sind Z ks|agrs| + kp—qlay|(sind 4+ cosf + 1) —

s=1

|ap| + Mp>
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as claimed.

Next, consider the polynomial

Let

This gives

|R(2)|

T(z)

(1—2)T(2)
—ap2" ™ + (ag — a1)2" + (ay —ag)2" Tt + - -

Hap — api1)2" P+ F (a1 — An)2 + Gy

+ (1 = agen)2" 4
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Jao| 2" — ('ao —ap||2]" + Jar — aof |2+ -+ |ag — agea ][4

+|ap - apHHZ’n_p + o a1 — anl|2] + ’an’>

|aon‘n+1 _ <|a0 —ay||2|" + |a; — GQHZ‘nil + ot Jagr — aqHzlnqu +

|paq — kiagy1 + aq(l —p)+ aq-i-l(kl = D]z[""" + |k1aq+1 — kaagy2
Fagir (1= ki) + agea(ke = D"+ (ko101 — ky-gay
+ap—1(1 - kp—q—l) + ap(kp—q - 1)||Z|n_erl + |ap - ap+1||z|n_p +oeee

|an-1 — an||2] + Ian|>

1

Jr"'+|0lq—1—@q||z|?

IZI"llaoHZI - (Iao—cnl + |ar — az] +

|Z’n71

1
|Paq — kiagy1 + aq(l —p)+ aq+1(k1 - 1)|W + |k1aq+1 — kaagy2

|z

Fag1(1 = k1) + agia (ke — 1) + o Rp—gm10p-1 — hpqay

|z|Q+1
1

+lap = appal s+

EEAR

1
tap-—1(1 = kp—g-1) + ap(kp—g — 1)||Z|?

| |
A1 — Qp|——— + la,|— | | .
et Tl
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1
Now for |z| > 1, implies —— <1, 0 < s < n, so that we have

2"

R()| = |Z|"[|@0||Z|— (1ao = anl + oy = ol + -+ g1 — ] +

|pan'_'k1aq+l‘+’aq(1‘_'p)‘+'aq+l(kl‘_'1)|4‘|k1aq+1‘_'k2aq+2
tagp1(1 = k1) + agra(ky — )|+ + [kp_go10p-1 — kp_qay
tap1(1 = kp_g1) +apkpq — )| +|ap — apya]| +--- +

)

Which with the help of Lemma 3.1 as done above yields

p—q—1
|IR(z)] > 2" [\aon| — <Nq + |ag| + 2 Z (ks — 1)]agys| + plag|(sind — cosd — 1)

s=1
p—g—-1
+2sin 6 Z kslagrs| + kp—glap|(sin@ + cos 6 + 1) — |a,| + M, + |an|)]
s=1
> 0,
if
p—gq-1
2| > Tadl <N + |ag| + 2 Z 1)|agss| + plag|(sind — cosd — 1)
0 s=1
p—g—1
+2sin 6 Z ks|ages| + kp—glap|(sin @ + cos 6 + 1) — |a,| + M, + ]an]).
s=1

Therefore all the zeros of R(z) whose modulus is greater than 1 lie in

1 p—g—1
|z] < Taol (Nq + |ag| +2 Z (ks — 1)]agss| + plag|(sin® — cos 6 — 1)
0 s=1
p—gq-1
+2sin 6 Z ks|ages| + kp—glap|(sin@ + cos 0 + 1) — |a,| + M, + |an|>.

s=1

This gives all zeros of R(z) and hence of T'(2) lie in

p—g—1
2| < max{l, (Nq+|aq|+2 Z (ks — 1)|agss| + plag|(sinf — cos§ — 1)

s=1

p—gq-1
+2sin 6 Z ks|ages| + kp—glap|(sind + cos 0 + 1) — |a,| + M, + |a,| /|a0|}.

s=1
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Hence all the zeros of P(z) lie in

p—q—1
|z| > minq1 |a0|/(N + |ag| + 2 Z ks — 1)|ag+s| + plag|(sin@ — cos 6 — 1)
s=1
p—g—1
+2sin 6 Z ks|ages| + kp—glap|(sin@ + cos 0 + 1) — |a,| + M, + |an|>
s=1
This completes the proof of Theorem 2.2 O]
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