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GENERALIZED SMARANDACHE CURVES WITH
FRENET-TYPE FRAME

ZEHRA ISBILIR* AND MURAT TOSUN

Abstract. In thisstudy, we investigate Smarandache curves with Frenet-
type frame in Myller configuration for Euclidean 3-space E3. Also, we
introduce some characterizations and invariants of them. Then, we con-
struct a numerical example with respect to these special Smarandache
curves in order to understand the obtained materials.

1. Introduction

The theory of curves has quite an importance and applications in several
work-frames such as; mathematics, architecture, engineering, etc., and also at-
tracts a lot of researchers. It is one of the most important concepts of classical
differential geometry in mathematics, as well. Additionally, one of the most
popular examples of the special curves is Smarandache curves, which are de-
termined as the regular curve constructed by these vectors, when the Frenet
vectors of the unit speed regular curve are taken as position vectors [2,29].

On the other hand, the Frenet-Serret frame, which was founded by two
researchers Frenet [8] and Serret [18], was a milestone for classical differen-
tial geometry. Then, several researchers investigated some new types of mov-
ing frames like Darboux frame [6]. In [16], the concepts of the geometry of
Myller configurations 9M(C, €, 7) and tangent Myller configuration 9t (C, €, )
are examined. As a generalization, a versor field (namely a unit vector field)
and a plane field are denoted by (C,€) and (C,7), respectively. A couple
{(C,€),(C,m)} where £ € 7 is called a Myller configuration and denoted by
M(C, &, m). If the planes 7 are tangent to C, it is called a tangent Myller con-
figuration M, (C, €, w) [13,15,16]. Additionally, if C is a curve on the surface S,
the geometry of the field (C, ) on surface S is the geometry of the associated
Myller configurations 9, (C, &, 7). Moreover, the Darboux frame is investigated
for a Myller configuration M(C, &, ). Miron studied the Myller configuration
in some studies [16,17]. We want to refer to the book [16] detailed terminology
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concerning the concept of Myller configuration.

In the existing literature, Myller configuration is examined in several studies.
Macsim et al. scrutinized the special curves in a Myller configuration and also
their properties [14]. Moreover, rectifying curves [13], Bertrand curves [15] in
Myller configuration, and also Myller configuration for 4-dimensional Lorentz
spaces [9] were determined. Additionally, i§bilir and Tosun introduced the
osculating-type curves in Myller configuration in Euclidean 3-space Ej3 [11],
rectifying-type curves in Myller configuration for Euclidean 4-space Ej4 in [10].

When the literature is examined, several researchers combined the Smaran-
dache curves and different types special frames and special curves. Ali intro-
duced the Smarandache curves with Frenet frame [1] and Tagképrii and Tosun
investigated the Smarandache curves related to Sabban frame [28]. Further-
more, Alig and Yilmaz studied the Smarandache curves with NCW-frame [2].
Cetin et al. investigated the Smarandache curves with respect to Bishop
frame [5]. Then, Yilmaz and Saver introduced Smarandache curves for type-2
Bishop frame [30]. Bektag and Yiice determined the Smarandache curves with
the Darboux frame in Euclidean 3-space [4]. Additionally, in [21], an applica-
tion for Smarandache curves according to Frenet frame was given by Senyurt
and Sivas. Senyurt and Oztiirk studied the Salkowski and anti-Salkowski curves
concerning the Smarandache curves with Frenet frame in [19,20], respectively.
Then, Senyurt et al. studied the Smarandache curves with Flc frame [26].
Also, some studies had been completed in Minkowski space such as; Bayrak et
al. [3] studied the Smarandache curves according to Frenet frame in Minkowski
space, and Turgut and Yilmaz introduced the Smarandache curves with Frenet
frame in Minkowski 4-space in [29]. Senyurt and Eren gave the Smarandache
curves of spacelike Salkowski curves with a spacelike principal normal related
to Frenet frame [22] and Smarandache curves of spacelike anti-Salkowski curves
with a timelike principal normal related to the Frenet frame [23]. Also, Senyurt
and FEren introduced Smarandache curves established from the spacelike anti-
Salkowski curve with a spacelike principal normal according to Frenet frame [24]
and Smarandache curves established from spacelike Salkowski curves with time-
like principal normal according to the Frenet frame [25]. In addition to these,
Karaman [12] and Demircan [7] studied the Smarandache curves in their master
thesis.

In this paper, we investigate the Smarandache curves with Frenet-type frame
in Myller configuration for Euclidean 3-space E3. Due to the geometry of ver-
sor fields along a curve with Frenet-type frame in Myller configuration for
Euclidean 3-space Ej3 is a generalization of the theory of curves in classical
Euclidean 3-space’, we construct a generalization for Smarandache curves. Af-
ter giving these special and generalized Smarandache curves, we obtain some
characterizations and invariants of them. We also give relations between the

1See for generalization [9,16].
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Smarandache curves with Frenet-type frame in Myller configuration for Eu-
clidean 3-space and Frenet frame in Euclidean 3-space. Moreover, we con-
struct a numerical example with respect to these special Smarandache curves
to understand the obtained materials.

2. Frenet-Type Frame in Myller Configuration

In this section, we remind some backgrounds with respect to the Frenet-type
frame in Myller configuration for 3-dimensional Euclidean space.
Let (C,&) be a versor field and let 7(s) be a position vector of the curve C,

where s is the arc-length on the curve C. For Frenet-type frame
Rr ={P,§,&5, &3} of versor field, then we can write:
(1) 7'(s) = a1(s)€1(s) + az(s)&2(s) + as(s)€5(s),

where a(s) + a3(s) + a3(s) =
€1(5) = K1 ()8 (s),

(2) E0(s) = —K1(5)€,(5) + Ka(s)E5(s),

€5(s) = —Ka(s)E(s),

where K7 > 0. Kj-curvature and Ks-torsion have the same geometrical inter-
pretation as the curvature and torsion of a curve in E3. It should be noted that
if ai(s) = 1, az(s) = 0, and az(s) = 0, then we get the Frenet equations of a
regular curve in 3-dimensional Euclidean space E3 [8,16,18]. The fundamental
theorem of invariants for versor field (C,€) is expressed as follows [16]:

= 1. Also, the following equations are satisfied:

Theorem 2.1 ( [16]). If the invariants K1(s), K2(s), a1(s), az(s), as(s), with
a3(s) + a3(s) + a3(s) = 1 are smooth functions for s € [a,b], then there exist
a curve C : [a,b] — E3 parametrized by arc-length s and a versor field £(s),

€ la,b], whose curvature, torsion and the functions a;(s) are Ki(s), Ka(s)
and a;(s),i = 1,2,3, respectively. Any two such versor fields (C,€) differ by a
proper Euclidean motion.

3. Smarandache Curves in Myller Configuration

In this section, we determine the Smarandache curves, which can be called
also generalized Smarandache curves, with Frenet-type frame in Myller con-
figuration for Euclidean 3-space E3. We also give the invariants of them and
present relations between the Frenet-type frame in Myller configuration Eu-
clidean 3-space and the Frenet frame in Euclidean 3-space. Then, we give a
numerical example with respect to the Smarandache curves with Frenet-type
frame in Myller configuration for Euclidean 3-space E3.



184 Zehra i§bilir and Murat Tosun

It should be noted that we use the following notation 7(s) = T,
(s =7 Gi(s) = &, & (%) = &, Kis) = K, K7 (s%) = K7, ai(s) = a; and
al(s*) = a} for i =1,2,3, for the sake of brevity.

3.1. Generalized ¢,{,-Smarandache curves

Definition 3.1. Let 7 : I — Ej3 for the arc-length parameter s € I be a
regular curve with the Frenet-type frame Rp = {£,,&,,&5, K1, Ko} in Myller
configuration for Euclidean 3-space Fs. The curve 7] : J — Ejs for the arc-
length parameter s* € J is determined as follows:

1 - -
3 = —=(& + &),
(3) 1 V2 (51 52)
which is called &,&,-Smarandache curve.

Now, let us introduce the invariants of the &,&,-Smarandache curves with
the Frenet-type frame in Myller configuration for E3 related to the curve 7. By
taking the derivative of the equation (3) with respect to the parameter s, then
we get:

,dridst 1 o
() () = gy = 75 (G +8)
and
—% —% —x d * ]. — — —
6 (68 Gt ah) Go= 5 (R G+ K

where

ds* B 2K? + K3
ds 2

By using the equations (4) and (5), we have:
— K1&; + K& + Kaéy

V2K? + K3

—x —x —x
ai&y + a3y +azés =

and then
o — Ki& + K&y + Ko&sg £,
1 /72},{12 i K22 181
o — Ki&§ + K&, + Ko&y £
2 /72},{12 i K22 182
o — — K1&§) + K1& + Ka&s ).
’ Nerers B
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We get the first versor field EI of the &,&,-Smarandache curve as follows:

= — K&+ K&+ Koy aj ab
(6) & = . 5 5 -6 — &
ai/2K7 + K3 ay ay

where a} # 0. Differentiating the equation (6) with respect to the parameter
s, we have:

g, d ds*

ds ds* ds
e ds®
s
p€y +nés + pés B (dzaf - d;“%) ds™ s
(@) K3+ K3)*? (ap)> ) ds™

*
_ %

*

1

arK*
+< 3742

E3
a

S

d*_(

ds

k% k%
alal —ajaj

(a})?

dS*f*

(~K7E + K38) &

)

)

dS*f*
ds >’

where

h—ai (K} — K?) (2K + K3)

*

n=ai (—Ki + K{ - K3) (2K} + K3)

p=a} (K1K> + K}) (2K + K3)

"k
ap

ds

*

" ds
s

ds*

ds

"k
ap

S
(2K7 + K3) + af (2K 1 K| + KoK |

(2K7 + K3) + a} (2K 1 K| + KoK |

(2K} + K3) + af K1 K| + K> K))
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Note that, af = 20, oo = 992 g oo = 95y btain th
ote . at, al = ds*’ Cl2 = ds*, an a3 = ds* ererore, we obtaln e
following:
e dg*
51 :d i
S

_ V2 (i iy +0G) | ((askKi = ajai — aja3 — aja; K3 z
(a1)” (2K7 + K3)° ai )7 (a7)” ’

k% k% k% Tk

azal —ajas +ajas K3\ —«

_ 5 £s-
(a7)

Then, we get the Kj-curvature of the &;&,-Smarandache curve:

o | & 0
L7l ds* || ()2 2 22’
§ (a})” (2K7 + K3)
where
(aia3 K7)?

Y= (202 + 0+ %) + | + (a3a} — atay — ajasKy)” | (2K7 + K3)"-

. . 2
+ (a3a} — ajas + aja3 K5)
The versor field E; of the &, &,-Smarandache curve is expressed as follows:

aja3 K€
V2 (u€y + 1€y + pEs) + | — (abat — ajas — alask3) & | (2K7F + K3)?
g _ — (aa} — ajal + aja3K3) &
‘

G
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The versor field E; = Ei X ZZ of the &,&,-Smarandache curve is written with
the help of the vector product as follows:

£ _\/E ((K1ip— Kon) &, + (K1p+ Kop) Eg — Ky (+1) &)

. bat /2K + K2

as . .
=2 (a3a] — aja} + aja3K3)
2 1 =*
(2K% + K3) &
- 5 af; ‘% ok * % * *K*
P - aT(azal — a1Qp — 103 2)

1
%k Tk EF *\2 P
—a3a3 K78, + (a3)” K&y
— K& 4+ K&y + Koy
ai\/2K? + K2
chW%ﬁVW@@—@@—@@@)

U\ — (d3*a} — ata} + alasK3) &

£2> (2K? + K3)°

o an ! L
n _(_252 - Zi{‘&)) X3 (\/5 (u€y +nés + Pf3))] ’

and also the Kj-torsion of the &;&,-Smarandache curve can be calculated as

K3(s*) = —=-

Special Case 3.2. Because of the fact that the geometry of versor fields
along a curve with Myller configuration in Euclidean 3-space E3 is a general-
ization of the usual theory of curves in E3, we can get the following special
case:

o If we take a; = a} = 1,a2 = a5 = a3 = a3 = 0 in the written equations
in this subsection for £,&,-Smarandache curves with Frenet-type frame
in Myller configuration for Es, then we get the T'N-Smarandache curves
with Frenet frame in E5 (see [1,7,12]).

3.2. Generalized ¢,{;-Smarandache curves

Definition 3.3. Let ¥ : I — Ej3 for the arc-length parameter s € I be
a regular curve with Frenet-type frame Rp = {&;,&,,&5, K1, Ko} in Myller
configuration for Euclidean 3-space E3. The curve 75 : J — Ej3 for the arc-
length parameter s* € J is determined as follows:

1 -
(7) Ty = \ﬁ(gl +&3),

which is called &,&5-Smarandache curve.
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Let us give the invariants of the Frenet-type frame in Myller configuration
for £,&;-Smarandache curves related to the curve 7. Differentiating the equa-
tion (7) with respect to the parameter s, we have:

dry ds* 1/ o
(®) () = gy = o5 (1 6)
and
0 (05 + 38 + 0383) o = - (K0, — Kolo)
ds 2
where

K1 K2 \/ Kl KQ | Kl K2 |
ds 2 V2
d (

With the help of the equations (8) an , we get:

eTF aTE e (K1 - Kz)f (K1 — K>3) &
ajéy +axéy +azds = 2= =

(Ky - )2 | K= Kz
and also

ot = < (K4 —K2)€27£>1k> _ < (K4 —K2)§27£,1ﬂ> 7
(K1 — Ka)? | Ky = Kz

o = < (K1 —K2)§27£;> _ < (K1 —K2)€27§;> 7
(K1 — Ka)? | Ky = Kz

o = < (K4 —K2)§27£§> _ < (K1 —K2)€27£;> 7
(K — I2)° | Ky = Kz

where K7 # Ks. We can write the versor field Ei of the &,&;-Smarandache
curve as:

—x K — Kj)& X
(10) 51 = w— %5 53’
(Kl —K2)2 aj

where af # 0. Taking differentiation of the equation (10) according to the
parameter s, we obtain:
g, dg, ds*
ds ds* ds
—xds”
=61

(aj

€y +1és + pEs <a'§a]k — d’{a§> ds*_«
Ty )
(a})? (K1 — Ka)* /(K1 — K) ) 5
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as ( . *4*> ds*  [ajaf —aja}) ds*—
-2 (-K K3&) — — | 22 —
@i 161 + K583 ds ( (a1)? ) ds €3

a;K; ds*—*
+< aj ) dng7

p=—a'K (K —Ky)?*:
n=aj (K| — K}) (K, — K»)?

where

. ds*
— (K — K2)2 (a{dS(Kl — Ks) +al (K] — Ké)) )

p=a;Ks (Ki — K)* -

Hence, we can write the followings after some calculations:

_ V2 (& 4G+ p8s) (@K g* asaj — ajaj — aja3 K3 z
= ¥ 1 . 2
(a7) (K — K)* ax (a})?
asal —atal + alas Ky -
_ 53 .

2
(a7)
Also, we have the Kj-curvature of the &;&;-Smarandache curve as follows:
df*
Ki = Sl _ id o
ds*||  (a})? (K1 — Ka)

where

* ok To%\2
(aja3K7)
. . 2
b= |2 +0"+ %) + | + (a3a] — aja; —ajazK3)" | (K1 — Ka2)®-
. ) 2
+ (aja} — ajaj + aja3 K3)

Additionally, the versor field E; of the &,&;-Smarandache curve is given as:

V2 (Mg1 +n&y + Pg3)
aja3 K€,
+ | = (a3} — aja} — aja3K3) &, | (K1 — Ka)"*
) — (a3a} — aja} + aja3K3) &

G
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The versor field E; = EI X ES of the &;&;-Smarandache curve is presented as:
£ V2(Ky = Ka) (p€y — p€3)
3=
vV = Ky

I ab . . ]
(;) (ag‘ai‘ —aja; + a’{aZK;)
1 —*
(K — Ky)" ’ &
T CL3 ‘% ok * % * ok Tk
» — E(azal —aja; —a1a3K2)
| — asa3 K& + (a5)? K&, i
(K1 — K») &,

ai\/ (K1 — Kj)?
(K1 — K2)4 <QTQSKT§1 - (d;d{ - dTGS - a’{a§K§)§2>

X . . _
¥ — (a%aj — aja} + aja3K3) &

T w e\ 1 -
+ <_Z§§2 . Z‘?{g})) X — (\/5 (€ +néy + Pﬁs))} ’

G
and also the Kj3-torsion of the £,€5-Smarandache curve can be calculated as
K5 = —ﬁ—i-
3

Special Case 3.4. Due to the geometry of versor fields along a curve with
Myller configuration in FEuclidean 3-space E3 is a generalization of the usual
theory of curves in E3, we can write the following special case:

o Ifwetakea; = a] =1,a2 = a5 = az = a3 = 0 in the written equations in
this subsection for &;&;-Smarandache curves with Frenet-type frame in
Myller configuration for Es, then we have the T B-Smarandache curves
with Frenet frame in E5 (see [1,7,12]).

3.3. Generalized ¢,{,¢;-Smarandache curves

Definition 3.5. Let 7 : I — FEj3 for the arc-length parameter s € I be a
regular curve with the Frenet-type frame Rp = {&,,&,,&5, K1, Ko} in Myller
configuration for Euclidean 3-space E3. The curve 75 : J — Ej for the arc-
length parameter s* € J is determined as follows:

1 - -
T3 = 7(51 + & +53) ’

(1) 7

which is called &,£,€,-Smarandache curve.

Let us examine the invariants of the Frenet-type frame in Myller configura-

tion for £,&,&5-Smarandache curves according to the curve 7. Differentiating



Generalized Smarandache curves with Frenet-type frame 191

the equation (11) related to the parameter s, we get:
drs ds* 1 — — —
12 ) = 232 —( )
(12) (73) ds* ds 3 &1+ 82+ &3
and

*

—% —x — dS 1 — — —
(13)  (afE +ass + i) = 2 (CKE o+ (K - Ko) & 4 Kofa)

where

ds 3

By means of the equations (12) and (13), we can obtain:

ds* \/Kf + (K1 — K2)® + K2

— K& + (K1 — K2) & +K2337

ai&] +a38; + a3ls = -
VE? + (K, - Ko)? + K3

and we have

ot = < — K\& + (K — K») &, +K2§3’ﬂls> ’
VE? + () - o) + K3

o = < — K&y + (K1 — K3) & + K2§3’§;> ’
\/K12+(K1 — K2)’ + K3

o = < — K16 + (K1 — K2) & + K2§3’§;> )
\/K12+(K1 — K2)® + K3

In that case, we get the versor field ak of the &;£,€;-Smarandache curve as
follows:

. — K€ K| — Ky & Ko& % s
(14) £ 1€ + (K 2)&a + 2537%27g53’

a’{\/K%+(K1—K2)2+K22 a1 a1

where a} # 0. By taking the derivative of the equation (14) according to the
parameter s, we get:

¢, dg ds*

ds  ds* ds
S ds*
lds
N €y + 1o + pEy (a;a’{ - a;a;) ds*?
o 3/2 2 =82
(a1)? (Kf + (K — K)? + K22> (a?) ds
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* * k% k% *
as ( —x —x\ ds ajal —ajas\ ds*—«
~ 2 (KY€ + K ) Sl e St
a{ 1 El 253 ds 3

(a)” ) ds
a3 K3\ ds*_.
* ( aj ) ds b2

p=ai (K} + K (Ko — K2)) (K3 + (Ky - K2) + K3)

where

*

*dS 2 2 2
x| (KP4 U6 - K+ K3)

+aj (K1 K| + (K — K») (K] — K3) + K2 K3)
n=ai (—K3+ K| — K3 — K3) (K + (K) — K)* + K3)

. ds*
*7

2 . 2 2
— (K1 — K3) | " ds <K1 + (0 — k) +K2>
+a] (K 1K + (K1 — K») (K] — K3) + K2 K3)
p=ai (K} + Ka (K — Ka)) (K + (Ky — K2)® + K3)

ds*

15 (K12 + (K1 — K2)2 + K22)
+ai (K1 K] + (K1 — K») (K| — Kj) + K2 K3)

.*
a
— K, 1

After that, we have the following:

s dE
& ds*

VB 6y +08) (a;Kf) - ( — ajaj — afang:) z
2 2 2
(a1)” (K7 + (K1 - K2) + K3) (1)
(dga’{ —atal + a{a§K§> —
— ° &,
(a})

Then, we get the K;-curvature of the £;&,€5-Smarandache curve as follows:

d€,
ds*

_ Y

= 5

K} =
(af)2 (Kf + (K — K2)2 + K%)
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where

32+ + p?)
(aja3 K7)?

|+ (agai - ata3 - ajagas)’ | (K7 4+ (K- Ka)* +K3)
+ (aéaf —ajal + a’fa;Kg‘)Q

The versor field g; of the &, &,&;-Smarandache curve is given as:

V3 (1€, +néy + pC3)
aja3Ki&
| = (@301 - dias — ajay i) & | (K24 (61— Ko 4 K3
* — (a3a} — ata} + alas K3) &

52: v

In addition to these, the versor field E; = Ei X E; is obtained as:
e VB ((—Kan+ (K1 — K2) p) & + (K1p + Kop) & — (K1 — Ka) pu+ K1) €3)
3=
qpa’{\/Kf + (K, — Ky)” + K2

0/3 ok x % kK pok
) 2| [ o (a3a] — ajas + aja3 ;) B
(K%+(K1—K2) +K22) 1 . £
+ as ‘x k * ok * ok Tk
(0 - E(azal ) —a1a3K2)
1
—a3a3KiE, + (a3)" K1
— Ki&) + (K1 — K2) & + Ka&y
a \/Kf + (K — Ky)? + K2
* X aja3 K7€) — (asaf ,
x| —aie - elaiKD) G (K3 + (K - ) + K3)
I — (a3a} — ajal + ajazK3) & ]
([ ar. ai. 1 — _ _
(28 - 26 ) x - (VB (uEy + 0o+ 0Es) ) | -
1\ % ay (4
Then, the Kj3-torsion can be given as Kj(s*) = fg—“:’, as well.
2

Special Case 3.6. Since the geometry of versor fields along a curve with
Myller configuration in Euclidean 3-space E3 is a generalization of the usual
theory of curves in E3, we have the following special case:
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o Ifwetakea; = a] =1,a2 = a5 = az = a3 = 0 in the written equations in
this subsection for £,£4,€5-Smarandache curves with Frenet-type frame in
Myller configuration for Es3, then we have the T'N B-Smarandache curves

with Frenet frame in Es5 (see [1,7,12]).

Now, let us obtain an illustrative numerical example with respect to the
generalized Smarandache curves in Myller configuration. Thanks to the study
[27], we construct our example as follows:

Example 3.7. Let us consider the following versor fields and invariants as:

&(s) = (180 sinscoss,f()sins) ;

SN~—
I

_ 8 6 Ki(s
Ey(s) = (—mcoss,sins,locoss> > and {K;Es

- 6 8
53(5) = (_10’07_10> ’

and let us choose a1(s) = sin s, as(s) = cos s, az(s) = 0, we have:

(15) 7(s) = (-%,1, fg)

~—~
Il
[

and
ar _ <_8 0 6)
ds 1077710
. . 6 . 8 .
=sins (—10 e T s) + cos s (—10 cos s, 8in s, 75 €os s)
=a:1&; + agly -

Let us write the following Smarandache curves as follows:
o ¢,&,-Smarandache curve:

Ly - -
71:E(§1+§2)

= (=3 sins + coss) +sins, < (sins + cos )
= \/é 10 Sin s CObS, COS s blnS, 10 sSin s COS s

° glgg-Smarandache curve:

. - =
Tzzﬁ(&‘*‘fs)

1 -8 . 6 ‘ 6 . +8
=4\ 10 sin s 10coss, COSS,lObIDS 0l
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o &,&,65-Smarandache curve:

. - - =
7’3:%(514'524‘53)

1 (-8 6 ) 6(. N ) 8
=7 To(smercoss)fﬁ,fcossqums,10 sin s + cos s) — 75

In the following Figure 1, we can examine the special Smarandache curves with
Frenet-type frame in Myller configuration for Euclidean space Ej:

1

0.5

(c) 73 (D) 73

FiIGURE 1. The Curve 7 and Some Special Smarandache
Curves of 7
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It should be noted that Figure 1 is drawn by Wolfram Mathematica (Wol-
fram Cloud).

4. Conclusions

In this study, we introduced one of the most important and special curves;
namely the Smarandache curves with Frenet-type frame in Myller configuration
for F5. We gave also some relations between the Smarandache curves with
Frenet-type frame in Myller configuration for F5 and Smarandache curves with
Frenet frame in E3. Then, we determined the invariants and some special
cases. Additionally, we give an example with respect to them to support given
materials.
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