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A DENSITY THEOREM RELATED TO DIHEDRAL GROUPS
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ABSTRACT. For a finite group G, let ¥(G) denote the sum of element
orders of G. If ¥ (G) = %, we show here that the image of ¥ on
the class of all Dihedral groups whose order is twice a composite number
greater than 4 is dense in [0, i] We also derive some properties of ¥’" on

the class of all dihedral groups whose order is twice a prime number.

1. Introduction

Let G be a finite group. If o(g) denotes the order of g € G, Amiri et al. [2]
introduced the quantity

(@) =) olg).
geG

They proved that for any finite group G with order n, (@) is maximum if and
only if G ~ Z,, where Z, is a cyclic group of order n. Later both Jafarian
Amiri and Amiri [6], and Shen et al. [11] independently studied groups G with
the second largest value of ¢(G). This function ¢ has been considered by
various authors for studying different properties it posses. See for instance,
[1,5,7,8,14]. Herzog et al. [4] determined the exact upper bound for ¢(G) for

a non-cyclic group G of order n which is sharp.
On the class of all finite groups G, Tarnduceanu [13] introduced the function

Y" G — (0,1] defining " (G) = % There he gave some criteria to char-
acterize groups on some of the properties like cyclicity, Abelianess, solvability,
nilpotency and supersolvability using ¢”". Lazorec and Tarnduceanu [9] showed
that the image of ¢” on G is dense in [0, 1] and in fact, the image of ¥ on
the class of all finite cyclic groups is also dense in [0,1]. Motivated by these
results, here we show that the image of 1" on the class of all Dihedral groups
of order twice a composite number greater than 4 is dense in [0, i] Also, we
prove that the sequence (0" (D,,)) is a strictly decreasing sequence converging
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to i, where D,, denotes the dihedral group of order 2n and p,, denotes the nth
prime number.

2. Main results

To start with, we recall the following two results related to the sum of
element orders.

Proposition 2.1 ([4, Lemma 2.9]).

p2a+1 + 1

P(Zpe) = Pl

b

where p is a prime and o s a positive integer.

Proposition 2.2 ([1, Lemma 2.1]). Let G and H be two finite groups. Then
(G x H) = 9(G) Y(H) if and only if scd (G, | H]) = 1.

Now we have a well-known fact about primes.
Proposition 2.3. 220:1 p% diverges to co.

The next statement is a consequence of the proposition mentioned on the
page 863 of [10].

Proposition 2.4. Let (ay)n>1 be a sequence of positive real numbers such that
lim,,— o0 ap, = 0 and Z;’ozl an s divergent. Then the set containing the sums
of all finite subsequences of (an)n>1 is dense in [0, 00).

The following fact about comparing infinite series can be found in standard
Analysis textbooks, see for example [3, Theorem 10.9].

Proposition 2.5. Let (ay,)n>1 and (by)n>1 be sequences of positive real num-
bers such that lim,,_, o ‘;f: = 1. Then the series Zzo:l a, and Eff:l b, converge

or diverge together.

We use the following standard result relating closure and image of continuous
functions [12, Proposition 6.12].

Proposition 2.6. Let (X,7) and (Y,7') be topological spaces, let f : X —Y
be a continuous function and let A, B C X. If A; = B, then f(A); = f(B),.

As a consequence of the above propositions, we prove the following. A similar
statement with z,, = p,, appears in the proof of [9, Theorem 1.1].

Theorem 2.7. If (x,,)n>1 is a sequence of positive reals which diverge to oo and

DI i is a divergent series, then {HneJ gt JCON|J| < oo} is dense in

[0,1].
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Proof. Consider the sequences (an)n>1 and (by)n>1 given by a, = In (mz—:l)

and b, = zi Now,

1 1 Tn
lim *% = lim ,1n (1+> = lim In <1+) =1.
n—oo b,  n—oo Ty n—00 Tn
Since the series Y. | b, diverges, > -
lim;, 00 an = 0,

n_1 Gn also diverges. Since a,, > 0 and

{Zan:J§N7J|<oo}=[0,oo)

neJ
w1
{Zl (m + ):JCN,|J|<OO}:[O,OO)
neJ
T, +1
1 S Y - = .
{:){HQ;[J - ) J_N,|J<oo} [0, o0)

Since the function exp: R — R given by exp(z) = e® is continuous,

{exp( ( xnx+1>>:JCN,|J|<oo}:[1,oo)
neJ "

7L 1
<:>{ Tn t JCNJ|<oo}:[1,oo).
neJ

Define g : (0,00) — R by g(x) = =. Since ¢ is continuous, we have

{ ( ‘U"Jrl) :JCN,|J|<oo}:( 1] = [0,1]
neJ In

<:>{H fﬂ JCN, |J|<oo}:[0,1].

neJ

Now we derive an identity for ¢"(D,,).
Proposition 2.8. Forn > 2, ¢"(D,,) = 3= + 15:9(Zy).

Proof. D,, contains n rotations and n reflections. Each reflection has order 2.
Also the rotations form a group which is isomorphic to Z,. Hence

4n?2 4n?2 2n  4n?

We proceed to prove ¢¥"(D,,) < % for n > 5 and n is composite.

Proposition 2.9. Let p be a prime. Then 9" (Dpe) < % if and only if
(a) p is an odd prime and o > 2 or
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(b) p=2 and o > 3.

Proof.
1 L 1 20kl 4
WDy = = W) L P ]
2p>  dpe 2p*  A(p+1)p
Therefore,
1 1 prtl41 1
"(Dpo) < = <= — —_— < =
Pl 11
Ap+1p* 4 2p~
2a+1 1
p i <p®—=2
(p+ 1)p*
= 1<p*(p* —2(p+1))
—p*>20p+1)
<= p=2and a >3 or pis an odd prime and a > 2,
which is what we claimed. [l

Proposition 2.10. Let n > 3 be a square free number which is not prime.
Then ¢ (D) < .

Proof. Assume n = ¢1¢2 - - - ¢ be the prime factorization of n, where ¢1 < g2 <
- < qr and r > 2. Then

L Y(Zy)
w//(Dn) = % + 4”2
1
1 = -
M 2Q1QQ 4 1;[
Now,
(2) - - + 1 - w(Z 1 + li/J(qu) '(/J( qz)
2(]1(12 40 (gi)? 2qu12 4 ¢ 5
Again
1 llﬁ(qu) w(Zlh) 1
2 7 <
2(]1(12 4 q1 q2 4
V() 9lZ,) 11
4 ¢ ¢ 4 2q1q2
1 (I4+aq(g—1) (14 q2(q2 — 1)) o %= 2

4q1q2 qQ ) 4q1q2
= 1+¢-a)1+6 — @) <ae(age —2)
= 1+¢G @+ — e — ¢ —qd+3qg <0
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(3) = (@ -D)+¢(@a—1)—3ng+qa+g¢—1>0.
If ¢; = 2, then
Gl —1)+ (@ —1)—3ng+q +gp—1=¢ —g —3>0.
If 2 < ¢qq, then
G- +a@—1)-3ae+a+qg-—1

> 4q} +2¢3 — 3qige + @1 + g2 — quga — 1

=207 +2¢5 412 + 2 + 1 + 2 — 1

=2 — @)’ +2¢ +q+q—1>0.

Therefore,
¢i(az— 1) +a3(@ —1) = 3q¢+q +g—1>0
and hence from (1) and (2), " (D,) < 1. O
Theorem 2.11. Let n > 5 be a composite number. Then ¢ (D) < 1.
Proof. Assume n = ¢7''¢5? - - - ¢@~ be the prime factorization of n, where ¢; <

g2 < -+ < qr. The result is true when r = 1 or n is a square free by Proposition
2.9 and Proposition 2.10. So assume that » > 2 and n is not square free.
Case (i) ¢ =2 and a3 = 1.

In this case a > 2 for some 1 < k <r.

1 1¢(Zn)
1 Dn - -
¥(Dn) 2n + 4 n?
_ 1 + 1 ﬁ w(Zq?‘)
Qq?lqu . qgr 4 palet q?ai

1 19%(Zgen)
> Qq;:k Z qzak
1
1.

= /" (Dyer) <

Case (ii) ¢1 =2 and a3 = 2.
Here

WDy - L L)

2n 4 n?

1 1 V(Zg20)
= 2,02 Qo + 7H 227
2><2q2 < qr 47;:1 ; i
1 1(Zy2) 1 11
T2x22¢p 4 240 8¢ 64
1
< -.

4
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Case (iii) ¢1 = 2 and oy > 2.

1 19(Zy)
12 Dn - -
v (Dn) 2n + 4 n?
1 1 v V(Zyi)
=5 o az a T H 23;,
2q . q’f‘ 4 i=1 ql ‘
1 19(Zger)

< -
T 2x2% 4 22
1

= w//(Dgal) < Z

Case (iv) g1 > 2. Since n is not square free, some ay, > 2 for some 1 < k < r.

1 192,
w/l(Dn):%+Zw;2)

1 114 Y(Zgei)
:2qa1 Qg qg7+iH 2005

i=1 %
1 1Y(Z o)
<
_2quk 4 qzak
1
=" (D “k) 1 0

Theorem 2.12. For each k > 3, the image of " on ®*) is dense in [0, 1,

where ) = {D,x :n > 2}.

Proof. Let p, denote the nth prime number and J be a finite subset of N. Fix

k> 3 Consider the sequence (d;);>1, where §; = Hnejpif. Then ¢"(Ds,) €

" (D®) for all i € N. Now,
1

Q/JH(D(L) = ﬁ + -

1 1 2ik+1 + 1
=55 T3 L (7 gy
20; 4 neJ (pn + 1)pnl
1
1 1\ 1 g (Dot
s G) I (57
LA p AL\ (pa

1 Pn
lim " (Ds,) = ~ :
i—00 4n€J pn—|—1

so that
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Hence
1H Pn_ . JCN |J] <oop Cy”"(DHE)C0 1).
4yt o - T
Since (py,)n>1 Is a strictly increasing sequence diverging to oo and >~ pi is
a divergent series, we have
1 D S 1
t . JC C " (@F) C o, =~
{4 P—1 J_N,|J|<OO}_¢(© )< [0, 7],
neJ
0,1 € 9"@®) € 0,
74 — — 74 9
1
iy (k)y — _
7@m) = [0, 4], -
Corollary 2.13. The image of ¥ on ® is dense in [0, §], where © = {D,, :
n > 5,n is a composite number}.
Proof. For each k > 3,
1
(™) Cv"(®) [0, 9],
1
§7 ) € D) € [0, 4],
0,51 €7@ €0, 4]
’4 — — ’4 . D

Finally, we derive some properties of 1" on the class of all dihedral groups
whose order is twice a prime number.

Proposition 2.14. " (D,) > 1 ifn is a prime or n = 4.

Proof. Let n be a prime number. Then

1 1(Zy)
"D Y= — 4=
¥ (Dn) 2n+4 n?
1 14+nn-1)
_2n+ 4n?
_1—|—n—|—n2>}
h 4n?
Also,
1 19z 19 1
”D = —_ = —.
L e s R T: 61~ 1 O

Theorem 2.15. (¢"(D,, )3, is a strictly decreasing sequence converging to
1

-
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Proof. Let p < ¢q be primes. Then

1 2
_l+p+p _>}
4p? 4

_tp
4 p P2

>1 1+1+1
4 q ¢

= w//(Dq)-

V" (Dy)

as p — 00

Hence (¢ (D,, )52, is a strictly decreasing sequence converging to ;. O
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