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Abstract. The fundamental quandle is a powerful invariant of knots, links and spatial

graphs, but it is often difficult to determine whether two quandles are isomorphic. One

approach is to look at quotients of the quandle, such as the n-quandle defined by Joyce [8];

in particular, Hoste and Shanahan [5] classified the knots and links with finite n-quandles.

Mellor and Smith [12] introduced the N -quandle of a link as a generalization of Joyce’s

n-quandle, and proposed a classification of the links with finite N -quandles. We gener-

alize the N -quandle to spatial graphs, and investigate which spatial graphs have finite

N -quandles. We prove basic results about N -quandles for spatial graphs, and conjecture a

classification of spatial graphs with finite N -quandles, extending the conjecture for links in

[12]. We verify the conjecture in several cases, and also present a possible counterexample.

1. Introduction

The fundamental quandle of a knot or link was introduced by Joyce [7, 8] and,
independently, by Matveev [9]. The fundamental quandle is a complete invariant
of tame knots (up to a change of orientation); unfortunately, classifying quandles is
not much easier than classifying knots. One approach is to look at quotients of the
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fundamental quandle; of particular interest are cases when the quotients are finite,
and so may be relatively easily computed and compared.

Joyce [7, 8] introduced the n-quandle, where every element of the quandle has
a finite “order” of n. Hoste and Shanahan [5] proved that for a link L the n-
quandle Qn(L) is finite if and only if L is the singular locus (with each component
labeled n) of a spherical 3-orbifold with underlying space S3. This result, together
with Dunbar’s [2] classification of all geometric, non-hyperbolic 3-orbifolds, allowed
them to give a complete list of all knots and links in S3 with finite n-quandles for
some n [5]. Many of these finite n-quandles have been described in detail [1, 4, 11].

Some orbifolds in Dunbar’s paper have a singular locus that is a link with dif-
ferent labels on different components. With this motivation, Mellor and Smith [12]
defined N -quandles as a generalization of n-quandles, where now elements in dif-
ferent components of the quandle have different “orders”. They proved that every
labeled link appearing as the singular locus of a spherical orbifold with underly-
ing space S3 in Dunbar’s classification has a corresponding finite N -quandle, and
conjectured that these are the only links with finite N -quandles.

However, Dunbar’s classification also includes orbifolds whose singular locus is a
graph with labels on the edges. Niebrzydowski [13] defined fundamental quandles for
spatial graphs, and the notion of the n-quandle and N -quandle are easily extended
to this context. So it is natural to again conjecture that a spatial graph has a finite
N -quandle if and only if it appears in Dunbar’s classification. The purpose of this
paper is to put forward this conjecture, and to investigate the evidence both for
and against it. In particular, we show that many of the graphs in Dunbar’s list do,
indeed, have finite N -quandles, but also identify a potential counterexample.

In Section 2, we will review the definitions of quandles and N -quandles, and
of the fundamental quandle (and N -quandle) of a link or spatial graph. We also
prove some elementary results about N -quandles of spatial graphs. At the end of
this section we state our Main Conjecture:

Main Conjecture. A spatial graph G has a finite N -quandle if and only if there is
a spherical orbifold with underlying space S3 whose singular locus is the edge-labeled
spatial graph (H,M), where (G,N) divides a graph (G,N ′) that is homeomorphic
to a subgraph of (H,M).

Our primary approach to verifying this conjecture for particular spatial graphs
is to compute the Cayley graphs of the associated N -quandles. We review the
algorithm to compute the Cayley graph of a quandle in Section 3. In Section 4 we
will consider specific labeled graphs which appear in Dunbar’s classification of of
3-orbifolds; we show that all but one of them (our potential counterexample) has a
finite N -quandle. In Section 5 we verify the conjecture for some infinite families of
graphs by explicitly computing the size of their N -quandles (see Theorem 5.1 and
Corollary 5.2). Finally, we will pose some questions for further investigation.
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2. Quandles and Spatial graphs

2.1. Quandles, n-quandles and N-quandles

We begin with a review of the definition of a quandle and its associated n-
quandles and N -quandles. We refer the reader to [3], [7], [8], and [15] for more
detailed information.

A quandle is a set Q equipped with two binary operations ▷ and ▷−1 that
satisfy the following three axioms:

A1. x▷ x = x for all x ∈ Q.

A2. (x▷ y)▷−1 y = x = (x▷−1 y)▷ y for all x, y ∈ Q.

A3. (x▷ y)▷ z = (x▷ z)▷ (y ▷ z) for all x, y, z ∈ Q.

Each element x ∈ Q defines a map Sx : Q → Q by Sx(y) = y ▷ x. The
axiom A2 implies that each Sx is a bijection and the axiom A3 implies that each
Sx is a quandle homomorphism, and therefore an automorphism. We call Sx the
point symmetry at x. The inner automorphism group of Q, Inn(Q), is the group of
automorphisms generated by the point symmetries.

It is important to note that the operation ▷ is, in general, not associative. To
clarify the distinction between (x▷y)▷ z and x▷ (y▷ z), we adopt the exponential
notation introduced by Fenn and Rourke in [3] and denote x▷ y as xy and x▷−1 y
as xȳ. With this notation, xyz will be taken to mean (xy)z = (x ▷ y) ▷ z whereas
xyz

will mean x▷ (y ▷ z).
The following useful lemma from [3] describes how to re-associate a product in

a quandle given by a presentation.

Lemma 2.1. If au and bv are elements of a quandle, then

(au)
(bv)

= auv̄bv and (au)
(bv)

= auv̄b̄v.

Using Lemma 2.1, elements in a quandle given by a presentation ⟨S | R⟩ can
be represented as equivalence classes of expressions of the form aw where a is a
generator in S and w is a word in the free group on S (with x̄ representing the
inverse of x).

If n is a natural number, a quandle Q is an n-quandle if xyn

= x for all x, y ∈ Q,
where by yn we mean y repeated n times. Given a presentation ⟨S |R⟩ of Q,
a presentation of the quotient n-quandle Qn is obtained by adding the relations
xyn

= x for every pair of distinct generators x and y.
The action of the inner automorphism group Inn(Q) on the quandle Q decom-

poses the quandle into disjoint orbits. In other words, two elements x and y of Q
are in the same orbit if there is a word w such that xw = y. These orbits are the
components (or algebraic components) of the quandle Q; a quandle is connected if
it has only one component. We generalize the notion of an n-quandle by picking a
different n for each component of the quandle.
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Definition. Given a quandle Q with k ordered components, labeled from 1 to k,
and a k-tuple of natural numbers N = (n1, . . . , nk), we say Q is an N -quandle if
xyni

= x whenever x ∈ Q and y is in the ith component of Q.

Note that the ordering of the components in an N -quandle is very important;
the relations depend intrinsically on knowing which component is associated with
which number ni.

Given a presentation ⟨S |R⟩ of Q, a presentation of the quotient N -quandle QN

is obtained by adding the relations xyni
= x for every pair of distinct generators x

and y, where y is in the ith component of Q. An n-quandle is then the special case
of an N -quandle where ni = n for every i.

2.2. Fundamental Quandles of Links and Spatial Graphs

If G is an oriented knot, link or spatial graph in S3, then a presentation of its
fundamental quandle, Q(G), can be derived from a regular diagram D of G by a
process similar to the Wirtinger algorithm (this was described for links by Joyce
[8], and extended to spatial graphs by Niebrzydowski [13]). We assign a quandle
generator x1, x2, . . . , xn to each arc of D, then introduce relations at each crossing
and (for spatial graphs) vertex. At a crossing, we introduce the relation xi = x

xj

k as
shown on the left in Figure 1. At a vertex with incident edges a1, a2, . . . an, as shown
on the right in Figure 1, we introduce the relation ((x▷ε1 a1)▷ε2 a2) · · ·▷εn an = x
(where εi = 1 if ai is directed into the vertex, and εi = −1 if ai is directed out from
the vertex). Here x can be any element of the quandle; as we note later, for a finite
presentation it suffices to consider the cases when x is a generator of the quandle.
It is easy to check that the Reidemeister moves for spatial graphs do not change
the quandle given by this presentation so that the quandle is indeed an invariant of
the oriented spatial graph (or link).

xkxj

xi
a
1

a
2

a
3

a
n-1

a
n

xi = x
xj

k ((x▷ε1 a1)▷
ε2 a2) · · ·▷εn an = x

Figure 1: The fundamental quandle relations at a crossing and at a vertex.

If n is a natural number, we can take the quotient Qn(G) of the fundamental
quandle Q(G) to obtain the fundamental n-quandle of a spatial graph. Hoste and
Shanahan [5] classified all pairs (L, n) for which Qn(L) is finite, where L is a link.
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Fenn and Rourke [3] observed that for a link L, the components of the quandle
Q(L) are in bijective correspondence with the components of the link L, with each
component of the quandle containing the generators of the Wirtinger presentation
associated to the corresponding link component. Similarly, for a spatial graph G,
the components of the quandle Q(G) correspond to the edges of the graph G. This
is because two distinct generators of the quandle (from the Wirtinger presentation)
are in the same component if and only if the corresponding arcs of the diagram are
separated by a sequence of crossings; hence they must lie on the same edge.

So if we have a graph G with k edges, and label each edge ei with a natural
number ni, we can let N = (n1, . . . , nk) and take the quotient QN (G) of the fun-
damental quandle Q(G) to obtain the fundamental N -quandle of the graph (this
depends on the ordering of the edges). If Q(G) has the Wirtinger presentation from
a diagram D, then we obtain a presentation for QN (G) by adding relations xyni

= x
for each pair of distinct generators x and y where y corresponds to an arc of edge
ei in the diagram D.

Remark 2.1. It is worth observing that if xy
i = xi for every generator xi of a quandle,

then xy = x for every element x of the quandle. Say x = xx2x3...xm
1 , where each xi

is a generator. Then

xy = xx2x3···xmy
1 = x

y(ȳx2y)(ȳx3y)···(ȳxmy)
1 = (xy

1)
(xy

2)(x
y
3)···(x

y
m) = xx2x3...xm

1 = x.

In our presentations of quandles, we will use relations of the form xw = x as
shorthand for the set of relations xw

i = xi for all generators xi.

Example 1. As an example consider the graph H1 below (which we call the Hopf
Handcuff graph). On the right, we list the two crossing relations and two vertex
relations for the fundamental quandle Q(H1).

a b

e

c
d

3
2

2

ab = e
ba = d

xbcd̄ = x
xac̄ē = x

So the presentation for the fundamental quandle is

Q(H1) = ⟨a, b, c, d, e | ab = e, ba = d, xbcd̄ = x, xac̄ē = x⟩.

We can simplify this presentation by removing the generators d and e, and replacing
them in the vertex relations by ba and ab, respectively. Then we can remove the
crossing relations, and get a 3-generator presentation

Q(H1) = ⟨a, b, c | xbcāb̄a = x, xac̄b̄āb = x⟩.
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However, since xac̄b̄āb = x implies xb̄abcā = x, and hence (by a cyclic permutation
of the word in the exponent) xbcāb̄a = x, the two vertex relations are redundant. So
we are left with

Q(H1) = ⟨a, b, c | xbcāb̄a = x⟩.

Now we consider the labeling shown above, where the component containing gen-
erator a gets a label of 3, and the other two components (containing generators b
and c, respectively) are labeled 2. So now we can write down the presentation for
the (3, 2, 2)-quandle:

Q(3,2,2)(H1) = ⟨a, b, c | xaaa = xbb = xcc = x, xbcāb̄a = x⟩.

2.3. Properties of N-quandles

In this section, we will make some observations about N -quandles, particularly
for spatial graphs. Given two k-tuples N = (n1, . . . , nk) and M = (m1, . . . ,mk), we
say that M divides N (or M |N) if mi|ni for each i. If G is a spatial graph with k
edges, we will also say the labeled graph (G,M) divides the labeled graph (G,N).

Lemma 2.2. If G is a spatial graph with k edges (or a link with k components),
and N and M are k-tuples with M |N , then |QM (G)| ≤ |QN (G)|. In particular, if
QN (G) is finite, so is QM (G).

Proof. Since the graph is the same, QM (G) and QN (G) have the same crossing and
vertex relations, and the same number of components. The only difference is that,
if y is in the ith component, then in QM (G) we have xymi

= x (for any element
x), and in QN (G) we have xyni

= x. Since mi|ni, this means the relation xyni
= x

holds in both quandles. So every relation in QN (G) holds in QM (G), which means
QM (G) is a quotient of QN (G), and hence smaller (or the same cardinality).

Lemma 2.3. Let G be a spatial graph with k edges e1, . . . , ek (or a link with k
components). Let Gi = G−ei (the result of deleting edge (or component) ei). If N =
(n1, . . . , nk), let Ni = (n1, . . . , ni−1, ni+1, . . . , nk). Also let Ci be the component of
QN (G) corresponding to edge ei. Then |QNi

(Gi)| ≤ |QN (G)−Ci|. So if QN (G) is
finite, so is QNi

(Gi). In particular, if ni = 1, then |QNi
(Gi)| = |QN (G)− Ci|.

Proof. To obtain QNi
(Gi) from QN (G), you simply remove the component Ci, and

then add the relations xy = x for all generators x and all generators y corresponding
to arcs along ei. Since we are adding relations, the quandle cannot get any larger,
so |QNi

(Gi)| ≤ |QN (G) − Ci|. In the case when ni = 1, the relations xy = x were
already present, so the only change is removing the component Ci.

Lemma 2.4. Consider a graph G with edges e1, . . . , ek and an edge labeling N =
(n1, . . . , nk). Let Gi be the result of adding a vertex v of degree 2 to ei, splitting it
into edges f and g, and give both f and g the same label as ei. So Gi has edge labeling
N i = (n1, . . . , ni, ni, . . . , nk). Let Ci be the component of QN (G) corresponding to
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edge ei, and let C ′
i be an isomorphic copy of Ci. Then QNi(Gi) = QN (G) ∪ C ′

i. In
particular, if one of QNi(Gi) or QN (G) is finite, so is the other.

Proof. Suppose v is added to arc a, and splits it into arcs b and c, with orientations
induced by the orientation on a. The vertex relation at v is xbc̄ = x, or xb = xc,
where x is any element of the quandle. Any relation of QN (G) has a corresponding
relation in QNi(Gi), with any occurrence of a replaced by b or c. But since xb = xc,
we may assume a is simply replaced by b everywhere. So then QN (G) and QNi(Gi)
have exactly the same quandle relations (up to replacing a by b); the only difference
is that QNi(Gi) has an extra component corresponding to the extra edge. However,
since the vertex v may be placed anywhere along edge ei without changing the
graph topologically, the components Ci and C ′

i corresponding to the edges f and
g can be exchanged by an automorphism of the graph. Hence, these components
must be isomorphic, completing the proof.

We will say that edge-labeled spatial graphs (G,N) and (H,M) are homeo-
morphic if one can be obtained from the other by adding and/or removing vertices
of degree 2, modifying the labelings at each step as in Lemma 2.4. With these
observations, we can state our main conjecture.

Main Conjecture. A spatial graph G has a finite N -quandle if and only if there is
a spherical orbifold with underlying space S3 whose singular locus is the edge-labeled
spatial graph (H,M), where (G,N) divides a graph (G,N ′) that is homeomorphic
to a subgraph of (H,M).

3. Computing Cayley Graphs

Given a presentation of a quandle, one can try to systematically enumerate its
elements and simultaneously produce a Cayley graph of the quandle.

Definition. Given a quandle Q with presentation ⟨S|R⟩, the Cayley graph for Q
is the graph C(Q) defined as follows. The vertices of C(Q) are the elements of Q.
For each x in Q and each generator g in S, C(Q) has a directed edge from x to xg,
labeled with the generator g.

Our primary means of proving that a quandle is finite is to construct its Cayley
graph, and show that the graph is finite. Such a method was described in a graph-
theoretic fashion by Winker in [15]. The method is similar to the well-known Todd-
Coxeter process for enumerating cosets of a subgroup of a group [14] and has been
extended to racks by Hoste and Shanahan [6]. (A rack is more general than a
quandle, requiring only axioms A2 and A3.) We provide a brief description of
Winker’s method applied to the N -quandle of a spatial graph (or link). Suppose
G is a labeled spatial graph diagram with c crossings and v vertices, and QN (G) is
presented as

QN (G) =
〈
x1, x2, . . . , xg

∣∣∣ {xwi
ji

= xki

}c

i=1
, {xui = x}vi=1 ,

{
xx

ni
i = x

}g

i=1

〉
,
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where each wi and ui is a word in {x1, . . . , xg, xi, . . . , xg} (representing the crossing
and vertex relations, respectively), and ni is the label on the quandle component
containing xi. As noted in Remark 2.1, for any word w, we use xw = x as shorthand
for the set of relations {xw

i = xi}gi=1; x may then be understood to be any element
of the quandle.

If y is any element of the quandle, then it follows from the relation xwi
ji

= xki

and Lemma 2.1 that ywixji
wi = yxki , and so

ywixji
wixki = y for all y in QN (G).

Winker calls this relation the secondary relation associated to the primary re-
lation xwi

ji
= xki . We also consider relations of the form yui = y, for 1 ≤ i ≤ v and

yx
ni
i = y for all y and 1 ≤ i ≤ g to be secondary relations (since they apply to all

elements of the quandle).
Winker’s method now proceeds to build the Cayley graph associated to the

presentation as follows:

1. Begin with g vertices labeled x1, x2, . . . , xg and numbered 1, 2, . . . , g.

2. Add an oriented loop at each vertex xi and label it xi. (This encodes the
axiom A1.)

3. For each value of i from 1 to r, trace the primary relation xwi
ji

= xki by
introducing new vertices and oriented edges as necessary to create an oriented
path from xji to xki

given by wi. Consecutively number (starting from g +
1) new vertices in the order they are introduced. Edges are labelled with
their corresponding generator and oriented to indicate whether xi or xi was
traversed.

4. Tracing a relation may introduce edges with the same label and same orienta-
tion into or out of a shared vertex. We identify all such edges, possibly leading
to other identifications. This process is called collapsing and all collapsing is
carried out before tracing the next relation.

5. Proceeding in order through the vertices, trace and collapse each secondary
relation (in order). All of these relations are traced and collapsed at a vertex
before proceeding to the next vertex.

The method will terminate in a finite graph if and only if the N -quandle is
finite. The reader is referred to Winker [15] and Hoste and Shanahan [6] for more
details. Code implementing the algorithm in Mathematica and Python is available
on the author’s webpage [10], and was used to do the calculations in Section 4.

Example 2. Let’s return to the Hopf Handcuff graph of Example 1. Using the
algorithm described in this section to compute the Cayley graph for Q(3,2,2)(H1), we
find that this quandle is finite, and that |Q(3,2,2)(H1)| = 32. In fact, the algorithm
constructs the Cayley graph explicitly; the result is shown below. The actions of the
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generators a, b and c are indicated by solid, dashed and dotted lines, respectively.
Since the generators b and c have order 2, only the lines corresponding to generator
a are oriented. As expected, the Cayley graph has three components (one for each
edge of the graph); the vertices corresponding to the generators are labeled a, b and
c.

a

a b c

b c

4. Exceptional Graphs

Dunbar [2] classifies 3-dimensional orbifolds into several types. The spherical
orbifolds are either of type 2, meaning that they are Seifert fibered orbifolds with
a 2-orbifold base, or type 4, meaning they do not fiber over 2-orbifolds. There are
several infinite families of spherical orbifolds of type 2, but only 18 of type 4, all
of which have a graph (rather than a link) as the singular locus. In this section,
we will consider these 18 exceptional (labeled) graphs. We will also include other
labelings on these graphs that divide the ones given in Dunbar (though these fall
into some of families of type 2 orbifolds). The results in this section were found
by directly computing the Cayley graphs of the relevant quandles, as described in
Section 3.

Figure 2 shows the exceptional graphs, with the edges labeled in alphabetical
order, and with a presentation for the fundamental quandle (given the choice of
orientations shown). To simplify the presentations, we have reduced them to just
use one generator for each edge, so we do not need to include the crossing relations.
Moreover, in some cases, the vertex relations are redundant, so there are fewer
relations than vertices. Table 1 lists all the labelings of these graphs shown in
Dunbar (the order of the labels corresponds to the alphabetical order of the edges
in Figure 2), and the size of the corresponding N -quandle. Labelings that do not
correspond to an orbifold of type 4 (i.e. not shown in Table 8 of [2]) are marked
with an asterisk.

The only quandle in Table 1 we were unable to compute was the (3, 3, 2, 2, 2, 2)-
quandle for the knotted K4. It is unclear whether this is just due to insufficient
computational resources, or whether it may be a counterexample to our Main Con-
jecture.
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a b c
c

b

a

a
c

c
ac

c
acac

Theta graph θ3 Knotted theta graph KT
Q(θ3) = ⟨a, b, c | xcba = x⟩ Q(KT ) = ⟨a, b, c | xbc̄ācacā = x⟩

a b

c

ab

b
a

2
2

2

2

3 33

Hopf Handcuff graph H1 2-linked Handcuff graph H2

Q(H1) = ⟨a, b, c | xabcāb̄ = x⟩ Q(H2) = ⟨a, b, c | xcb̄ābābab̄a = x⟩

a

b
e

c

d

f

b
e

d
a

Double Handcuff graph DH

Q(DH) = ⟨a, b, c, d, e, f | xābc = x, xcādaē = x, xfaēb̄e = x, xd̄ef = x⟩

a

bc

d e

f

Planar K4

Q(Planar K4) = ⟨a, b, c, d, e, f | xac̄d̄ = x, xab̄e = x, xdfe = x, xbc̄f = x⟩

d

e f

c
a

b

f
c

c
f

b
fcf

Knotted K4

Q(Knotted K4) = ⟨a, b, c, d, e, f | xdac̄f̄c = x, xac̄b̄ = x, xdf̄cf ē = x, xef̄ c̄fbf̄c = x⟩

Figure 2: The exceptional graphs.
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Graph G N |QN (G)|

θ3

(2,2,2)* 6
(3,2,2)* 8
(3,3,2) 14
(4,3,2) 26
(5,3,2) 62

KT (3,3,2) 1680

H1
(3,2,2) 32
(3,3,2) 336

H2 (3,2,2) 768

DH
(2,2,2,3,2,2)* 102
(2,2,3,3,2,2) 320
(2,2,2,3,2,4) 2976

Planar K4

(3,2,2,2,2,2)* 34
(3,3,2,2,2,2) 64
(3,4,2,2,2,2) 124
(3,5,2,2,2,2) 304
(3,3,3,2,2,2) 240
(3,3,2,2,2,3) 150
(3,4,2,2,2,3) 1392
(3,3,2,2,2,4) 464
(3,3,2,2,2,5) 17,040

Knotted K4 (3,3,2,2,2,2) unknown

Table 1: Size of finite N -quandles of exceptional graphs. Labelings that do
not correspond to an orbifold of type 4 are marked with an asterisk.
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5. Families of Graphs

Now we turn to the graphs which are the singular locus for a spherical orbifold
of type 2 (in Dunbar’s classification), which fiber over a 2-orbifold. Dunbar further
divides these into types 2a and 2b. The orbifolds of type 2a are fibered over a
2-orbifold with no boundary; in all these cases, the singular locus is a link. The
orbifolds of type 2b are fibered over a 2-orbifold with boundary components; in these
cases, the singular locus usually involves one or more rational tangles. The rational
tangle may have a strut in the innermost twist (corresponding to an exceptional
fiber), turning the link into a graph. Figure 3 shows the links containing rational
tangles which are the singular locus for a spherical orbifold; if the rational tangle p/q
has gcd(p, q) > 1, then the singular locus is a spatial graph with a strut with label
gcd(p, q). It is convenient to let the fraction 0

q represent the empty rational tangle

(just two horizontal arcs) along with a vertical strut labeled q. In this section, we
are going to consider this special case for two families of links from Figure 3.

We will consider the first diagram (in the upper left) of Figure 3, in the special
case when p1 = p2 = 0 and q = 1. This is the family of graphs where the rational
tangles are simply struts labeled m and n, as in Figure 4. We will denote this graph
by G(k,m, n). If m or n is 1, we can use Lemma 2.3 to ignore that strut (the case
when they are both 1, giving a twist link, was considered in [1]), giving a graph we
denote G(k,m); in this case the underlying graph is either a θ-graph (if k is odd)
or a handcuff graph (if k is even). If n and m are both greater than 1, then the
underlying graph is either K4 (if k is odd) or a double handcuff graph (if k is even).

Our main result in this section is the following:

Theorem 5.1. Let N = (2, 2,m, n, 2, 2) and G = G(k,m, n) (labeled as in Figure
4). Then |QN (G)| = 4kmn+ 2km+ 2kn.

As a corollary, we will show:

Corollary 5.2. Let N = (2, 2,m) and G = G(k,m) (labeled as in Figure 4). Then
|QN (G)| = 2km+ 2k.

Our first task is to find a presentation for QN (G), for N = (2, 2,m, n, 2, 2) and
G = G(k,m, n). As described in Section 3, the Wirtinger presentation would have
a generator for every arc of the diagram, and relations for each crossing, vertex
and generator. However, we can simplify the presentation by observing that all
the generators corresponding to arcs in the block of k half-twists can be written in
terms of the generators a and b (see Figure 4), using the crossing relations. So it’s
enough to trace these strands through the block of half-twists, to find the labels for
the arcs on the left-hand side of the block. These labels are easily determined by
an inductive argument, as observed in [11].



N-quandles of Spatial Graphs 323

p1/q

k

p2/q

k

p/q

k+p1/q+p2/q ̸=0

p2/2

k

p1/2 p3/q3 p2/3

k

p1/2 p3/5

k+p1/2+p2/2+p3/q3 ̸=0 k+p1/2+p2/3+p3/5̸=0

p2/3

k

p1/2 p3/3 p2/3

k

p1/2 p3/4

k+p1/2+p2/3+p3/3̸=0 k+p1/2+p2/3+p3/4̸=0

Figure 3:

Links L ∈ S3 with finite Qn(L) with rational tangles.

Here k represents k right-handed half-twists, and p/q rep-

resents a rational tangle. L is a graph if gcd(p, q) > 1.

k

m n

a
b

c d

f

e

k

m

a

b

c

Figure 4: The labeled graphs G(k,m, n) and G(k,m).
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Lemma 5.3. [11] The arcs on either side of the block of k right-handed half-twists
are labeled as shown in Figure 5 (for k even and k odd). Here X = (ba)t and
Y = (ba)X = (ba)t+1. (If k < 0, there are |k| left-handed half-twists; the same
formulas hold, where (ba)−1 = ba = ab.)

�

�

��
������

��

�

�

��
��������

�	

Figure 5: Blocks of right-handed half-twists.

So we now have a presentation with six generators, and ten relations (four
relations for the vertices, and six for the generators). The relations for the generators
are (where x is an arbitrary element of the quandle):

xa2

= xb2 = xe2 = xf2

= xcm = xdn

= x.

In particular, this means xa = xā, xb = xb̄, xe = xē and xf = xf̄ for any element x.
The relations for the two right-hand vertices are xdeā = xdea = x and xbdf̄ =

xbdf = x. For the left hand vertices, we first consider the case when k = 2t is even.
Then, using Lemma 5.3, we have:

(1) x = xcaX ē = xcaXe = xca(ba)te = xc(ab)ta(ba)te = xc(ab)kae.

(2) x = xfcbX = xfcb(ba)t

= xfc(ab)tb(ba)t = xfc(ab)k−1a

= xfcā(b̄ā)k−1

= xfca(ba)k−1

= xfc(ab)k−1a.

Now we consider the case when k = 2t+1 is odd. Again using Lemma 5.3, we have:

(1) x = xcbY ē = xcbY e = xcb(ba)t+1
e = xc(ab)t+1b(ba)t+1e = xc(ab)kae.

(2) x = xfcaX
= xfca(ba)t

= xfc(ab)ta(ba)t = xfc(ab)k−1a

= xfcā(b̄ā)k−1

= xfca(ba)k−1

= xfc(ab)k−1a.

So, in fact, we get the same relations (in terms of k) in both cases. The presentation
for QN (G) is then:

QN (G) = ⟨a, b, c, d, e, f | xa2

= xb2 = xe2 = xf2

= xcm = xdn

= x,

xdea = x, xbdf = x, xc(ab)kae = x, xfc(ab)k−1a = x⟩.
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5.1. Relations in QN (G)

In this section, we will prove some useful relations in the quandle QN (G). We
keep in mind the following observation: if xwy = x for every element x in the
quandle, where w is a word in the quandle and y is an element of the quandle, then
(xy)wy = xy, so xyw = xyy = x. In other words, if we have a relation xw = x, then
we can cyclically permute the factors of w to get more such relations.

Lemma 5.4. For any element x ∈ QN (G),

(1) xa = xdad = xd ad = xde = xed .

(2) xb = xdbd = xd bd = xdf = xfd .

(3) xab = xdabd = xd abd = xef .

Proof. Since xdea = x, we immediately have xa = xde. By cyclic permutation,

xade = x, so xa = xed . Then xdad = xded d = xde = xa, and xd ad = xd ded = xed =
xa. This gives relation (1). Similarly, using xbdf = x gives relation (2).

Then xab = x(dad)(d bd ) = xdabd and xab = x(d ad )(dbd) = xd abd. Since xd a =
x(d ad )d = x(ed )d = xe and xbd = xd (dbd) = xd (df) = xf , we conclude that xab = xef ,
completing relation (3).

Lemma 5.5. For any element x ∈ QN (G),

(1) x(ab)k = xc d = x(ef)k .

(2) xcdc d = x.

(3) xciu = xuc i

and xdju = xud j

for u ∈ {a, b, e, f}, and i, j ∈ Z.

Proof. We begin with the relation xc(ab)kae = x. By a cyclic permutation, this

means x(ab)kaec = x, so x(ab)k = xc ea. By Lemma 5.4(1), xc ea = xc e(ed ) = xc d . So

x(ab)k = xc d . And since xab = xef by Lemma 5.4(3), x(ab)k = x(ef)k , completing
the proof of relation (1).

For relation (2), observe that xcdc d = xcd(ab)k by part (1). xcd(ab)k = xcd(ab)kd d =

xc(dabd )kd = xc(ab)kd by Lemma 5.4(3). Finally, xc(ab)kd = xcc d d = x by part (1)

again. Hence xcdc d = x.

From Lemma 5.4, we know that xdu = xud and xd u = xud for u ∈ {a, b, e, f}.
So xdju = xud j

for any integer j. It remains to show the same relations using c

instead of d. To do this, we use the relations xc(ab)kae = x and xfc(ab)k−1a = x.

These imply that xc = xea(ba)k = xfa(ba)k−1

and hence xc = x(ab)kae = x(ab)k−1af .
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Figure 6: Cayley graph of Qa when m = n = 3 and k = 4.

So (using Lemma 5.4 as needed):

xcia = x[ea(ba)k]ia = x[ea(dbad )k]ia = x[ead(ba)kd ]ia = x[ee(ba)kd ]ia

= x[aa(ba)kd ]ia = xa[a(ba)kd a]i = xa[a(ba)ke]i = xa[(ab)kae]i = xac i

.

xcib = x[fa(ba)k−1]ib = x[bda(ba)k−1]ib = xb[da(ba)k−1b]i = xb[d(ab)k]i

= xb[dd (ab)kd]i = xb[(ab)kbf ]i = xb[(ab)k−1af ]i = xbc i

.

xcie = x[ea(ba)k]ie = xe[a(ba)ke]i = xe[(ab)kae]i = xec i

.

xcif = x[fa(ba)k−1]if = xf [a(ba)k−1f ]i = xf [(ab)k−1af ]i = xfc i

.

This completes the proof of relation (3).

5.2. The component Qa of QN (G)

The quandleQN (G) has six components, one for each of the generators a, b, c, d, e, f .
We let Qu denote the component containing the generator u, for u = a, b, c, d, e, f .
We will begin by describing Qa. We will show that |Qa| = kmn; the Cayley graph
for Qa can be viewed as having k “layers,” each of which contains mn vertices.
Each layer can be embedded as an m×n grid on a torus. The edges labeled c and d
connect vertices within each layer, while the edges labeled a, b, e, f connect vertices
in adjacent layers. Figure 6 shows the case when m = n = 3 and k = 4.
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We will denote the elements of Qa by xp,q,r, where p, q, r ∈ Z. We let x0,0,0 = a,
and define:

xp,q,r =

{
a(ba)

tcqdr

, if p = 2t

a(ba)
tbcqdr

, if p = 2t+ 1

Observe that xp,q+m,r = xp,q,r and xp,q,r+n = xp,q,r, so we may assume 0 ≤ q ≤
m− 1 and 0 ≤ r ≤ n− 1 (in other words, we interpret these subscripts modulo m
and n, respectively). To show that these are all the vertices in the Cayley graph, we
will show that the action of each of the generators on xp,q,r gives another element
xp′,q′,r′ .

We first consider the action of d and c. Clearly, xd
p,q,r = a(wcqdr)d = awcqdr+1

=

xp,q,r+1 (where w = (ba)t or (ba)tb). Also, since xdc = xcd for any x (by Lemma

5.5(2)), xc
p,q,r = a(wcqdr)c = awcq+1dr

= xp,q+1,r. Similarly, xd
p,q,r = xp,q,r−1 and

xc
p,q,r = xp,q−1,r.

Since a, b, e, f all have order 2, the action of each generator and its inverse are
the same. However, the action does depend on whether p is odd or even.

xa
p,q,r =

{
a(ba)

tcqdra, if p = 2t

a(ba)
tbcqdra, if p = 2t+ 1

=

{
a(ba)

tac qd r

, if p = 2t

a(ba)
tbac qd r

, if p = 2t+ 1
(by Lemma 5.5(3))

=

{
a(ba)

t−1bc−qd−r

, if p = 2t

a(ba)
t+1c−qd−r

, if p = 2t+ 1

=

{
xp−1,−q,−r, if p = 2t
xp+1,−q,−r, if p = 2t+ 1

xb
p,q,r =

{
a(ba)

tcqdrb, if p = 2t

a(ba)
tbcqdrb, if p = 2t+ 1

=

{
a(ba)

tbc qd r

, if p = 2t

a(ba)
tbbc qd r

, if p = 2t+ 1
(by Lemma 5.5(3))

=

{
a(ba)

tbc−qd−r

, if p = 2t

a(ba)
tc−qd−r

, if p = 2t+ 1

=

{
xp+1,−q,−r, if p = 2t
xp−1,−q,−r, if p = 2t+ 1

xe
p,q,r = xad

p,q,r =

{
xp−1,−q,−r+1, if p = 2t
xp+1,−q,−r+1, if p = 2t+ 1

xf
p,q,r = xbd

p,q,r =

{
xp+1,−q,−r+1, if p = 2t
xp−1,−q,−r+1, if p = 2t+ 1
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We’ve observed that we may assume 0 ≤ q ≤ m − 1 and 0 ≤ r ≤ n − 1. The
following lemma shows that we may assume 0 ≤ p ≤ k − 1.

Lemma 5.6. For any integers q and r,

(1) x−1,q,r = x0,q,r,

(2) if k is even, then xk,q,r = xk−1,q+1,r+1, and

(3) if k is odd, then xk,q,r = xk−1,q−1,r−1.

Proof. To prove (1), observe that

x−1,q,r = x2(−1)+1,q,r = a(ba)
−1bcqdr

= aabbc
qdr

= ac
qdr

= x0,q,r

If k = 2t is even, then (using Lemma 5.5(1)):

xk,q,r = a(ba)
tcqdr

= a(ba)
t[(ab)kdc]cqdr

= a(ab)
tcq+1dr+1

= a(ba)
t−1bcq+1dr+1

= xk−1,q+1,r+1.

Similarly, if k = 2t+ 1 is odd, then:

xk,q,r = a(ba)
tbcqdr

= a(ba)
tb[(ba)kc d ]cqdr

= a(ab)
tacq−1dr−1

= a(ba)
tcq−1dr−1

= xk−1,q−1,r−1.

Since the actions of the generators a, b, e, f only increment p by ±1, starting
from a = x0,0,0, we can’t get values of p less than 0 or greater than k − 1. So we
may assume 0 ≤ p ≤ k − 1.

Since 0 ≤ p ≤ k − 1, 0 ≤ q ≤ m − 1 and 0 ≤ r ≤ n − 1, we have kmn vertices
xp,q,r. Now we need to check that the quandle relations are satisfied at every vertex
with no further collapsing. It is easy to check from the actions described above
that:

xa2

p,q,r = xb2

p,q,r = xcm

p,q,r = xdn

p,q,r = xe2

p,q,r = xf2

p,q,r = x.

Now we will check the next two relations in QN (G):

xdea
p,q,r = xea

p,q,r+1 =

{
xa
p−1,−q,−r, if p = 2t

xa
p+1,−q,−r, if p = 2t+ 1

=

{
x(p−1)+1,−(−q),−(−r), if p = 2t
x(p+1)−1,−(−q),−(−r), if p = 2t+ 1

= xp,q,r
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xbdf
p,q,r =

{
xdf
p+1,−q,−r, if p = 2t

xdf
p−1,−q,−r, if p = 2t+ 1

=

{
xf
p+1,−q,−r+1, if p = 2t

xf
p−1,−q,−r+1, if p = 2t+ 1

=

{
x(p+1)−1,−(−q),−(−r+1)+1, if p = 2t
x(p−1)+1,−(−q),−(−r+1)+1, if p = 2t+ 1

= xp,q,r.

For the final two relations, it will be convenient to consider the cases when p and k
are even or odd separately. We also observe that

xab
p,q,r =

{
xp−2,q,r, if p = 2t
xp+2,q,r, if p = 2t+ 1

xba
p,q,r =

{
xp+2,q,r, if p = 2t
xp−2,q,r, if p = 2t+ 1

We first consider the case when p = 2t and k = 2s, with 0 ≤ p ≤ k − 1. Then by
tracing the action of the generators we compute:

xc(ab)kae
p,q,r = x

(ab)kae
p,q+1,r

= x
(ab)ta(ba)sb(ab)s−t−1ae
p,q+1,r

= x
a(ba)sb(ab)s−t−1ae
0,q+1,r = x

(ba)sb(ab)s−t−1ae
−1,−q−1,−r

= x
(ba)sb(ab)s−t−1ae
0,−q−1,−r (by Lemma 5.6(1))

= x
b(ab)s−t−1ae
k,−q−1,−r = x

b(ab)s−t−1ae
k−1,−q,−r+1 (by Lemma 5.6(2))

= x
(ab)s−t−1ae
k−2,q,r−1 = xae

(k−2)−2(s−t−1),q,r−1 = xae
p,q,r−1

= xe
p−1,−q,−r+1 = xp,q,r

and

xfc(ab)k−1a
p,q,r = x

c(ab)k−1a
p+1,−q,−r+1 = x

(ab)k−1a
p+1,−q+1,−r+1

= x
(ab)s−t−1a(ba)sb(ab)t−1a
p+1,−q+1,−r+1

= x
a(ba)sb(ab)t−1a
(p+1)+(k−p−2),−q+1,−r+1 = x

a(ba)sb(ab)t−1a
k−1,−q+1,−r+1

= x
(ba)sb(ab)t−1a
k,q−1,r−1 = x

(ba)sb(ab)t−1a
k−1,q,r (by Lemma 5.6(2))

= x
b(ab)t−1a
−1,q,r = x

b(ab)t−1a
0,q,r (by Lemma 5.6(1))

= x
(ab)t−1a
1,−q,−r = xa

1+(p−2),−q,−r = xa
p−1,−q,−r

= xp,q,r.
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The proofs for the other combinations of the parities of p and k are similar. So there
is no further collapsing, and the elements of Qa are exactly the elements xp,q,r for
0 ≤ p ≤ k − 1, 0 ≤ q ≤ m− 1 and 0 ≤ r ≤ n− 1. So |Qa| = kmn.

5.3. The Component Qd of QN (G)

Now we will describe the Cayley graph for the component Qd of QN (G), and
prove that it has 2km elements. Figure 7 shows the Cayley graph for Qd in the
case when m = n = 3 and k = 4. In general, the Cayley graph of Qd consists of 2k
m-cycles arranged in a loop. The m-cycles are made up of edges labeled c, while
adjoining cycles in the loop are connected by edges labeled a, b, e, f . The edges
labeled d are small loops at each vertex of the Cayley graph.

Figure 7: Cayley graph of Qd when m = 3, n = 3 and k = 4.

We will denote the elements of Qd by yp,q, where y0,0 = d and (for p, q ∈ Z)

yp,q =

{
d(ab)

tcq , if p = 2t

d(ab)
tacq , if p = 2t+ 1

Since yp,q+m = yp,q, we may assume 0 ≤ q ≤ m− 1. Now we need to determine the
action of each generator on yp,q. The action of c is easy to see, moving around the
m-cycle:

ycp,q = dwcqc = dwcq+1

= yp,q+1.
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The action of d takes every element of Qd back to itself, giving the loops in Figure 7:

ydp,q =

{
d(ab)

tcqd, if p = 2t

d(ab)
tacqd, if p = 2t+ 1

=

{
d(ab)

tdcq , if p = 2t

d(ab)
tadcq , if p = 2t+ 1

(by Lemma 5.5(2))

=

{
dd(ab)

tcq , if p = 2t

dd (ab)tacq , if p = 2t+ 1
(by Lemma 5.4)

=

{
d(ab)

tcq , if p = 2t

d(ab)
tacq , if p = 2t+ 1

= yp,q.

The actions of a, b, e, f move between the m-cycles:

yap,q =

{
d(ab)

tcqa, if p = 2t

d(ab)
tacqa, if p = 2t+ 1

=

{
d(ab)

tac q

, if p = 2t

d(ab)
taac q

, if p = 2t+ 1
(by Lemma 5.5(3))

=

{
d(ab)

tac q

, if p = 2t

d(ab)
tc q

, if p = 2t+ 1

=

{
yp+1,−q, if p = 2t
yp−1,−q, if p = 2t+ 1

ybp,q =

{
d(ab)

tcqb, if p = 2t

d(ab)
tacqb, if p = 2t+ 1

=

{
d(ab)

tbc q

, if p = 2t

d(ab)
tabc q

, if p = 2t+ 1
(by Lemma 5.5(3))

=

{
d(ab)

t−1ac q

, if p = 2t

d(ab)
t+1c q

, if p = 2t+ 1

=

{
yp−1,−q, if p = 2t
yp+1,−q, if p = 2t+ 1

To determine the action of e and f , we use the relations xdea = x and xbdf = x.
Since ydp,q = yp,q, we find that e and f have the same actions as a and b.

yep,q = yadp,q = yap,q
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yfp,q = ybdp,q = ybp,q

To put bounds on p, observe that

yabp,q =

{
ybp+1,−q, if p = 2t
ybp−1,−q, if p = 2t+ 1

=

{
yp+2,q, if p = 2t
yp−2,q, if p = 2t+ 1

In particular, this means that

y(ab)
k

p,q =

{
yp+2k,q, if p = 2t
yp−2k,q, if p = 2t+ 1

But, by Lemma 5.5(1), y
(ab)k

p,q = yc dp,q = ydp,q−1 = yp,q−1. Therefore,

yp+2k,q =

{
yp,q−1, if p = 2t
yp,q+1, if p = 2t+ 1

Hence, we may assume that 0 ≤ p ≤ 2k − 1.
It is straightforward to check that all the relations now hold at every vertex of

Qd, so the Cayley graph is complete, and |Qd| = 2km.

5.4. The Components Qb, Qc, Qe and Qf of QN (G)

The components Qb, Qe and Qf , like Qa, have kmn elements, while Qc has
2kn elements. The result for Qb, Qe and Qf can be proved by arguments similar
to those in Section 5.2; however, here we will give a more topological argument.
Consider the isotopy shown in Figure 8, where we perform a flype on the bottom
portion of G(k,m, n). Since the two new crossings have opposite signs, the number
of positive half-twists is still k. So this isotopy induces an automorphism of QN (G)
that interchanges a and b, interchanges e and f , and fixes c and d, but in the Cayley
graph reverses the orientation of the edges labeled c and d. Hence the Cayley graphs
for Qa and Qb are isomorphic, as are the Cayley graphs for Qe and Qf .

k

m n

a

b

c d

f

e

k

m n

a
b

c d

f

e

Figure 8: Performing a flype on G(k,m, n).
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We also consider the isotopy shown in Figure 9. Here we first slide the edge
labeled c through the block of k half-twists (if k is even, the orientation is the same
afterwards; if k is odd it is reversed), and then rotate the graph 180◦ around a verti-
cal axis. The induced automorphism on QN (G) interchanges a and e, interchanges
b and f , and fixes c and d (though it may reverse the orientation of the edges labeled
c in the Cayley graph). So the Cayley graphs for Qa and Qe are isomorphic, as are
the Cayley graphs for Qb and Qf .

k

m n

a
b

c d

f

e

k

mn

a

b

cd

f

e

k

m n

a

b

c d
f

e

Figure 9: Performing a flype on G(k,m, n).

We conclude that Qa, Qb, Qe and Qf all have isomorphic Cayley graphs, and
hence all have kmn elements. The Cayley graph for Qc can be computed similarly
to that for Qd (as is clear, in particular, from the middle diagram in Figure 9), so
|Qc| = 2kn.

Combining all of these results gives us |QN (G)| = 4kmn+ 2km+ 2kn, proving
Theorem 5.1. As a corollary, we consider the quandle Q(2,2,m)(G(k,m)). In this
case, by Lemmas 2.3 and 2.4, we let n = 1, and delete the components corresponding
to the generators d, e, f . This gives us |Q(2,2,m)(G(k,m))| = 2km + 2k, proving
Corollary 5.2.

6. Open Questions

There are many open questions that can be investigated further. In Section 2.3,
we investigated how a few very simple graph operations affected the N -quandle; it
is natural to ask how other graph operations affect the fundamental quandle.

Question. How do graph operations such as edge deletion, edge contraction, etc.,
affect the N -quandle of the graph? How are the N -quandles of a minor of a spatial
graph related to the N -quandle of the larger graph?

In this paper, we only considered one direction of the Main Conjecture, showing
that the spatial graphs appearing in Dunbar’s classification of orbifolds have finite
N -quandles. There is still much work to be done here, beginning with the potential
counterexample.
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Question. Is Q(3,3,2,2,2,2)(knotted K4) finite?

We can also investigate the families of links and graphs in Figure 3. This will
require dealing with the general rational tangles, as was done in [4] and [11], but
with the added complexity of a strut inserted into the tangle.

Question. Do the families of graphs in Figure 3 all have finite N -quandles?

And, of course, this still leaves open the other direction of the Main Conjecture:

Question. Are there other graphs which have finite N -quandles, which do not
satisfy the criterion of the Main Conjecture?

This seems like a much harder problem, since the proof for n-quandles of links
in [5] relies on constructions such as branched covering spaces that do not easily
extend to graphs.
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