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ABSTRACT

The purpose of this study was to reveal the discursive constructs of Al-based mathematical objects by analyzing
how concrete objects used in the optimization content of Al mathematics textbooks are transformed into discursive
objects through naming and discursive operation. For this purpose, we extracted concrete objects used in the
optimization contents of five high school Al mathematics textbooks and developed a framework for analyzing
the discursive constructs and discursive operations of Al-based mathematical objects that can analyze discursive
objects. The results of the study showed that there are a total of 15 concrete objects used in the loss function and
gradient descent sections of the optimization content, and one concrete object that emerges as an abstract d-object
through naming and discursive operation. The findings of this study are not only significant in that they flesh
out the discursive construction of Al-based mathematical objects in terms of the written curriculum and provide
practical suggestions for students to develop Al-based mathematical discourse in an exploratory way, but also
provide implications for the development of effective discursive construction processes and curricula for Al-based
mathematical objects.

Keywords Al mathematics, Al-based mathematical object, Discursive construct, Discursive operation, Optimization,
Loss function, Gradient descent
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ot W= #H FLXMHE QZK|s A A S -_rl-f‘;e 23S0 Q7SI CHMinistry of Science and ICT, 2019). 0]0]
WSISHM= ASK St 2 wit 7] 88 = S0 tist H2S ot A2n, 0|28t 88 S&sS Sof 24 i
o ¢ it 20| 2 Hapt e E 7ts-d0| FO0tX| 1 Ut

oM, £t ST SHUME RO WK7|XQ WEIEH Q| SEUN| LHF0 ASK|s £8 H=5S LMt (Ministry
of Education, 2020), %3_.51_ ol EEA‘IOI QIZX|s £t 552 UK CHHong et al., 2021; Hwang et al.,
2021; Lee et al., 2021; Oh ., 2021; Sung et al., 2021). 2ISX|s & =2 S X|s 21} +8HH =20| W
20ll siFot= CISXls 7|8 8 ’51 SHE2Vg EMZ 2AMStE DIPHS HINGID UCH SOl sHE2 HHE9| HaK(Sfard,
2008)Z = = AU7|01], 0|2{3t M3t M QUZX|S 7[Ht 515 HE0AM AIESt= AS2| F43t Hst 3PYS Olsish= A
2 SPHS9| et uPdS Ololol= =238t 2010| ECf. M2t QIZX|s s H=0M ArZot= AUSK|S 7|8 =8 I
=00l Tt tH&tat 2PH0| Ooll= sPi Sl ME St ISX|s 8 dt=at HAE HE ML S8t IS & = ULt

0[2{5t 0| RN QIBX|S 8 W=0] EBt=[0{0F Stz QBX|S 7|8 +3td IyES HHE H+1(Kim, 2021; Koh,

° S
2020; Lee et al., 2020; Park, 2021)2+ 2128t LHAS0| ASX|s St MO HIHEl= WAS AHE A7t B0 &
ALHKu & Choi, 2022; Kwon et al., 2021). 0|2t Z2 MPARLS2 ASX|s S 2tM7t HAIGHOSH= QISK|sS 7|Lt
S Y SS FH2IGHACHE FOIA 2/2f7t QUCt. SHR|TH Ut ~8F mt=ak= 2| (Chae, 2023; Haghjoo et al., 2023),
QITXs 48 WR0M QIBX|s 7|8 $345 LHAS0 HSt H2X 7470 G2 ZEPg M4 H7LE 0153 HO|Ct,

= — [

£9|, USX|s S MMM AFES U= MA| 243 Sotlt AR 22 7Y o2 §2H Hato| SEHANT =
t, QIEX|s 7|8 =3 S0 H?. HEXM F49| BT} &= FAHH 0] FRUX|RL EA LEE=XIE 24
A= TS O|FUX|X| UL Of0] 2 AFUM= AUSK|s 7|8 =t HEOM Hildd ZH kg2 B4 1894
S FA fOP*t“ HE2 HHSIH, AUS K|S +tul k2| XX st LM AtEdt= QBKIs 718t =3 o=
i = ool g HEH F9S =A4o6t1lAL ottt

IM 2 g9 FH2 AUSKs FetuliltMe 21Xt HEUM A8ct= XA 0] BHsH |2 HEX
M HOZ Methl= ES BARCZM 2USK|s 7|8 a5 oS0 et HEX 78S Sol= A0
Sfard (2008, 2021b)2| 2MASSHY HHS FHULE AUZ XS MM Q| 2| X35} I-H5=101IJK1 Argotl U=
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1. THE ChATH SR oAl
Sfard (2021a)= 481X [HASS AIRIS0| 4818 H20f 2015101 QMASSH TN HYUSHH E= 2N 1M
S ZEBICH 0|23 HEX THOZRE LIEH IS (HASO| WXE Figure 13} 20| THIX AT} HEX (02 125}
=T, O] TEO| M2D 0[2{3t HHAISS THR THA, RIXIHOI TR 2 ThA, =EHQl TR T2 At J2|7 S4

M o= (jMoR BRE 4 .
DIX| THIR CHATO[R “QIZHo| HHE T} saagé EXH5HH X202 M2 JH55 BE A (Sfard, 2008, p. 169)S 2|

OISICE. &M 23 Mot AR, 22| S0] 00| sHESttt(Haghjoo et al., 2023; Sfard, 2008). F HMZ AXHCl 4|
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Discursive objects (d-objects)

Concrete objects

Concrete Concrete Concrete Abstract
object d-object d-object d-object
- atomic - compound

Naming Saming or encapsulating

Figure 1. Categories of mathematical objects (Sfard, 2021b, p. 577).

M HE A2 A5 AN o] HHES SO2MN E2{Lt= tAE 2|0|StCH(Sfard, 2008, 2021b). O{H A0 ‘7| E'E
20i5t CHA0] 0[0] SHESICH M| M= S&&Q! AN HE A2 FXEQI LM HE A SUSISHAL HEstoto
(saming or encapsulating) E2{Lt= CHAS 2|0|SHCHSfard, 2008). SYU3ILt &35S Solf Yetat=l ZHHE(0: [a, b])Lt
gl T2t 20| 115i3H(realization) & CH&f0| O[0f SHESICE. OfX|HC = FAX HE A2 SAQI LHA HE O
42 TH e (reifying) QEM E2{Lt= Hé,%g |BHCH(Sfard, 2008). TLA|EE S5 ZHLE W2 O|0|2 JHK|A Bl ChA
0| Of0fl SHSICY. Table 12 LAHA AL HEXN M-S FIH =E0 £ Y-S0 thet HEX 149| 7HES0|Ct

Table 1. Conceptual framework for discursive constructs of the mathematical objects (Sfard, 2008, 2021b)

Objects Meaning
Concrete object Any perceptually accessible entity existing independently of human discourses
Concrete d—object—atomic Discursive objects that arise through the naming of familiar concrete objects
Concrete d-object-compound Discursive objects that arise through saming or encapsulating
Abstract d—object Discursive objects that emerge from the reification of discursive processes

#i”ﬁ. ASS FHH AS BHSH= AU AMEEH AI’“@PO#, 23t (saming), #&2Hencapsulation), TLHst

z2 ZB5t0 24 E2{LICH(Sfard, 2008, 2021b). THatA] H2H KX 451 A
E0f ot H=2H -_rL Mg 0|I1= QAASEH 272t & M'OEH, 2 Ho|A= ol2fst 22X 0| Chal MEot Xt &
Ch @M 25 xxtg MYst7|of M Yo7 |2 THIA A0 SX5t 0|22 EYst= Z0|C THEo= HEX X9
A HEZ SUSI2 O|M7EX| 20| U0 EFOLE A4S HHE & U= SENS 7IKEE QML= H2 20 5Lt
0|5 F0jot= H=2% =Z0|CHSfard, 2008, p. 170). OIS S0, &48t=0| D§7HH- a0f| CHSIO, Figure 20A{2t 20
E(1.28), E(1.6), E(2) S2 E(a)2t SYSICIL 7HF3H= AO|C & Hf HEZ HEstat EMo Tl 43 LS I, EHM
ol t HEE A5t HE2% XZ{0|CH(Sfard, 2008, p. 170). HIE S01, ZAtotZ=o 2/5t0] E A A@2,5), ®

15}
(1.6, 3.56), ™ A, (1.28, 2.6384)5 EL{Z £AI8t4 E(a)=a’+12 FA8IALL Figure 22t Z40| -ﬁ-’é 2= 2|0

1
2U=oI0] H3iok= A0t OX|8f HE2 FH|SHet -0t thaof 2ot LIHEIES T AH0[2f ZHA0 0I 7|2 Herst
= UAEE MZ2 AL HAE AJl5H= BEX X2{0|CHSfard, 2008, p. 170). IS S0, Figure 29| Lass e
ol HA, HA, MAE ™A 83t 52 2%+1, B A2 §3t 3.562 1.67+1, H A,2| 813t 2.6384= 1.28°+11t
20| 71 == UL 2 Sxa0l2ks BAE MESIH H A, F A, H A, S THletet= *OIEf
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2.6384

Table 2= 3Eot7|2t M 7t §E2X =S SEo0 =St 1 &S0 et Fotv |2t 5EX =42| 7HES0ICt.

Table 2. Conceptual framework for naming and discursive operations of mathematical objects (Sfard, 2008, 2021b)

Naming and discursive operation Meaning
Naming Naming some concrete objects
Saming Discursive operation by assigning one signifier (giving one name) to a number of things that,

so far, have not been considered as in any way “the same” but are mutually replaceable in
a certain closed set of narratives

Encapsulation Discursive operation by assigning a signifier to a set of objects and using this signifier in singular
when talking about a property of all of the set members taken together

Reification Discursive operation by introducing a noun or pronoun with the help of which narratives about
processes on some objects can now be told as “timeless” stories about relations between
objects

1.9 00y
= AF0IME Sfard (2008, 2021b)2| QAASSH HHUMM AUSKIS S+t dtMol 2Mat HEUM ALEdH=s FH1H
0] HEY 2= Soll 5N UYL= Hatkl= ot

= 24017| {lott Table 30 HAIgE 552| QIFX|S F=eful i}
Mo X3t LIZOIM Aot U= FHIA oS HEA HHSS 7 HYQE MHSIFCH, MAESH witM= Mol
AoIHZ AM1, AM2, AM3, AM4, AM5Z TEE 20{5ILE.
Table 3. Al mathematics textbooks
Book title Authors Publisher Code
Hong et al. (2021) © Chunjaetextbook AM1
Hwang et al. (2021) © Mirae N AM2
Al mathematics Lee et al. (2021) © Cmass AM3
Oh et al. (2021) © Kumsung Publishing AM4
Sung et al. (2021) © Joongang Education AM5
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A7 ez MFEet 652 2SK|s st M= T 28 20 XH0[7t U0 Table 42+ 20| 24 HHS MHETL EQ
7t URALCE. 0]0f 2 HFUME £=5H1t WS (Ministry of Education, 2022)Q| £|X{35} L4} 22510 F 7IX| HZ|7|&
21 “[12215:04-03] &43+E OlaH5t ZXStE FHME FE = UL (p. 188) 12|11 “[12015:04-04] ZAISHAHS
Olaliat £[XstE GSS Igt A3Xs ot UHes 4TS & UL (p. 188)2 HIEOZ XMt LIES &4ets TR
Aoty Q2 RESI, &4t ZAlodY TR0 ZetE MZIFY|, 229 HE, oM, 2HE 24 Yz M
HotALt
Table 4. Unit phrases for optimization content

Unit phrases AM1 AM2 AM3 AM4 AMb
Loss function 1 Functions to 01 Loss function 1 Error and loss 1 Loss function 1 Loss function
express error function
Gradient descent 2 Optimized decision 02 Derivatives 2 Gradient descent 2 Optimized decision 2 Function’s
making of polynomial making maximum &
functions minimum

03 Optimization

2. 617
2 GT0IME STSHE SHHoD| UF BT YHOR, MO HES BASPI0 MEE B LIS 2HUS MBIt
(Clork otal., 2021). ¥ U SNYS AKI B4, AN, KN, WE7|S2, HEUT| 50| I2 K2ES LA

Off REret RO R(Kim, 1997), &2 £t HTUME Y A7 WS B2 3w IN

ol g & HIE EMot A
FE0| E1 & AUOH(Choi et al., 2024; Haghjoo et al., 2023; Jeon, 2017; Oh, 2019; Oh & Kim, 2023). 0[0f £
ATFAME AUSKS St ItMUM ALZSIL A= AUSKs 718 ot oS0 thet HEX fdut HEX 2&5E 24

ot7| ?lot0] 2H W 2MHS AESIUL.

o1 XX
. =2 3?035\% ZO| 0|22 /EHOE 2510 BAg & U AN HE B4 M2 YUY 52| il XAIN W 24
s MEoto @?E 2851 ALH(Hsieh & Shannon, 2005). Y M2 WS M50 435t (17 M= CH23t 20
@ MA QZX|s UMM ARSI U= M AEL HEM HEES FE517| 215t0] Sfard (2008, 2021b)2]
e IS0 St 122 EUE 1A 2422 A H(RIS XIS 7|8 3t LHAS0| st 22X 114) HFE #1440t
Ch. T2/ A% CHE0IAM HEXN ACE Motz IYE 2AM517| {I5t0 Sfard (2008, 2021b)2| HEX Z=H0)| CHSt
2 ENE 1 2MEQ| F WM HF(QASX|IS 7|8 518 oS0 FHS}7 |2t GEX ZZNHE FHGIUCE @ ME[=et

A
o_l", I'-III

S8 TA50] QU RS 1% 2HES ABUSARURT} 12N SADIUH 1200 AESACL O Al 228
o] = 101K ST O MSH Qolo| AIBXIS MM 152 17 BHSS AI5I0l 2 #70l H
S5O0, 2 A7 E T2 M} 0| HESHs YACR MRATE £ 4 UACHHSsieh & Shannon,
2005) @ Ol 1T ZE EUZ QIBX|S 7|8t 251K UYSO| et HEN TH0| MR} HEX IX0| YRS Yusl

1 5 H2IP} A0 A5 BHSS THOIUCL © HE 2SS MB6H0 559 UBKIs ASMUMOIN AT
S THN HNST RN (S0t GRY TAT D215 740l #42 0IIE IEY IN0| (et 67 2SS &

oT—=

2 ﬁ
[o]]]

4. 845
o8| 870l BUE MY B 712 hofx| SO CIEt BEX 24 £ 5K U EMEE Tabo 5
o} 2T}, Table 59| EMSS AT{EE, QZXIS 7|u 315 HASS THA Cha, XK TXIE HE (Y, S0l 7

I
MY HE Uy, =8 HE Y 832 7250 ALM 24249 20| tHoto CO, COA COC, AOZ FEststT Ut 1
2|1 2M OA0IM2E 20| QISX|S 7|8 5t AS0] WMo SES =ME BEY = JUEE IE Fo|l =ME 2
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Table 5. Analytical framework for discursive constructs of the mathematical objects of the Al-based mathematical
objects

Objects Meaning Examples of analysis
Concrete object [CO] Any perceptually accessible ) © 2X18 B & Ut U0l 20| ULHR?
entity eXIStI_ng mdependently 'I:.‘;&‘Pl UBE S8 MY PAR SulsieM S8 NEUZL B | e 'i
of human discourses : of 148 22102 LAWD MRS BUisECt 1
° Uh 4Y S HY RAR SAY A OIT Wok= X
w 2 7} €2, Offt Woks MRVt FASIAC, 2sE A ?
M XiisE 0188121 0 SXB MUY + US Ao BASH
Of AP 81400] S} AU FAR WS 80| 8 T .
82 Yol B2 Ryt /
CO1(3t8E2 & Nl
2 Qe BaE) S| oo et
128 00w - o243t B )
128 108 5%
1280y %Y
128 129 189

1280 139 S8 ARTO| LS U0 0V W@ A FAR YES BP0 HF 0R
S WS Waiol 2t

+ Example of the real-world related photo or illustrations as concrete
object (AM1, p. 107)

Concrete d-object- Discursive objects that arise @é‘i_iﬂ o
atomic [COA] through the naming of om% 5& A e NHaA TTXE[EEpl <A

¥ | 2
2 Bt oEELAE ykn B AR X, Wa 2w ool V[1]?

familiar concrete objects -
f)=ardeutsrt togin wpee ol g S| 2|3

a1,
-
.
o
4t4e o dehid
El)= Mo~ 1"+ 027+ 2a~3¥) = 20"~ ba +- W o3} 4}
. 51 [ a = r
SRR RIS S AW R 2] o= Golk @ !l

cosE %)
+ Example of an object named with a word as a concrete d—object-
atomic (AM3, p. 116)

Concrete d-object- Discursive objects that s P~
compound [COC] arise through saming or A
encapsulating

coal corz
- w!f-*m ve l-ywwi PP ww
¢ we [ ok uepin sic ud b8 e apigh s x

-
-
-
e

COT(XB) conEs M e g8 ciBoixa Q"mbﬂ!‘ﬂli‘lﬂ'?{?}/
ORITERT ~ _CO’” Phe
=~ ~(oA5+ ’ 0 =
7
CCo1XIAE G) a8l g Y atel §9 wY

SROE oy SRS

+ Example of objects been transformed by saming as concrete
d-objects—compound (AM3, p. 120, 123)

Abstract d-object [AO] Discursive objects that Ela)
emerge from the reification of
discursive processes

& Asel 7448 Uik, WMo NS Tuse] SUgaTt H2Y o
&) @ AL S Uiee BNSYYOIRIL 5.

[aE ‘ht-...wl F TP SN

- |E -u FERE. Hewrge T ot

A A, o a2 i) ]

|.v- Aw7 &7+ 5 nw| AL

cocd

Q a
ofo| Yo Wy afol §o WY
oR 0% coc4 =1 30

+ Example of objects been transformed by reifying as Abstract
d-objects (AM3, p. 123)

TESIHOM, WIRME 712AM7|7} FEI0[2HE H(Lee, 2008)01M 2= FOIN 2, 0M OFHZ HO5HACY.
CHSOR QIBRIS 7I8t 815 RS0 T3t 2N XS 24617| 2Uot0] JHLet AT 24S2 Table 62 2T+ Table
69l BMSS MHET, YHoPIY HEY Xxe| HFRE G|, SUst, YAS, TSR TR Yo 224 7
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Table 6. Analytical framework for naming and discursive operations of the Al-based mathematical objects

Naming and g ]
q g g Meanin Examples of analysi
discursive operation eaning amples of analysis
Naming [®] Naming some concrete objects e 5 52 X, Yl detel [E2 xE Ak Aered 78 axed ]
Y& Avs Agase] 78 5§ cdSes AHe] mde At e 3
A& A
CO8(=2 YE
XL XA
CO8(=2 X8
XLt= AHsAD
+ Example of the concrete object named with a specific word
(AM3, p. 112)
Saming [®)] Discursive operation by assigning v CONOIE) Q E@
. . .. CO1(XIE A)
one signifier (gwmg one name) to a A oM — _conr o coms
number of things that, so far, have not _® A vefwmﬁimui*lw
. . « s B uRppR(a tic 22 &8 211 2[oIs]R sto xp
been considered as in any way “the i o) MEN{NM..mmm.wm,
same” but are mutually replaceable in . ORI B~ 0N L PR
i | = = ‘coAs” @ a
a certain closed set of narratives GOt 6) vy muﬂgff,;!
+ Example of the concrete d—object—atomic and the concrete
d-object-compound connected by saming (AM3, p. 120, 123)
Encapsulation [®] Discursive operation by assigning a 3 @C1 A%E DI6 AL A8 F il O WYHAEE Hesn @ J9=g 1
signifier to a set of objects and using EE I
this signifier in singular when talking v v D won o7 wow 229
about a property of all of the set o s o FETIRRY
members taken together Wit owsesu
C3A1 BDJ 5;’m.\gnbmws”“4u
CDA2[™ 04| toswsi] - 9EEF
o 05] 73148833 1
Sl C} ‘02&:2 .7/ cogis
0 @‘l aEY= \&f_Acoct
09) 316. ,&
1|_ar. E xe -
:; 3"“‘”’3 @ oo TG 10 155 1
1.3} %=1 = z !
. :; 75| B ¥4 f" 7]
coa4 1.6} &
COA15 [T
+ Example of the concrete d—-object—atomic and the concrete
d-object-compound connected by encapsulating (AM3, p. 119)
Reification [®)] Discursive operation by introducing

a noun or pronoun with the help of
which narratives about processes
on some objects can now be told
as “timeless” stories about relations
between objects

& o 2se] 4t Ha8 o
Zajstalgeleta g,

; .| -wq-am-w muwr-wmu
1 oy
- ADS

ki) EECIET 53

0 2 u
4!? oo wy s G2 Wy
2RO |, SROS

+ Example of narrative about the Al-based mathematical object
transformed into a noun or pronoun by reification (AM3, p. 123)

=0 oo ®, ©, ®, ®= T sttt
0IE S0, CO2-0-COA12 "AUSXIS +Sul iAol 282 STt 1K e CO27t
21 A HE e COAZ HHEACH, SEHR MM HE Y229 ML X| EUS

Y |()S Soff 2Rt
= Ct.

o|ojgt

https://doi.org/10.7468/mathedu.2024.63.2.319 325



M at h E d u The Mathematical Education 2024;63(2):319-334

A1 Zn

1. M3 DRlo| BN THL Q2N IF 2Y 21

¥ S8 ERZ XIS SIIA SIBH0] OBl Admalel SAE O BT U THE NS ZAIC

1 2T, 350 QB $SHLIM(AM1T, AM2, AM3)E A4t BRI TRIZ THASS AHBSHT UUXISH, 259 9
TRl £ IM(AMA, AMSY= 243k EHRIOIN THE TS AFBSHR| S HOR LIEIRITH 243k EHIOIA Ar
BEL1 2= A (SRS Ofsnl HE0) 212t A21%I9) ABS S22 UEHCON), 48 12 MEICOD), #
9l ARI(CO3), £ ZIRI0] 7|2 FAsHs 4 ir(c04) HAQH HIAZ JICI2| $7 ABHCOS), ISRt A2 si= Mer
(COB), 3 O{SHH0] ATIEEOZ HOIZE HOIFE ABHCO7), 4R E29 231 28 ALK NS H3HCOB),

Z2R9| 0|3 AIEI(CO9)2t 20| Z 92 LfEtL;IEt(Flgure 3).

0|l AFR3IT Q1= Figure 39 LA X [HAIS S HEHH= YAXPRQI 2R|&
HE HYSS ZAGIUCE 1 AL, C02, C05, CO7, CO8, CO9= TH|A HAISS HHGH= X0l TH|K SHE AL
ZEXHotAX|2t, CO1, COS3, CO4, CO62 #A|H oSS FHol= XA 7M1 HE oS0| EXMotX| LUt HA +
A S Ec'i“:c'i' te AR XA HE 0| EXHoHK| ft= ERE HI{EH, Figure 42+ 20| & X 2I0] 7|AE E4

ot= HfeloM CO4= 222 WEMAM I L= ML AUKX|T CO4E HEot= HAKR TN HE 0] =

—

T2 HEOIM AL QUX| LUCH M2t CO4= HRHQ! FX|M HE L2 MetE|X| ZSIRALY.

r
|:|OII

l) | HAD AT o AL} | AT WA ON

;
T o3tel

S| shaat o AP Weh7) oifich

CO4(?I3‘II dHse £ A4

I !’ anipy 103

Figure 4. Example of failing to transformation from CO to COA (AM2, p. 103).
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g

1z
oN

S22 FAA oS Eols HAAL 7HH 2 U0l "IHo}— 3R d 1EE, Figure 52 Z0| CO5= Of| X|of
M A5 U= "HA(COAT) R 'HAE 7|C2|= SA(COA2)0l2ks BIAIHRI FHIK BE S0] 22 71AK el

HA HBHCOB(H )2t HAE 7ICt2|= 72 HEHCOBHAE 7|tel= %—”.))% BYSILL AUCKFigure 59| &7 FHH
FX). M2t COb= CO5(HA)-@-COATI COB(HAE 7|Cal= S2)-@-COA2E M| UL,

COAT
EED) - 285 ol 3Rl Biste M2 cig sl xw) | @)

22 o5 2 FRE ICRIE 334 4 AOle] 2B B 3
LIERH X}20[CH, CHEOY EIIAIS. —COA2 @ ¢ §

() 24 f(z) —arel O 2UUS LIQE 78N, \ 5 | 3

(2) M) 244 M6 d
AT @ \o 5

Al flx)= :: I

B: flx)= %,r.

C: flz)=rx

CO5(HAE 7|Ckal= ) A
ZolM ol FMjide] ApiR2| ofFoll 7FE Atz "h!i}*l? CO5(HI=)

Figure 5. Example of transformation from COs to COAs (AM2, p. 105).

l_|

tS2R, USKIS +SfulitMo| 48 HENA AHZotL Q= BEAKR AN BE Hds SeetetAL Hasltehs
AR FHA FHE LS ZAGIAL,. 1 21}, AXEQ 1AM HE Y S2 BF S8 58 HYS2 HateX| 2

UL FHHCZ KMOIA A5 U= 'HAE 7|T2|= §24 2~(COA2)'E HSE| yof HZE|UKX| 2 (Figure 62| 2t
A MM BE, Figure 62| SHEZ Qloh CO5(HA)2t COAT, COB(MAE 7|Lt2l= S24 4)2F COA2 At0|Q] &7t
2 42, ‘MA(COAT = HEEE 0] EXHSHA| 40t MMl XX HE Y22 JHEE|X| ULt HLFSHH O x|of
M HAE HE2 AN thets EHohs AXHR FHA HE el ‘HA(COAT)te P23 HAQ| B} ZHA'0f| CHE
Z0|A7| HZO|LY.

—

z O I

I-HJ

{COA1
CED -  <8%e ol BRuo Wisks M2 ol wPEockel Wat 3(w) L)
212« 2t I JIERIE S} 42 oIS B4 52 = S

oo 6 8
LIE}H Xp=0[CH. ChH30 E3tAl2. COA2 - :
9 1
(1) M4 f(x) =axel] it &A% Lia) & F3HAL. 3 | 3
) A A I
9 5
A flx) 1 x,
B: f .2
) a XL,
C: flzx)=x COSHIAZ Zicia|= 278
ZofM o] Zajale] Alire] oS0l 7H Akl WAL COS(H2)

Figure 6. Example of failing transformation from COA to COC (AM2, p. 105).

2. ZAlotZY HHe HEY 741 2N =3 24 2

T U AFLERME oiZoh| Aoty USKIS +Sful A9 74M0f “?:1 THIOIM AFESH A= FXIE HYS ZAGIA
Ch O Z, 439 QIBX|s 8t atM(AM1, AM3, AM4, AMB)= ZARSHZ S THA0IM 72H|1A HASS ARSI AUK|
o, 159 ASXIS U UM(AM2)= BAGHYE THREM 1A EH%*% AMESHA| thE ASZ UEIKICH Ao E H
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O AESD U= FHN HYSEE A7|IFOE ot = M4 AEI(CO10), M7t Z=M FE X[F2 X AOIA X
H GE ZAtE Et11 Of2H2 0|Sot= MSHCO11), 8t HA7F ZALE Bt L2 7t= &38HCO12), 3t HA7t OfZtd| &X5s
7411 SHME St ASHCO13), SEHUA IElok= 43HCO14), ZLIE0| AlZtst= HIO|E7F 121N e 48HCO15)2t
20| & 67H= LIEFHCHFigure 7).

olMY o] 2 919 M Faegol HAvh H= HE st o
SAE AA g o] FA7IE e A e hat gt

AT 52 &4 ﬂ- 49| fheihd Hhsita FAAE A8 fiste] Ak
& ol gdhed, &AL Hhgto] A WEHLR o] F] S8 nliel

e -8} 7ol 01%-':414
CO10(AZ|HEE 31 e )

Figure 7. COs in the gradient descent section of AM.

LSO 2 ASKs +StultMo| ZASHEH HEMAM ALSotl U= Figure 72| 7HH oSS o= A K|
X GE HYSS ZAGIULE 1 21, CO11, CO13, COT4= AN Y ES HHS= AR FXX HE 0| EX
SfAX|ZE, CO10, CO12, CO15= TAHIY eSS 8ok HAHY THH & oS0 MR HRUACH HA FH|1H
&S Bots AR XA HE 0l ZMotX| s ERE HTHEH, Figure 81t 20| A7|HIEE ot U= d=

AZIOA CO102 229| HBUIM FHH L= MR JIUKX|T CO108 Eot= AR 7H|H HE 0| =22
O HEUM AL ST UX| ARUCH [h2tA CO102 SRR MK HE 22 M= X| 2ot

Figure 8. Example of failing to transformation from CO to COA (AM1, p. 110).

T OE FHIH thys E8ots AR MK FE 0| EXoHA| tie ZRE ¢THEH, Figure 92 Z0| ot HAPZL

AALS BT W27t A0IM COT25 220| HBUIA THA AR ABET UK, CO125 UAHHQ THH of
AOR HIBH T2 MRS A AAsR0| HAZS HOPIS ZABHIH T 20| MEL TAIS S0 THEIE AT
1 QUSICH SHAIZ! CO129H SAB40l HAYUS ROPI= NSRSl LiRiE]oE AZSX| 282100, CO12E Xt
ol ZHE Y2 (O MBE|X| REIRIC,
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Figure 9. Example of failing to transformation from CO to COA (AM3, p. 120).

LSO AN CAS HYGH= ARl XM HE A0 EXicts RS HTEH, Figure 10 (AM3, p. 120, SXt
=2 HoIE 2lol LH2{EIEQ] QIX| 7)1t 20| COT12 HZLT|0M Aot QY= M7t ZEM e X2 X|F AXfIA
XM GE ZQALE Ef1 OF 2 0|5 56H= A5H0IA CO11 (KI&), CO11 (XI™ A), CO11 (XIE G), CO11 (0]5), CO11 (ZBAD
2he AN TS W2EE7| WEIE0AN 282 COAT (XIJ), COA2 (XIF A), COA3 (XIH G), COA4 (0]3), COASL (&

ADQ| YIRIMOI XM B2 ASS HEsHD QUQUCH TEtA CO11 (KI&E)-®-COA1, CO11 (KI™ A)-®-COA2, CO11
(XI™ G)-®-COA3, CO11(0|5)-®-COA4, CO11 (BAN)-M-COALZ HEtE AL & = UCHFigure 102] 7MY X
M EZE, Figure 109 2XEZ QI5HA CO11 (XI&)1t COAT, CO11 (ZADIF COAB 29| MME Mzh).

g COT1(015)
CONEHEA /-
. m = COAT COA2  COA4
— ¥ aux e[y |§;Lomi RIS 218
: wef K13 Gle weirieia sict adid &8 Jtelafols ] stoy xia
QM ANNL R H&OM. alolst= 2iolo| R WY

— — r=:

"~ COAS5

Co11(Xd)

GCON1(AHE G)

Figure 10. Example of transformation from COs to COAs (AM3, p. 120).

H RO A5 s BRI LA HE oS SYalotA L Hastst
SO MM HE WAS ZAGIKCE O 2, BAMOR XMl A& FHE HYSN E* ol HE ez
Str|= Afdll= S| LUCE SEXIZE, AM32| MZEET7|(AM3, p. 120)0A ALE5tE U= AN AN HE M-S
0] 222 WE(AM3, p. 123)0| M Aot U= AlZHA DHZHAQ T2 Tet SUst IS Solf YFHOZ SEXQI 14|
T "RiEf(Flgure 11, SS9 HOE floff iHEIES YX| +F). #HNC= ¥
M HE MNOF Mtk ARE MHEH, Figure 111+ 20|

= oR Y
0

mjo mor _OE

fm -

=0£

T

l]:OII

2

ro

—u

>

E

XIEIQ BRIE Y2 HA0] SYUst

MZHH 710N COAT (XI&), COA2 (X|H A), COA3 ( kS G) COA4 (0S), COAB (ZANZH= YIRHHOl XK H= At
S0| 220 Lh J2HI0jA| 212 COCT (0IXFRIAQ1 £41814), COC2 (¥ P £ & Q), COC3 (12| BAIH), COC4
(50| Yo| WO 0|5 T a%0| 20| WHOZ 015), COC5 (9 DIEAR[BA E= Yo| D[2ANZAN 23

MOl P HE Sl SYsteL JUCH T2k CO11 (XF)-®-COA1-©-COC1, CO11 (X|& A)-®-COA2-®
-COC2, CO11 (X[ G)-®-COA3-©®-COC3, CO11 (0|F)-®-COA4-©-COC4, CO11 (BAH-®-COA5-®-COCH
2 MSEUCLT 2 4 QUCHFigure 112] W7 MM XX Figure 112 2XEE QISHA CO11 (XI&)-®-COAT-®
-COC1, CO11 (BAD-®-COA5-G-COCH 2|2 MAML A4zk).
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Ela)

U2 DR
€OC5
Sel, oA

.. CO11(0]3)
S
cOMAE A -~ m

|
D). - conr coaz ,coms %
- '?‘hfﬂgw}i)ﬂil Q»-ov Pl ZH,@ L 4
s o -~
Pl £ ‘

2 U2i7fei gk DA =8 71212 810f XAl
98 B st 2icto] sy,
ORI Wi~ o =

CO11(X[d) O] M 2= AN

coc3

=~ CoAs# o

a
CCOM(HHE G) afe] Yol Wy ool 8oy
=1 N

28 o
coca -

Figure 11. Example of transformation from COAs to COCs (AM3, p. 120, 123).

OX[SfC 2 QEX|S +Stul It 2| ZAISHYHE T ALEot U= SR #H|1H HE HysS FHlslchs 48
= s Mar%q. 1 20, BAMHOE SN FHY HE YoM F4HQ 5E Y22 Hetkl= A= EXst
K| BIRACE. SR AM32| 2E22| LHE(AMS, p.123)0IA ALESHL Ql= =8 #HIK HE HYS0| 7XISH HEE Sl

ASHOZ FHH HE HUSE MetE £ USS YAHGIYUCHFigure 12, SXHEQ| TS 2ol LHZIEIEQ| | +H). 7
HMHo=Z SN FHY HE HY0| FAet HES St F4H HE Y2 Mattl= 42E 2HEH, Figure 129t 2
0] 2229 iE0IM COC1 (O|xFet T12HZ), COC2 (B P = & Q), COC3 (22Hmo| BXIF), COC4 (aF2l ¥ Wt
OF 0|F £ a%9| 39 YL 0|F), COCh (9 DIEAR[BAM E= Y| OI2AS[BAE SEXel MH &
2 OYS2 22 A0T (OIxH2l £248t), AO2 (B), AO3 (&4 F), AO4 (0IF), A0S (OI2AI)el FX HE
HO=Z FHERACt. 0218t AOTUA AOBE Ztet EQIZtakalienation)E 275t WHEIES Sl 222 B0 2
A ZEM U2 SAMM 7S ZESI ATt 2AY O] 2S FAMHLE HOPte L12F 0|2t ME22
AOZ HEE|UT “ZAIGHYHO|2t L SIT"et 20| FHGLY|E Soff M22 AL ZEE AO'22 thYsta + U= XS
2H4SH 4 QIULE. M2t CO11 (KIH, -+, ZAH-®-COAT~5- © COC1~6-®-A01-b2 CHHSERACYT = 4= AL O
Al L= AO1-AO5= E0I7tsHalienation)S 716t LHZ{EIES S5l {22 AOZ [HAISIEIQIT FAM HE HAS
Of LH{E|Eot HHGL7|E Sdll AO7t LHAl AO™ (BAISHZE) 2 = THESHE|UC T = 4 QACHFigure 129] HZHM Hd H=
Figure 129 SX2 QIsiA{ COC12t AO1, COCE2 A0S 2/9f HM2 M),

Ela)
& Afstel A Ui}, WaHow o ANg EHse] SUYS HAY o
3 @ SAESL Robhe YadE FNNYEelA T B,

[ oA oL R R
i e etk o1 Seaidrel T TS "
o)A 48 A o.|iq_ o 7k 5

Cco

o1

4] e a
oB2) Y wey &8 §o| Wy
o8 olF coc4 23 0E

Figure 12. Example of transformation from COCs to AOs (AM3, p. 123).

22  HA
= A7 ZH2 2BK|s et ol 2|Xst LIENM ArSot= A1 y0] Yoot BEX &S Sl 5EX
HYe2 Hethls IS EMYCZM QSIS 7|8 o1 S0 et HEX 7492 Bidl= A0 0128t SXS
2dot7| ?loll 559 1Sstul AEX|s stu kAol ZXet LI AtSst= THH HdE FSotdl, G2H s =
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o o U= USAIS 718t o1 S0l tiet F2X 4 H §2X =& 24ES oA 12|l ofid EHES H
Eot0 AUSKIS 718t =5 =0 Uit HEX FdS 0|1= HEH 2= 2MoIRACE 0|24 22 24 Z1E Sdlf o
St 2 2ES TS,

A, ASAS et dti ol Z[Xst LIBUME FHX HESS HIH2E A&t K| 2 A= LIEHR. ¢+ &
WE HAHEEA QIZX|S iAo £[X3} LHEO|A 552 AM1, AM2, AM3, AM4, AMb WitA B5 XA UAS
= ARZSIL UAKXITE 22E 474, 374, B7H, 270, 1702 B 37H0I S2HSHACE. Ol2fet Aib= XA 0] F4HQl 8t
o HYS N0 AN FUHO| =1, SHESO| S0|1E |FUTICHE HUIM 1 2241 Q¢S 2118t Chae (2023)2t
Haghjoo 2| (2023)2] A7t Zufet= CHE 555 E0ELL

=M, ASXs +ful M| £[X3t LHENM AtEot= HREE2 TH1H S0 HES HEotl +Jok=0 Mg
HHEH, 2 Mot LHEUIM ALEolL A= TFHIH e 16571 & o |2 HEH =

W2 AO2 LIEPEL). S Z2E o =}
Soll F4H HE Y= Matdl XA Yol 7= 1710 SUotRH, 55|, 48 TN AE0tL U= 7

HUysS S S8 A4 g2 EH**QE HetE A Yol i e A= LIEHRD. Ol2et Zits WEL

AZ17] {7 LE B30| Qe XKl (AEC EXMES B8t Jeong (2012)2] ATt 11 SE8 ZH0|SHC}. MEtA
TO|AM= Sfard (2008)2 °IAM%3 HHEM 1S5t 2ZX|s $etu Mol | M5t LHEW|M AMSH= A& CHA

FIH UYE 71U =2 HEol7|e M 7HX| BB =S Sl §E2X O H”Oi Hetzl= HEH 142 FAESIRAC. 0f
HIEOZ SISO QS XIS 7[8 1 HEN HTH2E HOY = U= 7ISIE MBSt USKIS 718 =5 Ty

o] T4 0| FHXOZ PHOIXIE HHCHET| 1 0/oP7} e,
09} 22 HES HIZOR DKWY, W4, BT, SN CIST 22 NS SHIAF BITL XM, DKUY SBOIN 2
X (hyO= ME0| 01242 THA HESS JHI0] SIS0l OIBXIS It 4515 HEe| TAN UM 4N g2

S|
= ==
=MLY = UCE HAE V|32 MSY 27t ULt SPES0| 318 HEHE SO|IEH A = U= JHUE H1X o

A2 i S AIBSHT OI0IZ SHAGHs THYS So HE0| HTHOR HOE 4 9l JI5IS HBHE 2 UlkHong,

2019). W2AA WIAQ| H21e7|, 22 E SHO| LIST BA0| HT SHISHZ 0|7t ZojE THY HASS Xt

T, Y2 (OR ME0| K53 BAHIE ThYS FAIZ £ OfLi2t 0213 RN LS 7|HIOR ARHOl TN B2 f

J(k)l'ﬂ'- géul- -IO| ;LX-MI-I E-PE [HAI-‘I|- D=IA|X'|O§ 01745| H -| | = §é 0|-04 oI-AH':O| X|-0=|AE'I}|| I-I-I E-PE I:HJ(\DI'QE EE

& 4 TS MY DRUHO| Y2 7Y IS WO EEE THSIGHD A TRt Lt ABXIS S3tm I
C|

10

| 22 2I3X|s 2L X HE0|2= M2 OE F HE0| SESk= u=E0(7| Z0f| SdS2| sH50i 012420]
Cf &= 4= 5401 SiC}. m2kA Ol2fet = HES &M 74011 JHYsh=0 A0 XA AN F4H HE2 EH**QE A
Cf MEatolal Of2fet HHAIE 7|HR2 BAMQI HEX X% &2E5S HAIZ ERIt ULt Eot FH3E [

o &olZtsHalienation)E 276t= LHHEIEE FIKG} MOIA A CHAFS O] 7Ho| GIZAAI0
E O YAXHCZE WIPHH| HAIZ B2t UL

I'II'
e
0x
l.°ﬂ
l,‘-_'
0z

=M, W ZHOAN wAs X M XA HYSS SHYS0HA 0EA 261 H2X Y=o Hels k= +
UK 12ot0 sHYS0| AUSK|S 7|8 oty HEON §THOZ HO Y + U= 7|=E MY + U= HEH 74 89
= HAIZ 227t AT o=E Wi SHM WAL ASKS 7|8 oMy YS9 BEA 41t 2ot 8 H¥S
0|1= H2H ZAS Ololicls A0 SQoltt. Eol, Md wsiby ZHOM X oM FHH HyS SESHA o
A A7HoH THO! CHet THaet IFYS 2Iet S2st, Hast, FXeket 22 HEX 24 2353 HEH 93X =2 A=t
'—X|01I M2t stS2 AUSKIS 718 s HE20 REHOZ HOo/L HTFHOZ HOY - UT= AHSE ﬂ’%‘ﬁ% A
T SQolt. Mt A teE i’é”%oil | 2706t A1 s K Y= Hekoh= 1goM wAt= BEAHC
-_rlﬂl’H HE W SH AN HE e HZ2ES BAXMLE MAlotL FHx|ete] Tkt G| XE So -_rlxﬂ CH-&f
M =M 52 Hgoz 2N 748 28XOZ Mot Yets 1S TQJt AT HSO0| wAk= st 8H =
SHE M ES CHA| idstets 0N Z2a$t EiQ17tskalienation)S 2+6t= W2E|HS| S84 &8 HWots st d
27+ UL,

ORX|Bfo = ¢t ZHOIM EHEX Y2 Het0| 02 #MX eSS /Hot0 XM +=HoM ASe I, SH4S0[ +
HH eSS ofEA %*%351 &= HHAIZI=X O HEE HHE 27t UL = FFAHME EMSE LY ZHO|A
OEAH FHN o] Yo (t HEX ZAS Sl FHX HE Y22 HWEEAL &2 JZX| Zot=XIE Xk

Ct. SERIZH AX +=R0IA SHISO0] 1AM HYS ALY O, THE 0= 7HX| L8150 o6 #AHIX 0] =4 52 O
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Endnote

"OIZX|S 7|4t 4818 HEO|2 QZX|S £ UMMM AIREIOIX|= £8H8 S22 9|05t 2 =20|M= 2BX|S
eI Q| Z[H 3t LIE0IA 80{2] AHE2t A|ZHA DH7HA|0| Chet FES 2|0[Stct.

2 0|2t Sfard (2021a)7} EOISH HEOZ M, £8HK SH20f HO{SH FHSO0| QMAS A AAGHT Zhgt
Ste ot S QOIS 0[2(8t HEXN 42 RUCEE= XN FAM HE A, SSHQl 4N HE iy 1
2|10 FAX HE2 40| /o0y, ZH2to| [0 CHoHAM = 0|2 HiZE FoA MFSIC) 2 =20M= SEXte 92X A
el EIHEES Olahst7| floh ASKIS et B0 019 A2t AIZHN DH7HA|QL 242 HEX HYS0| s =
2Al0|C}

]
U
N
B
bal
2

= 2 43P [HAS0) T3 HEX THS 0|11 QAASSH 39(act)0ICt. Sfard (2021b)E 81X T
O| CHE X xx+9| A2 S0 MAME 4 Qlon, 0|23 HEX XXo| S§0|= SU3Hsaming), &3k encapsulation),
Ct 5

1 BUISIRACE =2 SF0ME ASKS St tMolM 012 AHZ 1 AIZPY DHXI BEEX £
FS UEL 229 24 240 oiM= 0|24 Hid ZolM 2Feltt.
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