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ABSTRACT. The fundamental quandle is a powerful invariant of knots, links and spatial
graphs, but it is often difficult to determine whether two quandles are isomorphic. One
approach is to look at quotients of the quandle, such as the n-quandle defined by Joyce [8];
in particular, Hoste and Shanahan [5] classified the knots and links with finite n-quandles.
Mellor and Smith [12] introduced the N-quandle of a link as a generalization of Joyce’s
n-quandle, and proposed a classification of the links with finite N-quandles. We gener-
alize the N-quandle to spatial graphs, and investigate which spatial graphs have finite
N-quandles. We prove basic results about N-quandles for spatial graphs, and conjecture a
classification of spatial graphs with finite N-quandles, extending the conjecture for links in
[12]. We verify the conjecture in several cases, and also present a possible counterexample.

1. Introduction

The fundamental quandle of a knot or link was introduced by Joyce [7, [§] and,
independently, by Matveev [9]. The fundamental quandle is a complete invariant
of tame knots (up to a change of orientation); unfortunately, classifying quandles is
not much easier than classifying knots. One approach is to look at quotients of the
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312 V. B. Peral and B. Mellor

fundamental quandle; of particular interest are cases when the quotients are finite,
and so may be relatively easily computed and compared.

Joyce [7, [§] introduced the n-quandle, where every element of the quandle has
a finite “order” of n. Hoste and Shanahan [B] proved that for a link L the n-
quandle @, (L) is finite if and only if L is the singular locus (with each component
labeled n) of a spherical 3-orbifold with underlying space S®. This result, together
with Dunbar’s [2] classification of all geometric, non-hyperbolic 3-orbifolds, allowed
them to give a complete list of all knots and links in S? with finite n-quandles for
some n [5]. Many of these finite n-quandles have been described in detail [T}, 4} [TT].

Some orbifolds in Dunbar’s paper have a singular locus that is a link with dif-
ferent labels on different components. With this motivation, Mellor and Smith [12]
defined N-quandles as a generalization of n-quandles, where now elements in dif-
ferent components of the quandle have different “orders”. They proved that every
labeled link appearing as the singular locus of a spherical orbifold with underly-
ing space S? in Dunbar’s classification has a corresponding finite N-quandle, and
conjectured that these are the only links with finite N-quandles.

However, Dunbar’s classification also includes orbifolds whose singular locus is a
graph with labels on the edges. Niebrzydowski [13] defined fundamental quandles for
spatial graphs, and the notion of the n-quandle and N-quandle are easily extended
to this context. So it is natural to again conjecture that a spatial graph has a finite
N-quandle if and only if it appears in Dunbar’s classification. The purpose of this
paper is to put forward this conjecture, and to investigate the evidence both for
and against it. In particular, we show that many of the graphs in Dunbar’s list do,
indeed, have finite N-quandles, but also identify a potential counterexample.

In Section 2] we will review the definitions of quandles and N-quandles, and
of the fundamental quandle (and N-quandle) of a link or spatial graph. We also
prove some elementary results about N-quandles of spatial graphs. At the end of
this section we state our Main Conjecture:

Main Conjecture. A spatial graph G has a finite N-quandle if and only if there is
a spherical orbifold with underlying space S® whose singular locus is the edge-labeled
spatial graph (H, M), where (G, N) divides a graph (G, N’) that is homeomorphic
to a subgraph of (H,M).

Our primary approach to verifying this conjecture for particular spatial graphs
is to compute the Cayley graphs of the associated N-quandles. We review the
algorithm to compute the Cayley graph of a quandle in Section [3] In Section [ we
will consider specific labeled graphs which appear in Dunbar’s classification of of
3-orbifolds; we show that all but one of them (our potential counterexample) has a
finite N-quandle. In Section [5| we verify the conjecture for some infinite families of
graphs by explicitly computing the size of their N-quandles (see Theorem and
Corollary . Finally, we will pose some questions for further investigation.
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2. Quandles and Spatial graphs

2.1. Quandles, n-quandles and N-quandles

We begin with a review of the definition of a quandle and its associated n-
quandles and N-quandles. We refer the reader to [3], [7], [8], and [I5] for more
detailed information.

A quandle is a set @) equipped with two binary operations > and >~! that
satisfy the following three axioms:

Al. zpz=zxforall z € Q.
A2, (z>y)>ty=z=(x>"ty)>yforal z,y€Q.
A3. (zpy)>z=(x>2)> (y>z) forall z,y,z € Q.

Each element x € @ defines a map S, : Q@ — Q by Sy(y) = y > 2. The
axiom A2 implies that each S, is a bijection and the axiom A3 implies that each
S is a quandle homomorphism, and therefore an automorphism. We call S, the
point symmetry at x. The inner automorphism group of @, Inn(Q), is the group of
automorphisms generated by the point symmetries.

It is important to note that the operation > is, in general, not associative. To
clarify the distinction between (z>y) >z and > (y > z), we adopt the exponential
notation introduced by Fenn and Rourke in [3] and denote x>y as 2¥ and 2 >~y
as z¥. With this notation, 2¥* will be taken to mean (2¥)* = (z > y) I> z whereas
2¥" will mean z > (y &> 2).

The following useful lemma from [3] describes how to re-associate a product in
a quandle given by a presentation.

Lemma 2.1. If a" and b¥ are elements of a quandle, then

(a“)(bv) =a""  gnd (a")(bv) — quobv,

Using Lemma elements in a quandle given by a presentation (S | R) can
be represented as equivalence classes of expressions of the form a® where a is a
generator in S and w is a word in the free group on S (with Z representing the
inverse of x).

If n is a natural number, a quandle Q is an n-quandle if 2¥" = x for all z,y € Q,
where by y™ we mean y repeated n times. Given a presentation (S|R) of @,
a presentation of the quotient n-quandle @), is obtained by adding the relations
2" = x for every pair of distinct generators z and y.

The action of the inner automorphism group Inn(Q) on the quandle @ decom-
poses the quandle into disjoint orbits. In other words, two elements x and y of )
are in the same orbit if there is a word w such that z* = y. These orbits are the
components (or algebraic components) of the quandle @Q; a quandle is connected if
it has only one component. We generalize the notion of an n-quandle by picking a
different n for each component of the quandle.
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Definition. Given a quandle @ with k ordered components, labeled from 1 to k,
and a k-tuple of natural numbers N = (n1,...,ng), we say @ is an N-quandle if
z¥"" = 2 whenever z € Q and y is in the ith component of Q.

Note that the ordering of the components in an N-quandle is very important;
the relations depend intrinsically on knowing which component is associated with
which number n;.

Given a presentation (S| R) of @, a presentation of the quotient N-quandle Q
is obtained by adding the relations z¥"* = x for every pair of distinct generators
and y, where y is in the ith component of ). An n-quandle is then the special case
of an N-quandle where n; = n for every i.

2.2. Fundamental Quandles of Links and Spatial Graphs

If G is an oriented knot, link or spatial graph in S3, then a presentation of its
fundamental quandle, Q(G), can be derived from a regular diagram D of G by a
process similar to the Wirtinger algorithm (this was described for links by Joyce
[8], and extended to spatial graphs by Niebrzydowski [I3]). We assign a quandle
generator ri,Tso,...,~T, to each arc of D, then introduce relations at each crossing
and (for spatial graphs) vertex. At a crossing, we introduce the relation x; = xiﬂ as
shown on the left in Figure[]] At a vertex with incident edges a1, as, . .. a,, as shown
on the right in Figure|l} we introduce the relation ((x > a;)>%2ag)--->"a, = x
(where ¢; = 1 if a; is directed into the vertex, and ; = —1 if a; is directed out from
the vertex). Here x can be any element of the quandle; as we note later, for a finite
presentation it suffices to consider the cases when x is a generator of the quandle.
It is easy to check that the Reidemeister moves for spatial graphs do not change
the quandle given by this presentation so that the quandle is indeed an invariant of
the oriented spatial graph (or link).

T Ti

.
=1’

Figure 1: The fundamental quandle relations at a crossing and at a vertex.

If n is a natural number, we can take the quotient Q,,(G) of the fundamental
quandle Q(G) to obtain the fundamental n-quandle of a spatial graph. Hoste and
Shanahan [5] classified all pairs (L,n) for which @, (L) is finite, where L is a link.
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Fenn and Rourke [3] observed that for a link L, the components of the quandle
Q(L) are in bijective correspondence with the components of the link L, with each
component of the quandle containing the generators of the Wirtinger presentation
associated to the corresponding link component. Similarly, for a spatial graph G,
the components of the quandle Q(G) correspond to the edges of the graph G. This
is because two distinct generators of the quandle (from the Wirtinger presentation)
are in the same component if and only if the corresponding arcs of the diagram are
separated by a sequence of crossings; hence they must lie on the same edge.

So if we have a graph G with k edges, and label each edge e; with a natural
number n;, we can let N = (nq,...,n;) and take the quotient Qn(G) of the fun-
damental quandle Q(G) to obtain the fundamental N-quandle of the graph (this
depends on the ordering of the edges). If Q(G) has the Wirtinger presentation from
a diagram D, then we obtain a presentation for Qx (G) by adding relations z¥"* = x
for each pair of distinct generators x and y where y corresponds to an arc of edge
e; in the diagram D.

Remark 2.1. Tt is worth observing that if 2¥ = x; for every generator x; of a quandle,
then a¥ = x for every element x of the quandle. Say x = x{?** "™ where each xz;
is a generator. Then

p¥ = g ImY x?{(?ﬂﬁzy)(ymsy)"'@fmy) — (lef)(x;’)@}: (@) = g% Tm — g
In our presentations of quandles, we will use relations of the form z* = =z as
shorthand for the set of relations x;’ = z; for all generators x;.

Example 1. As an example consider the graph H; below (which we call the Hopf
Handcuff graph). On the right, we list the two crossing relations and two vertex
relations for the fundamental quandle Q(Hy).

a J ’\b b —

e

C bt =d

2 bed _
3 3;‘”—1‘
e 2 29CE — o

So the presentation for the fundamental quandle is

Q(H,) = (a,b,c,d,e | a® = e, b* = d,xbc‘iz x, %€ = 1),

We can simplify this presentation by removing the generators d and e, and replacing
them in the vertex relations by b® and a®, respectively. Then we can remove the
crossing relations, and get a 3-generator presentation

Q(Hl) _ (a,b,c ‘ xbcz’zga _ x’xaél;ab _ Z‘>
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However, since 29 = 2 implies 2°%°® = 2, and hence (by a cyclic permutation
of the word in the exponent) x*°%¢ = . the two vertex relations are redundant. So
we are left with

Q(Hy) = {(a,b,c| gbeaba x).

Now we consider the labeling shown above, where the component containing gen-
erator a gets a label of 3, and the other two components (containing generators b
and ¢, respectively) are labeled 2. So now we can write down the presentation for
the (3,2,2)-quandle:

Q3.2,2)(H1) = (a,b,c | 2" = 2% = 7% = g, g — ).

2.3. Properties of N-quandles

In this section, we will make some observations about N-quandles, particularly
for spatial graphs. Given two k-tuples N = (nq,...,ng) and M = (mq,...,my), we
say that M divides N (or M|N) if m;|n; for each i. If G is a spatial graph with k
edges, we will also say the labeled graph (G, M) divides the labeled graph (G, N).

Lemma 2.2. If G is a spatial graph with k edges (or a link with k components),
and N and M are k-tuples with M|N, then |Qun(G)| < |Qn(G)|. In particular, if
Qn(G) is finite, so is Qun(G).

Proof. Since the graph is the same, Q) (G) and Q n(G) have the same crossing and
vertex relations, and the same number of components. The only difference is that,
if y is in the ith component, then in Qu;(G) we have z¥"" = z (for any element
x), and in Qn(G) we have z¥"" = x. Since m;|n;, this means the relation z¥"* =
holds in both quandles. So every relation in @Qx(G) holds in Qs (G), which means
Qum (G) is a quotient of Qn(G), and hence smaller (or the same cardinality). O

Lemma 2.3. Let G be a spatial graph with k edges e1,...,ex (or a link with k
components). Let G; = G—e; (the result of deleting edge (or component) e;). If N =
(n1,...,ng), let Ny = (n1,...,ni—1,Ni41,...,nk). Also let C; be the component of
QN (G) corresponding to edge e;. Then |Qn,(G;)| < |QnN(G) — Ci|. So if Qn(G) is
finite, so is Qn,(Gi). In particular, if n; =1, then |Qn,(G:)| = |Qn(G) — Cil.

Proof. To obtain @y, (G;) from Qx(G), you simply remove the component C;, and
then add the relations ¥ = z for all generators x and all generators y corresponding
to arcs along e;. Since we are adding relations, the quandle cannot get any larger,
50 |Qn,(G)| < |QN(G) — Cy|. In the case when n; = 1, the relations z¥ = = were
already present, so the only change is removing the component C;. O

Lemma 2.4. Consider a graph G with edges e1,...,ex and an edge labeling N =
(n1,...,nx). Let G* be the result of adding a vertex v of degree 2 to e;, splitting it
into edges f and g, and give both f and g the same label as e;. So G has edge labeling
N = (ny,...,n4n4,...,n). Let C; be the component of Qn(G) corresponding to



N-quandles of Spatial Graphs 317

edge e;, and let C! be an isomorphic copy of C;. Then Qni(G*) = Qn(G)UC!. In
particular, if one of Qni(G?) or Qn(G) is finite, so is the other.

Proof. Suppose v is added to arc a, and splits it into arcs b and ¢, with orientations
induced by the orientation on a. The vertex relation at v is z%¢ = x, or z® = z¢,
where z is any element of the quandle. Any relation of @y (G) has a corresponding
relation in Qi (G?), with any occurrence of a replaced by b or c. But since 2° = ¢,
we may assume q is simply replaced by b everywhere. So then Qn(G) and Q y:(G?)
have exactly the same quandle relations (up to replacing a by b); the only difference
is that Qi (G?) has an extra component corresponding to the extra edge. However,
since the vertex v may be placed anywhere along edge e; without changing the
graph topologically, the components C; and C! corresponding to the edges f and
g can be exchanged by an automorphism of the graph. Hence, these components
must be isomorphic, completing the proof. O

We will say that edge-labeled spatial graphs (G, N) and (H, M) are homeo-
morphic if one can be obtained from the other by adding and/or removing vertices
of degree 2, modifying the labelings at each step as in Lemma With these
observations, we can state our main conjecture.

Main Conjecture. A spatial graph G has a finite N -quandle if and only if there is
a spherical orbifold with underlying space S® whose singular locus is the edge-labeled
spatial graph (H, M), where (G, N) divides a graph (G, N') that is homeomorphic
to a subgraph of (H,M).

3. Computing Cayley Graphs

Given a presentation of a quandle, one can try to systematically enumerate its
elements and simultaneously produce a Cayley graph of the quandle.

Definition. Given a quandle ) with presentation (S|R), the Cayley graph for Q
is the graph C(Q) defined as follows. The vertices of C(Q) are the elements of Q.
For each z in @ and each generator g in S, C(Q) has a directed edge from z to x9,
labeled with the generator g.

Our primary means of proving that a quandle is finite is to construct its Cayley
graph, and show that the graph is finite. Such a method was described in a graph-
theoretic fashion by Winker in [I5]. The method is similar to the well-known Todd-
Coxeter process for enumerating cosets of a subgroup of a group [I4] and has been
extended to racks by Hoste and Shanahan [6]. (A rack is more general than a
quandle, requiring only axioms A2 and A3.) We provide a brief description of
Winker’s method applied to the N-quandle of a spatial graph (or link). Suppose
G is a labeled spatial graph diagram with ¢ crossings and v vertices, and Qn(G) is
presented as

n;

) ) i 9
Qn(G) = <x1,:1:2, C T ‘ {:c;‘ib = ;z:ki}jzl,{xul = :c}:zl , {zz1 = o:} >,

i=1
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where each w; and w; is a word in {z1,...,24,%;,..., T4} (representing the crossing
and vertex relations, respectively), and n; is the label on the quandle component
containing x;. As noted in Remark [2.1] for any word w, we use % = z as shorthand
for the set of relations {z¥ = x;}Y_,; « may then be understood to be any element
of the quandle.

If y is any element of the quandle, then it follows from the relation x;‘jl = Ty,

and Lemma that y®i%i%i = y®%:  and so

ﬁimji ’wquk

Y i =y for all y in QN (G).

Winker calls this relation the secondary relation associated to the primary re-
lation xj“’ = xy,. We also consider relations of the form y“ =y, for 1 <4i < v and
qu =y for all y and 1 < i < g to be secondary relations (since they apply to all
elements of the quandle).

Winker’s method now proceeds to build the Cayley graph associated to the

presentation as follows:

1. Begin with g vertices labeled x1,x3,...,2, and numbered 1,2,...,g.

2. Add an oriented loop at each vertex x; and label it x;. (This encodes the
axiom Al.)

3. For each value of ¢ from 1 to 7, trace the primary relation 33;” =z, by
introducing new vertices and oriented edges as necessary to create an oriented
path from z;, to =, given by w,. Consecutively number (starting from g +
1) new vertices in the order they are introduced. Edges are labelled with
their corresponding generator and oriented to indicate whether x; or T; was
traversed.

4. Tracing a relation may introduce edges with the same label and same orienta-
tion into or out of a shared vertex. We identify all such edges, possibly leading
to other identifications. This process is called collapsing and all collapsing is
carried out before tracing the next relation.

5. Proceeding in order through the vertices, trace and collapse each secondary
relation (in order). All of these relations are traced and collapsed at a vertex
before proceeding to the next vertex.

The method will terminate in a finite graph if and only if the N-quandle is
finite. The reader is referred to Winker [15] and Hoste and Shanahan [6] for more
details. Code implementing the algorithm in Mathematica and Python is available
on the author’s webpage [10], and was used to do the calculations in Section

Example 2. Let’s return to the Hopf Handcuff graph of Example Using the
algorithm described in this section to compute the Cayley graph for Q3 2 2)(H1), we
find that this quandle is finite, and that [Q 3 2,2)(H1)| = 32. In fact, the algorithm
constructs the Cayley graph explicitly; the result is shown below. The actions of the
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generators a, b and c¢ are indicated by solid, dashed and dotted lines, respectively.
Since the generators b and ¢ have order 2, only the lines corresponding to generator
a are oriented. As expected, the Cayley graph has three components (one for each
edge of the graph); the vertices corresponding to the generators are labeled a, b and
c.

4. Exceptional Graphs

Dunbar [2] classifies 3-dimensional orbifolds into several types. The spherical
orbifolds are either of type 2, meaning that they are Seifert fibered orbifolds with
a 2-orbifold base, or type 4, meaning they do not fiber over 2-orbifolds. There are
several infinite families of spherical orbifolds of type 2, but only 18 of type 4, all
of which have a graph (rather than a link) as the singular locus. In this section,
we will consider these 18 exceptional (labeled) graphs. We will also include other
labelings on these graphs that divide the ones given in Dunbar (though these fall
into some of families of type 2 orbifolds). The results in this section were found
by directly computing the Cayley graphs of the relevant quandles, as described in
Section [3l

Figure [2| shows the exceptional graphs, with the edges labeled in alphabetical
order, and with a presentation for the fundamental quandle (given the choice of
orientations shown). To simplify the presentations, we have reduced them to just
use one generator for each edge, so we do not need to include the crossing relations.
Moreover, in some cases, the vertex relations are redundant, so there are fewer
relations than vertices. Table [If lists all the labelings of these graphs shown in
Dunbar (the order of the labels corresponds to the alphabetical order of the edges
in Figure , and the size of the corresponding N-quandle. Labelings that do not
correspond to an orbifold of type 4 (i.e. not shown in Table 8 of [2]) are marked
with an asterisk.

The only quandle in Table We were unable to compute was the (3,3,2,2,2,2)-
quandle for the knotted K4. It is unclear whether this is just due to insufficient
computational resources, or whether it may be a counterexample to our Main Con-
jecture.
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Sz

Theta graph 603 Knotted theta graph KT
Q(03) = (a,b,c| 2z =2)  Q(KT) = {(a,b,c | 2P%@ = z)

Hopf Handcuff graph H; 2-linked Handcuff graph Ho
Q(Hl) — <a7 b, c ‘ xabc?zb — $> Q(HQ) — <CL, b,C ‘ xcb(zbfzbaba — .%'>

A

Double Handcuff graph DH )
Q(DH) = (a,b,c,d, e, f | 2% = g, g0 — g gfacbe — g pdef — )

a
c b

Planag Ka )
Q(Planar K4) = {(a,b,c,d,e, f | 2% = z, 2% =z, 2¥° = 2, 2%/ = z)

Kno‘gted Ky . o
Q(Knotted K4) = (a,b,c,d, e, f | xd0efc = g, 20 = g gdfefe — g gefefofe — g)

Figure 2: The exceptional graphs.
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Graph G N QN (G)]
(2,2,2)% 6
(3,2,2)% 8
05 (3,3.2) 14
(4,3.2) 26
(5,3,2) 62
KT (3,3,2) 1680
(3,2,2) 32
H, (3,3,2) 336
H, (3,2,2) 7683
(2,2,2,3,2,2)% 102
DH (2,2,3,3,2,2) 320

(2.2,2,3,2.4) 2976
(3.2,2,2,2,2)* 34

(3,3,2,2,2,2) 64
(3,4,2,2,2,2) 124
(3,5,2,2,2,2) 304
Planar K4 | (3,3,3,2,2,2) 240
(3.3.2.223) | 150
(3,4,2223) | 1392
(3,3,2,2,2,4) 464
(3.3.2,2,25) | 17,040
Knotted K4 | (3,3,2,2,2,2) | unknown

Table 1: Size of finite N-quandles of exceptional graphs. Labelings that do
not correspond to an orbifold of type 4 are marked with an asterisk.
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5. Families of Graphs

Now we turn to the graphs which are the singular locus for a spherical orbifold
of type 2 (in Dunbar’s classification), which fiber over a 2-orbifold. Dunbar further
divides these into types 2a and 2b. The orbifolds of type 2a are fibered over a
2-orbifold with no boundary; in all these cases, the singular locus is a link. The
orbifolds of type 2b are fibered over a 2-orbifold with boundary components; in these
cases, the singular locus usually involves one or more rational tangles. The rational
tangle may have a strut in the innermost twist (corresponding to an exceptional
fiber), turning the link into a graph. Figure [3| shows the links containing rational
tangles which are the singular locus for a spherical orbifold; if the rational tangle p/q
has ged(p, g) > 1, then the singular locus is a spatial graph with a strut with label
ged(p, q). It is convenient to let the fraction g represent the empty rational tangle
(just two horizontal arcs) along with a vertical strut labeled ¢. In this section, we
are going to consider this special case for two families of links from Figure [3]

We will consider the first diagram (in the upper left) of Figure [3] in the special
case when p; = po = 0 and ¢ = 1. This is the family of graphs where the rational
tangles are simply struts labeled m and n, as in Figure[d We will denote this graph
by G(k,m,n). If m or n is 1, we can use Lemma [2.3| to ignore that strut (the case
when they are both 1, giving a twist link, was considered in [I]), giving a graph we
denote G(k,m); in this case the underlying graph is either a 6-graph (if k is odd)
or a handcuff graph (if k£ is even). If n and m are both greater than 1, then the
underlying graph is either Ky (if k is odd) or a double handcuff graph (if & is even).

Our main result in this section is the following:

Theorem 5.1. Let N = (2,2,m,n,2,2) and G = G(k,m,n) (labeled as in Figure
[f). Then |Qn(G)| = 4kmn + 2km + 2kn.

As a corollary, we will show:

Corollary 5.2. Let N = (2,2,m) and G = G(k,m) (labeled as in Figure[f]). Then
QN (G)| = 2km + 2k.

Our first task is to find a presentation for Qn(G), for N = (2,2, m,n,2,2) and
G = G(k,m,n). As described in Section (3| the Wirtinger presentation would have
a generator for every arc of the diagram, and relations for each crossing, vertex
and generator. However, we can simplify the presentation by observing that all
the generators corresponding to arcs in the block of k£ half-twists can be written in
terms of the generators a and b (see Figure , using the crossing relations. So it’s
enough to trace these strands through the block of half-twists, to find the labels for
the arcs on the left-hand side of the block. These labels are easily determined by
an inductive argument, as observed in [I1].
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k A W
/4 P,/q »/a . J
k+p1/q+p2/q#0
k ]
p/2 Po/2 s/,
k+p1/24p2/2+p3/q3#0 k+p1/2+p2/3+p3/5#0
I 1
| k| | k|
| I— LT

k+p1/2+p2/3+p3/3#0 k+p1/2+p2/3+p3/47#0

Links L € S? with finite Q,,(L) with rational tangles.
Figure 3: Here | k| represents k right-handed half-twists, and rep-
resents a rational tangle. L is a graph if ged(p,q) > 1.

Figure 4: The labeled graphs G(k,m,n) and G(k, m).
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Lemma 5.3. [T1] The arcs on either side of the block of k right-handed half-twists
are labeled as shown in Figure [ (for k even and k odd). Here X = (ba)! and

Y = (ba)X = (ba)'"™'. (If k < 0, there are |k| left-handed half-twists; the same
formulas hold, where (ba)™! = ba = ab.)

bX

bY

Figure 5: Blocks of right-handed half-twists.

So we now have a presentation with six generators, and ten relations (four

relations for the vertices, and six for the generators). The relations for the generators
are (where x is an arbitrary element of the quandle):

2 2 2 m n
¥ =2 =2° =2f =2 =2 =2,
In particular, this means 2% = 2%, 2° = 2, 2° = 2° and 2/ = 2/ for any element x.
The relations for the two right-hand vertices are x%¢% = gdea

=z and 2%% =
2% = 2. For the left hand vertices, we first consider the case when k = 2t is even.
Then, using Lemma [5.3] we have:

X 2 X (ba)t t t
(1> g o= pCaT € — peate _ gca e _ xc(ab) a(ba)‘e

xc(ab)kae-
(2) T = mfch‘ _ xfcb(b‘”t — gfe(ab)toba)t _ xfc(ab)kfla

— mfcﬁ(l;&)k_l — xfca(ba)k_l _ xfc(ab)k_la

Now we consider the case when k = 2t+1 is odd. Again using Lemma[5.3] we have:

(1) T = mcbyé _ cbVe — xcb(ba)t+le _ xc(ab)t+1b(ba)t+le _ xc(ab)kae.

(2) T = xfcaT _ xfca(b‘”t — pfe(ab)ta(ba)t _ fe(ab)*~'a
— $fcti(lini)kfl — mfca(ba)k’1 — xfc(ab)kfla.

for Qn(G) is then:

So, in fact, we get the same relations (in terms of k) in both cases. The presentation
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5.1. Relations in QN (G)

In this section, we will prove some useful relations in the quandle Qn(G). We
keep in mind the following observation: if z*Y = x for every element x in the
quandle, where w is a word in the quandle and y is an element of the quandle, then
(zY)W¥ = 2, so 2¥¥ = 2YY = x. In other words, if we have a relation 2% = x, then
we can cyclically permute the factors of w to get more such relations.

Lemma 5.4. For any element x € Qn(G),

(1) 10 = xdad _ anE —_ xde — er‘

(2) JTb _ xdbd — xdbd _ J?df _ ‘Tfa.
(3) xab _ l.dabE —_ xﬁabd _ :L.ef'

Proof. Since 2%% = z, we immediately have 2% = z%°.

19 = 7, 50 2% = 2°¢. Then z%¢ = gdedd = gde¢ — 32 and x
x®. This gives relation (1). Similarly, using 2% = z gives relation (2).

Then 2% — x(dad)(&b&) _ mdab& and 7% — x(&a&)(dbd) _ xﬁabd. Since x&a _
g(dad)d — gled)d — ge ang gbd = zd(dbd) — pd(df) — z/, we conclude that 2% = z¢/,
completing relation (3). O

By cyclic permutation,
dad — xadea — xea —

Lemma 5.5. For any element x € Qn(G),

(1) plad)™ — ged — pehH)
(2) zed®d = g
(3) 2 = 2% gnd g’ = gud’ foru € {a,b,e, f}, and i,j € Z.

Proof. We begin with the relation ge(ab)fae — o By a cyclic permutation, this
means 2(90)"a¢¢ = 3 50 2(a0)" = y¥ea By Lemmal|5.4(1), 2°°* = g¢(ed) = 44 Go
2(@)" = 224 And since 2% = z¢f by Lemma [5.4)(3), gan)® = x(ef)k, completing
the proof of relation (1).

For relation (2), observe that z°%4 = z¢d(ab)" by part (1), pedab)® = ged(ab)*dd _
geldabd)*d — ze(ab)™d by [emma 3). Finally, ge(ab)'d — geedd — 3 by part (1)

again. Hence z¢%¢?¢ = .

From Lemma m, we know that 29% = 294 and 2% = 744 for u € {a,b,e, f}.
So z#* = z%4’ for any integer j. It remains to show the same relations using ¢
instead of d. To do this, we use the relations zelab)ae — 4 and gfe(ad)"la = 4

ea(ba)® — xfa(ba)k’1 (ab)Fae _ x(ab)kflaf.

These imply that ¢ =z and hence 2¢ = x
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Figure 6: Cayley graph of (), when m =n =3 and k = 4.

So (using Lemma [5.4] as needed):

mcia _ I[ea(ba)k]ia _ x[ea(dba&)k]i’a _ x[ead(ba)ka]i’a _ I[ee(ba)kg]ia

_ z[aa(ba)kﬁ]ia _ xa[a(ba)kaa]i _ xa[a(ba)k'e]i _ xa[(ab)kae]"’ _ xaEi’.

xcib _ x[fa(ba)k’l]ib _ x[bda(ba)k’l]ib _ mb[da(ba)’ﬂb]i _ xb[d(ab)’“]i

_ Ib[dﬁ(ab)kd]i _ mb[(ab)kbf]i _ xb[(ab)k’laf]i _ xbéi.

=1

xcie — m[ea(ba)k]ie _ xe[a(ba)ke]i — xe[(ab)kae]"’ — .

26 — plfa®a)* T F _ o fla(ba) " f1T _  fl(ab) " af]t _ et
This completes the proof of relation (3). O

5.2. The component Q, of Qx(G)

The quandle Q 5 (G) has six components, one for each of the generators a, b, ¢, d, e, f.
We let @Q,, denote the component containing the generator u, for u = a, b, ¢, d, e, f.
We will begin by describing @Q,. We will show that |Q,| = kmn; the Cayley graph
for Q, can be viewed as having k “layers,” each of which contains mn vertices.
Each layer can be embedded as an m x n grid on a torus. The edges labeled ¢ and d
connect vertices within each layer, while the edges labeled a, b, e, f connect vertices
in adjacent layers. Figure [6] shows the case when m =n =3 and k = 4.
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We will denote the elements of Q, by xp 4., Where p,q,r € Z. We let 2¢,0,0 = a,
and define:

qba)'etd” if p=2t
Tp,gr = a(ba)tbch" if p=2t+1

Observe that x, g4m,r = Tp,q,r a0d Tp gr4n = Tp,q,r, SO We may assume 0 < g <
m—1and 0 <r <n—1 (in other words, we interpret these subscripts modulo m
and n, respectively). To show that these are all the vertices in the Cayley graph, we
will show that the action of each of the generators on x, 4, gives another element

Tp' q v -

We first consider the action of d and ¢. Clearly, xg,q,r = gwe'dNd = quetd™
Ty gr+1 (Where w = (ba)! or (ba)'b). Also, since z9¢ = z°? for any z (by Lemma
2)), x5 ,p = q(we?de — quetThdT _ Tp g1, Similarly, xg’q’,a = Zpgqr—1 and

x}é,q,r = xl%q—la?“'
Since a, b, e, f all have order 2, the action of each generator and its inverse are
the same. However, the action does depend on whether p is odd or even.
a a(b“);chr“, if p=2t
albaybe’dia i p = 2t 4 1
(ba)tac9d” if p =2t
a ) up=
Qb0 baE T g o (by Lemma [5.5(3))

a(ba)‘:lbc:qd:", if p=2t
qba)™ eI iy =9t 41

Tp—1,—q,—r if p=2t
Tpt1,—q—r, Hp=2t+1

{
{
{
b { @' de f = o
{
{
{

a(ba) et d™b i gy — ot 41
(ba)tbc9d" ifp= 9
_Ja iy if p=
IR P R AT S A (by Lemma [5.5(3))
_ JalterventdT i p =
= a[(ba)fc—qd—r7 lfp: 9 1 1
_ JTp+1,—q,—r> if p=2t
Tp—1,—q—r, Hp=2t+1
e _ad _ JTp1gq-ry1,  ifp=2t
P,q,T P,q,T Tpt1,—q—rt1s ifp=2t+1

of —gpbd ) Tpl—g ot ifp=2¢
Tp—1,—q,—r+1; ifp=2t+1



328 V. B. Peral and B. Mellor

We’ve observed that we may assume 0 < g <m—1and 0 <r <n—1. The
following lemma shows that we may assume 0 < p <k — 1.

Lemma 5.6. For any integers q and r,
(1) T-1,4,r = To,q,r»
(2) if k is even, then Xy qr = Th—1g+1.r+1, aNd

(8) if k is odd, then Ty 4, = Tk—1,9—1,r—1-
Proof. To prove (1), observe that

q(ba)"toctd” _ jabbetd” _ o ctd”

T—1,q,r = L2(=1)+1,q,r = = Zo,q,r

If k = 2t is even, then (using Lemma [5.5(1)):

Thgr = a(ba)tc“dr _ a(ba)t[(ab)’“dc]cw‘ _ a(ab)tc‘”ld’"*l

= a(ba)tilbcﬁldrﬂ = Tk—1,g+1,r+1-
Similarly, if &k = 2¢ + 1 is odd, then:

Thgr = a(ba)‘ba‘ld" _ a(ba)tb[(ba)kzﬁ]cqcf _ a(ab)tacqfld“l

ba thfld'r‘fl
= Cl( ) = Tk—1,q—1,r—1-

O

Since the actions of the generators a, b, e, f only increment p by +1, starting
from a = x,0,0, we can’t get values of p less than 0 or greater than k — 1. So we
may assume 0 <p <k — 1.

Since0<p<k—1,0<¢g<m-—1and 0 <r <n—1, we have kmn vertices
Zp,q,r Now we need to check that the quandle relations are satisfied at every vertex
with no further collapsing. It is easy to check from the actions described above
that:

a? b o dn e? 2

=X =X =Xx.

Tp,qr = Tpgr = Tpar = Tpgr = Tpgr = Tpgr =

Now we will check the next two relations in Qn(G):

a 3 —
dea 6% _ mp—l,—q,—r’ if p= 2t
P,gsT T Upygsr+l T

- 20y g ifp=2t+1

_ {x<p—1>+1,—(—q>,—<—r>v ifp=2t
T(p+1)-1,—(-q),—(-n);  Hfp=2t+1

= Tp,q,r
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mfﬁ;m _ {xz’;l,q’r, . ifpi: 2t
Ty g gy p=2t+1
_ {$£+1,q,r+1v if p=2t
@y g, ifp=2041
_ {x(p+1)1,(q),(r+1)+17 ifp=2t
T(p—1)4+1,—(—q),—(—r+1)+1, Ep=2t+1
=z

For the final two relations, it will be convenient to consider the cases when p and &
are even or odd separately. We also observe that

xab _ Tp—2.q,r) if p= 2t
r Tpt2,qr, Hp=2t+1

gba  — ] T+, ifp=2t
P T \2p_ggr, fp=2t+1

We first consider the case when p = 2t and k = 2s, with 0 < p < k — 1. Then by
tracing the action of the generators we compute:

xc(ab)kae _ $(ab)kae

psq,T T Upatlr
_(ab)ta(ba)*b(ab)* "' lae
T Upgtlr
a(ba)®b(ab)* "t lae _ (ba)*b(ab)* "t Lae
— Y0,q+1,r =Ty _g—1,—r
__(ba)"b(ab)* "t tae
L O (by Lemma 1))
_ b(ab)*"*"lae _ b(ab)*"tlae
o $k7—q—1,—7' - xk—l,—q,—r-{-l (by Lemma 2))
_ (ab)*""lrae _ qe __ .ae
- xk—?,q,r—l - x(k72)72(57t71),q,7‘71 =Tpqr—1

— e —
=Tp_1,—q,—r+1 — Tp,q,r
and
fe(ab)i=ta _ _c(ab)"la  _ (ab)fTla
Tp,q,r = Tpit,—q,—r+1 = Tptl,—q+1,—r+1

ab)* "t~ La(ba)*b(ab)t~ta

_

= Tptl,—q+1,—r+1

_a(ba)*b(ab)t"ta __a(ba)®b(ab)t"a
= T+ 1)+ (k—p=2),—g+1,—r+1 — Th—1,—q+1,—r+1

_ x(ba)sb(ab)t_la _ x(ba)sb(ab)t_la (by Lemma 2))

k,g—1,r—1 k—1,q,7
b bt—l b bt—l
=21, =age) by Lemma[p.6(1))

_ (ab)la _ q _ a
=T1,-q—r = T1t(p-2),—q,—r — Tp-1,—q,—r

= Tp,q,r-
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The proofs for the other combinations of the parities of p and k are similar. So there
is no further collapsing, and the elements of ), are exactly the elements z, ; , for
0<p<k-1,0<¢g<m-1land 0<r<n-—1. S0 |Q.| = kmn.

5.3. The Component Q, of Qn(G)

Now we will describe the Cayley graph for the component Qg of Qn(G), and
prove that it has 2km elements. Figure [7] shows the Cayley graph for Q4 in the
case when m = n = 3 and k = 4. In general, the Cayley graph of Q4 consists of 2k
m-cycles arranged in a loop. The m-cycles are made up of edges labeled ¢, while
adjoining cycles in the loop are connected by edges labeled a,b,e, f. The edges
labeled d are small loops at each vertex of the Cayley graph.

Figure 7: Cayley graph of Q4 when m =3, n =3 and k = 4.

We will denote the elements of Q4 by yp 4, where yo,0 = d and (for p,q € Z)

| dtab)e if p=2t
Yp,g = d(ab)tacq’ if p= 2 + 1

Since Yp.g+m = Yp,q, we may assume 0 < ¢ < m —1. Now we need to determine the
action of each generator on y, ,. The action of c is easy to see, moving around the
m-cycle:

¢ _ qwclc _ qwedtt
Yp,q = d =d = Yp,g+1-
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The action of d takes every element of Q4 back to itself, giving the loops in Figure[7}

g Jdenietd i p = o
Ypa = gav)‘actdp = 9p 41
dlab)de? if p =2t
- {d(ab)tadcq’ ifp=2t+1 (by Lemma (2))
ddlab)’e? if p=2t
=< =, 4 by Lemma 5.4
{dd(ab) acq7 1fp=2t—|—1 ( Y mm
_ dtabrter, ifp=2t
T d@ect - ifp =2t 41
= Yp,q-

The actions of a, b, e, f move between the m-cycles:

N I COICE if p =2t
Yra =\ glewacta i — 9441
dleb) e if p = 2t
= - by L 5.5(3
{d(ab) aatc ifpz 2% +1 ( y emma ))
_ Jdtab)aet if p=2t
T d@nT ifp=2t+1
_ JUpt1,—g ip=2t
Yp—1,—q, ifp=2t+1
b ) daee, if p =2t
Ypa =\ gav)'acs i p =9t 41
dab)‘ee? if p=2t
= {d(ab)tabcq7 po 2l (by Lemma [5.5(3))
CJaten) ety — 9t
T e et =2t + 1
_ Y10 ifp=2t
Yp+1,—q, Hp=2+1

To determine the action of e and f, we use the relations z%® = z and z*¥ = z.
Since yg’q = Yp,q, wWe find that e and f have the same actions as a and b.

e _ ~ad _ _a
Yp,a = Yp,a = Yp,q
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fo_ . bd _ b
Yp.a = Ypa = Yp,q

To put bounds on p, observe that

b — y%“’*q’ ifp=2t
pa Yp—1,—g> ifp=2t+1
— Yp+2,9> lfp =2t

Yp—2,q,» Hp=2t+1

In particular, this means that

ylab)* L Ypi2kas ifp=2t
P.q Yp—2k,q, HD=2t+1

% . _
But, by Lemma 1), y,(g?f) = y;,‘f] = yff)tk1 = Yp.q—1. Therefore,

Yp,g—1s if p=2t

yp+2k7q = {yp’q4>17 lfp — 2t —|— ]_

Hence, we may assume that 0 < p < 2k — 1.
It is straightforward to check that all the relations now hold at every vertex of
Q4, so the Cayley graph is complete, and |Q4| = 2km.

5.4. The Components @, Q., Q. and Qs of Qn(G)

The components @y, Q. and Qy, like @4, have kmn elements, while ). has
2kn elements. The result for @y, Q. and @y can be proved by arguments similar
to those in Section [5.2} however, here we will give a more topological argument.
Consider the isotopy shown in Figure |8) where we perform a flype on the bottom
portion of G(k,m,n). Since the two new crossings have opposite signs, the number
of positive half-twists is still k. So this isotopy induces an automorphism of @ n(G)
that interchanges a and b, interchanges e and f, and fixes ¢ and d, but in the Cayley
graph reverses the orientation of the edges labeled ¢ and d. Hence the Cayley graphs
for @, and @)y are isomorphic, as are the Cayley graphs for Q. and Q.

Cooy— )
Y

mjc dln m

[a)
Q

Figure 8: Performing a flype on G(k, m,n).
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We also consider the isotopy shown in Figure [0] Here we first slide the edge
labeled ¢ through the block of & half-twists (if & is even, the orientation is the same
afterwards; if k is odd it is reversed), and then rotate the graph 180° around a verti-
cal axis. The induced automorphism on @y (G) interchanges a and e, interchanges
band f, and fixes ¢ and d (though it may reverse the orientation of the edges labeled
¢ in the Cayley graph). So the Cayley graphs for ), and Q. are isomorphic, as are
the Cayley graphs for (), and Q.

k k k
ALY I
€ e
. — 5 a a /
c din nid c c din f
f
f b b

Figure 9: Performing a flype on G(k, m,n).

We conclude that @Q,, Qp, Q. and @ all have isomorphic Cayley graphs, and
hence all have kmn elements. The Cayley graph for ). can be computed similarly
to that for Q4 (as is clear, in particular, from the middle diagram in Figure E[), SO
|Qc| = 2kn.

Combining all of these results gives us |Qn(G)| = 4kmn + 2km + 2kn, proving
Theorem As a corollary, we consider the quandle Q2.2 .,)(G(k,m)). In this
case, by Lemmas[2.3|and[2.4] we let n = 1, and delete the components corresponding
to the generators d, e, f. This gives us |Q(2,2,m)(G(k,m))| = 2km + 2k, proving
Corollary

6. Open Questions

There are many open questions that can be investigated further. In Section [2.3
we investigated how a few very simple graph operations affected the N-quandle; it
is natural to ask how other graph operations affect the fundamental quandle.

Question. How do graph operations such as edge deletion, edge contraction, etc.,
affect the N-quandle of the graph? How are the N-quandles of a minor of a spatial
graph related to the N-quandle of the larger graph?

In this paper, we only considered one direction of the Main Conjecture, showing
that the spatial graphs appearing in Dunbar’s classification of orbifolds have finite
N-quandles. There is still much work to be done here, beginning with the potential
counterexample.
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Question. Is Q(33,2,2.2,2)(knotted Ky) finite?

We can also investigate the families of links and graphs in Figure ] This will
require dealing with the general rational tangles, as was done in [4] and [II], but
with the added complexity of a strut inserted into the tangle.

Question. Do the families of graphs in Figure [3|all have finite N-quandles?
And, of course, this still leaves open the other direction of the Main Conjecture:

Question. Are there other graphs which have finite N-quandles, which do not
satisfy the criterion of the Main Conjecture?

This seems like a much harder problem, since the proof for n-quandles of links
in [5] relies on constructions such as branched covering spaces that do not easily
extend to graphs.
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