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ON TRANSLATION LENGTHS OF PSEUDO-ANOSOV MAPS

ON THE CURVE GRAPH

Hyungryul Baik and Changsub Kim

Abstract. We show that a pseudo-Anosov map constructed as a prod-

uct of the large power of Dehn twists of two filling curves always has a
geodesic axis on the curve graph of the surface. We also obtain estimates

of the stable translation length of a pseudo-Anosov map, when two filling
curves are replaced by multicurves. Three main applications of our the-

orem are the following: (a) determining which word realizes the minimal

translation length on the curve graph within a specific class of words, (b)
giving a new class of pseudo-Anosov maps optimizing the ratio of stable

translation lengths on the curve graph to that on Teichmüller space, (c)

giving a partial answer of how much power is needed for Dehn twists to
generate right-angled Artin subgroup of the mapping class group.

1. Introduction

Let S = Sg,n be a connected orientable surface with genus g and n punctures.
The mapping class group of the surface S, written as Mod (S), is the group of
orientation-preserving homeomorphisms of S up to isotopy. For a surface S,
letting each isotopy class of simple closed curve as vertex, and connecting edge
between two distinct vertices when they can be represented by pair of disjoint
curves, we obtain the curve graph C(S). By assigning each edge length 1, C(S)
is a δ-hyperbolic space [9] and the natural action of Mod(S) on curve graph is
an isometric action.

The asymptotic translation length (also known as stable translation length)
of a mapping class f ∈ Mod(S) on the curve graph is defined as

lC(f) = lim
n→∞

dC(α, f
n(α))

n
,

where α is any vertex of C(S). The triangle inequality guarantees that the
definition of lC(f) does not depend on the choice of α. Masur-Minsky showed
that lC(f) > 0 if and only if f is a pseudo-Anosov element [9]. Furthermore,
Bowditch showed that lC(f) is always a rational number by showing that there
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exists n depending only on the type of surface such that fn preserves a geodesic
axis [4]. In other words, the asymptotic translation of a pseudo-Anosov map
on the curve graph is always a rational number with a bounded denominator.

While there have been many research works on the asymptotic translation
length of pseudo-Anosov maps on the curve graph, there are only a few known
results about which pseudo-Anosov maps have integer asymptotic translation
lengths. In the case of a torus, authors together with Kwak and Shin proved
that for any Anosov map on a torus, there is always a geodesic axis on the
curve graph of torus [3]. Thus in this case the asymptotic translation length
agrees with the translation length, and they are always positive integers. In
the non-sporadic case, Watanabe in [14] obtained certain sufficient conditions
for a pseudo-Anosov map to have an integer asymptotic translation length.

Here we construct another class of pseudo-Anosov maps that preserve ge-
odesic axes and explicitly calculate the translation lengths’ value from our
construction. Our main theorem is the following:

Theorem (Theorem 3.1). Let α, β be two filling curves with dC(α, β) = l ≥ 3.
Pick a geodesic path p joining α and β in C(S), and write p as α, v1, . . . , vl−1, β.

Let f = T a1
α T b1

β · · ·T an
α T bn

β , and for each 1 ≤ i ≤ 2n, denote by fi the partial
product of f up to the first i powers of Dehn twists. Then there exists a universal
constant M > 0 such that the following holds. If |ai|, |bi| > 2M for all 1 ≤
i ≤ 2n, then the concatenated path P formed by p · f1p · · · f2n−1p · fp is a
geodesic. Moreover, f is a pseudo-Anosov map, and it has the orbit of P as
its geodesic axis. In particular, the asymptotic translation length is given by
lC(f) = 2n(l − 2).
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Figure 1. Geodesic axis of map f

Gadre, Hironaka, Kent, and Leininger showed that the minimal value of
the ratio between the asymptotic translation length on the curve graph and
the translation length on the Teichmüller space is asymptotic to log |χ(S)|
[6]. Aougab-Taylor gave a construction of ratio optimizers which is a class of
pseudo-Anosov maps that realize asymptotic minimum [2]. As an application
of the first theorem, we give a larger class of ratio optimizers.
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Generalizing the first theorem, we also give bounds on the asymptotic trans-
lation lengths of pseudo-Anosov maps when the number of curves used in the
construction is more than two. We first deal with the case where a map is a
product of the powers of Dehn twists, with each neighboring pair of curves in
the map filling the surface. We compute how large the exponent should be for
each Dehn twist to give a bound of the asymptotic translation lengths.

Two well-known constructions of pseudo-Anosov maps come from two filling
multicurves, namely Thurston’s [13] and Penner’s [10]. In the case of two filling
multicurves, we can also give bounds on the asymptotic translation length of a
product of Dehn twists, where the exponents in the powers of Dehn twists sat-
isfy a certain condition. This allows us to calculate the asymptotic translation
length of pseudo-Anosov maps on a curve graph in Thurston’s construction and
Penner’s construction, as long as we take high enough powers of Dehn twists.
Furthermore, we figure out how large the exponent of powers should be in or-
der to give similar bounds when the number of multicurves is more than two.
This bound can be used to find words that give minimal translation length in
a specific class of words.

It is proven by Koberda that for a finite set of curves C, there exists K such
that for n > K, {Tn

γ }γ∈C generates right-angled Artin groups [7]. In the same
paper, it is asked if one can give an explicit estimate of K. It is also known
that K depends on the choice of curves in C. As an application of our bounds
on the asymptotic translation lengths on the curve graphs, we give an explicit
estimate of K to generate a right-angled Artin group under a specific condition
on the configuration of the curves.

Acknowledgement. We thank Dongryul M. Kim, KyeongRo Kim, Sanghoon
Kwak, and Donggyun Seo for their helpful comments. We are very grateful to
the anonymous referee for numerous helpful suggestions and comments, which
greatly improved the readability of the paper. Both authors were supported
by National Research Foundation of Korea(NRF) grant funded by the Korean
government(MSIT) (No. 2020R1C1C1A01006912).

2. Background

2.1. Subsurface projection

Masur and Minsky defined subsurface projection in [9], which is a map from
the set of vertices of the curve graph of a surface to the power set of the set
of vertices of the curve graph of a subsurface. When the subsurface is annular,
subsurface projection sends the core of the annulus and curves not intersecting
the core to the empty set.

Theorem 2.1 (Bounded geodesic image theorem, [9]). Assume for a subsur-
face Y in S and geodesic g in C(S), all vertices of g have a nontrivial projection
on the curve graph of Y . Then the whole projection of g on curve graph of Y
has a diameter smaller than M .
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It is proven by Webb that M can be chosen as a universal constant that
does not depend on the type of S or Y [15]. For a simple closed curve α on
a surface, let’s say annular subsurface around α as Y . We use the notation
C(α) = C(Y ) as the curve graph of subsurface Y and dα = dY as the distance
on the curve graph of subsurface Y .

Bounded geodesic image theorem implies that if three curves α, β, γ ∈ C(S)
satisfy dα(β, γ) > M , any geodesic path joining β and γ must intersect one-
neighborhood of α in C(S).

We use the bounded geodesic image theorem to restrict the geodesic path
between two points. To enlarge the distance on the curve graph of a subsurface,
we need the following lemma.

Lemma 2.2 (Equation 2.6, [9]). For α ∈ C0(S) and β ∈ C0(α), the following
holds.

dα(β, T
n
α (β)) = |n|+ 2.

2.2. Pseudo-Anosov construction

We call a set of curves as a multicurve if it is made of non-intersecting
essential simple closed curves. For two multicurves A = {α1, . . . , αm} and
B = {β1, . . . , βn} on surface S, we say A and B fill S if complement S \(A∪B)
contains only disks and once punctured disks components. Two curves α and β
satisfy dC(α, β) ≥ 3 if and only if when α and β are filling curves. This can be
shown by that if S \ (α∪ β) contains a component that has higher complexity,
a curve can be drawn on it avoiding α and β, which makes dC(α, β) ≤ 2.

Two well-known pseudo-Anosov constructions are using Dehn twists of two
filling multicurves, which are by Thurston and Penner [10,13]. Further details
and explanations of those constructions can be also found in Chapter 14.1 in
[5]. For a multicurve A = {α1, . . . , αm}, let TA denote Tα1 · · ·Tαm .

Theorem 2.3 ([13]). Assume A = {α1, . . . , αm} and B = {β1, . . . , βn} be two
multicurves that fill a surface S. Let N be the matrix by Ni,j = i(αi, βj) and
µ be the largest real eigenvalue of NNT . Then there exists a representation
ρ : ⟨TA, TB⟩ → PSL (2,R) given by

TA 7→
[
1

√
µ

0 1

]
and TB 7→

[
1 0

−√
µ 1

]
,

where f ∈ ⟨TA, TB⟩ is a pseudo-Anosov map if and only if ρ(f) is hyperbolic.
Moreover, if f is a pseudo-Anosov map, the stretch factor of f is equal to ρ(f)’s
largest real eigenvalue.

Theorem 2.4 ([10]). Assume A = {α1, . . . , αm} and B = {β1, . . . , βn} be
two multicurves that fill a surface S. If f is a word made from the product
of positive Dehn twists about αi and negative Dehn twists about βj where all
αi, βj are used at least once, then f is a pseudo-Anosov map.

Mangahas suggested a new recipe for pseudo-Anosov maps using pure re-
ducible mapping classes [8]. To prove the map is pseudo-Anosov, Mangahas
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used the following lemma to show map’s stable translation length is positive.
We also use a slightly altered version of the lemma which is restricted to the
case of annular subsurfaces to construct classes of pseudo-Anosov maps and to
calculate stable translation length. This lemma will be used as our main tool
in Section 3. Let N1(αi) as the 1-neighborhood of αi in C(S) and let M be the
universal constant from the bounded geodesic image theorem.

Lemma 2.5 ([8]). For set of curves {α1, . . . , αn}, let Xi = N1(αi), Yi be an
annular subsurface around αi. Assume dC(αi, αi+1) ≥ 3 and dαi

(αi−1, αi+1) >
2M + 2 for all i. Then for any wi ∈ Xi and wi+k ∈ Xi+k, the geodesic
[wi, wi+k]∩Xj ̸= ∅ for i ≤ j ≤ i+k. Also, the Xj are pairwise disjoint. Further-
more there exists a geodesic [wi, wi+k], where elements from Xi, Xi+1 . . . , Xi+k

appear in same order in geodesic.

3. Translation length on curve graph

Using Mangahas’ lemma, Aougab-Taylor gave a lower bound for the asymp-
totic translation length of pseudo-Anosov map that is made from large enough
power of two filling curves’ Dehn twists [2]. Here we extend that idea to give
the exact translation length by showing that it preserves a geodesic.

Let’s say Dehn twists around curves α and β as Tα and Tβ , and let M as
the universal constant from the bounded geodesic image theorem.

Theorem 3.1. Let α, β be two filling curves with dC(α, β) = l ≥ 3. Pick a
geodesic path p joining α and β in C(S), and write p as α, v1, . . . , vl−1, β. Let

f = T a1
α T b1

β · · ·T an
α T bn

β , and for each 1 ≤ i ≤ 2n, denote by fi the partial
product of f up to the first i powers of Dehn twists. Let M be the universal
constant from the bounded geodesic image theorem. Then for each integers ai, bi
whose absolute values are greater than 2M for all 1 ≤ i ≤ 2n, the concatenated
path P formed by p · f1p · · · f2n−1p · fp is a geodesic. Moreover, f is a pseudo-
Anosov map, and it has the orbit of P as its geodesic axis. In particular, the
asymptotic translation length is given by lC(f) = 2n(l − 2).
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Figure 2. Geodesic axis of map f
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Proof. Let CA = N1(α), CB = N1(β), and let X0 = CB , X1 = CA, X2i =
f2iCB , X2i+1 = f2i+1CA. Now the shortest path betweenXi andXi+1 is length
l − 2, since it is an isomorphic image of CA and CB by fi. This path can be
realized as fip = (fiv1, . . . , fivl−1). By canceling f2i−1 and using f2iβ = f2i−1β
and f2i+1α = f2iα, we get following by Lemma 2.2:

df2iβ(f2i−1α, f2i+1α) = dβ(α, T
bi
β α) = |bi|+ 2 > 2M + 2.

Similarly df2i+1α(f2iβ, f2i+2β) > 2M + 2, thus conditions of Lemma 2.5 are
satisfied. Let’s pick a geodesic path between v1 and fv1. Then by Lemma
2.5 this path must meet all Xi between them. It must contain 2n paths of Xi

and Xi+1 and they should be all disjoint, so has a length of at least 2n(l − 2).
Concatenated path of f1p to f2np realizes this path, so we have d(v1, fv1) =
2n(l − 2). By our setting, same logic holds for fm for any positive m, thus it
makes d(v1, f

mv1) = 2mn(l − 2), which proves rest. □

This can be also applied to give bound to pseudo-Anosov maps made with
more than two Dehn twists.

Theorem 3.2. Consider curves α1, α2, . . . , αk which satisfy dC(αi, αi+1) ≥ 3,
where we set αk = α0 and αk+1 = α1. For f = Tn1

α1
Tn2
α2

· · ·Tnk
αk

with |ni| >
2M + 2 + dαi(αi−1, αi+1), its translation length is bounded as follows:

k∑
i=1

dC(αi, αi+1)− 2k ≤ lC(f) ≤
k∑

i=1

dC(αi, αi+1).

In particular, f is a pseudo-Anosov map.

Proof. Let fi = Tn1
α1

Tn2
α2

· · ·Tni
αi
, Xi = fiN1(αi) with Yi be an annular subsur-

face that has core βi = fiαi, where index is given modulo k. Now dβi
(βi−1, βi+1)

= dfiαi(fi−1αi−1, fi+1αi+1). Since Mod(S) preserves relation between curves
on C(S), deleting fi−1 gives dfiαi(fi−1αi−1, fi+1αi+1) = dαi(αi−1, T

ni
αi
αi+1).

Similarly dC(βi, βi+1) = dC(fiαi, fi+1αi+1) = dC(αi, αi+1). From triangle in-
equality and Lemma 2.2 we get

dαi(αi−1, T
ni
αi
αi+1) ≥ dαi(αi+1, T

ni
αi
αi+1)− dαi(αi−1, αi+1) > 2M + 2.

Thus it satisfies the condition of Lemma 2.5. Now pick any ω0 ∈ X0 = N1(α0).
Then we can see geodesic path from ω0 to f tω0 have an intersection with all
Xi for all 0 < i < tk, where index is given in modulo k. Thus we get

t

(
k∑

i=1

dC(αi, αi+1)− 2k

)
≤ dC(ω0, f

tω0).

Dividing into t and sending it to infinity gives us the desired lower bound. From
β1 = Tn1

α1
α1 = α1 and βk+1 = fα1 upper bound comes from inequality

dC(α1, fα1) ≤
k∑

i=1

dC(βi, βi+1) =

k∑
i=1

dC(αi, αi+1).
□



ON TRANSLATION LENGTHS OF PSEUDO-ANOSOV MAPS 591

Here we can see that a pair of filling curves is a special case of the theorem,
where the lower bound coincides with the exact translation length.

Though it may not preserve a geodesic like in two curve case, we can still
estimate stable translation lengths of two well-known constructions of pseudo-
Anosov maps, Thurston’s and Penner’s construction, under some conditions.
To track the length on the curve graph of the subsurface in case of multicurve’s
Dehn twist, we need the following lemma from [14].

Lemma 3.3 ([14]). For multicurve A = {α1, . . . , αn} let f = T a1
α1

· · ·T an
αn

.
Then for any curve γ intersecting αi transversely

dαi
(γ, f(γ)) ≥ |ai|.

On the curve graph of an annular subsurface, while n times of Dehn twist
about the core of an annulus sends an image to distance |n|+2 position from the
original, Dehn twists about curves that do not intersect the core have a minor
effect. For A,B ⊂ C(S), let’s define dist(A,B) = inf{dC(a, b) | a ∈ A, b ∈ B}.

Theorem 3.4. Let filling multicurves A = {α1, . . . , αm}, B = {β1, . . . , βn}
satisfy dist(A,B) = l ≥ 3. Let f = f1 · · · f2k, where f2i−1, f2i are products of
Dehn twists by curves in A, B, respectively, and each fi contains at least one
Dehn twist T t

γ with |t| > 2M + 3 for some γ ∈ A ∪B. Then

2kl − 4k ≤ lC(f) ≤ 2kl.

In particular f is a pseudo-Anosov map.

Proof. Let Fi = f1 · · · fi, and Xi = FiN1(γi), where γi is a curve from fi which
Dehn twist’s exponent’s absolute value is largest. Here γi is either element of
A or B, thus A ⊂ N1(γi) or B ⊂ N1(γi) since A and B are multicurves. From
Lemma 3.3 we get dγi(γi+1, fi(γi+1)) > 2M + 3 and dγi(γi−1, γi+1) ≤ 1, thus
dγi

(γi−1, fi(γi+1)) > 2M + 2. Letting Yi as an annular subsurface around core
Fiγi, Xi, Yi satisfy conditions of Lemma 2.5. Any geodesic connectingN1(γ1) to
fN1(γ1) must have nonempty intersection with Xi. On our geodesic, distance
between intersection of Xi and Xi+1 is bounded between l− 2 and l. Thus we
get following

2kl − 4k ≤ dist(X1, fX1) ≤ 2kl.

All our logic still holds for f t, thus we can expand the situation to

t(2kl − 4k) ≤ dist(X1, f
tX1) ≤ 2tkl.

Dividing all sides by t gives us the desired result. □

Theorem 3.5. Let multicurves C1 · · ·Cn satisfy dist(Ci, Ci+1) ≥ 3, Cn = C0

and Cn+1 = C1. Let f = f1 · · · fn, where fi is a product of Dehn twists by
curve in Ci, where each fi contains at least one Dehn twist T t

γ with |t| >
2M + 3 + dγ(Ci−1, Ci+1). Then following holds

n∑
i=1

dist(Ci, Ci+1)− 2n ≤ lC(f) ≤
n∑

i=1

dist(Ci, Ci+1).
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In particular f is a pseudo-Anosov map.

Proof. Let Fi = f1 · · · fi, and Xi = FiN1(γi), where γi is a curve from fi which
satisfies the condition of theorem and Dehn twist’s exponent’s absolute value is
largest. From Lemma 3.3 we get dγi

(γi+1, fi(γi+1)) > 2M+3+dγ(Ci−1, Ci+1).
Then by canceling Fi−1 and using triangle inequality, we get following:

dFiγi(Fi−1γi−1, Fi+1γi+1) = dγi(γi−1, fi(γi+1))

= dγi
(γi+1, fi(γi+1))− dγi

(γi−1, γi+1)

≥ 2M + 4 + dγi
(Ci−1, Ci+1)− dγi

(γi−1, γi+1)

≥ 2M + 2.

Here, the last inequality comes from that diamγi
(Ci−1),diamγi

(Ci+1) ≤ 1.
Thus letting Yi as annular subsurface around core Fiγi, our Xi, Yi satisfy con-
ditions of Lemma 2.5.

n∑
i=1

dist(Ci, Ci+1)− 2n ≤ dC(X1, fX1) ≤
n∑

i=1

dist(Ci, Ci+1).

All our condition still holds for fk, thus changing to fk and dividing all the
sides by k gives us desired result. □

4. Applications

4.1. Minimal word

One direction of understanding translation length is to find an element that
gives the smallest translation length among the ones that use the same number
of each Dehn twist. We give a partial answer to this question.

Theorem 4.1. Let α, β be two filling curves. For pseudo-Anosov f that satis-
fies the condition in Theorem 3.1, let r, s be a total amount of powers of Dehn
twist in a, b, respectively. Let f ′ = T r

aT
s
b . Then

lC(f) ≥ lC(f
′).

Proof. Let d(α, β) = l ≥ 3 and let f = T a1
a T b1

b · · ·T an
a T bn

b . Then lC(f) =
2n(l − 2) ≥ lC(f

′) = 2(l − 2) by Theorem 3.1. □

Theorem 4.2. Let A = {a1, . . . , am}, B = {b1, . . . , bn} be filling multicurves
with dist(A,B) = l ≥ 4. For pseudo-Anosov f that satisfies the condition in
Theorem 3.4, let ri, sj be a total amount of powers of Dehn twist in ai, bj,
respectively. Let f ′ = T r1

a1
· · ·T rm

am
T s1
b1

· · ·T sn
bn

. Then

lC(f) ≥ lC(f
′).

Proof. Let dist(A,B) = l, and assume f = f1 · · · f2k, where f2i−1, f2i are
products of Dehn twists by curves in A, B, respectively. We can always put f
in such form by conjugating, and conjugates have same asymptotic translation
length. If k = 1, f will be conjugation of f ′ itself. For k ≥ 2, by Theorem 3.4,
lC(f

′) ≤ 2l and 2kl − 4k ≤ lC(f). Thus lC(f) ≥ lC(f
′). □
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4.2. Ratio optimizer

Let lT (f) be an asymptotic translation length of f on Teichmüller space.
Gadre-Hironaka-Kent-Leininger proved that minimal value of ratio τ(f) =
lT (f)
lC(f)

is asymptotic to log(|χ(S)|) [6]. Aougab-Taylor used Mangahas’ Lemma

2.5 to find a large class of pseudo-Anosov maps that optimize this ratio [2].
Here we expand the class of ratio optimizers using another result from Aougab-
Taylor.

Theorem 4.3 ([1]). Let ω(g, p) = 3g+p−4. Then for any g, p with ω(g, p) > 0,
there exists an infinite geodesic ray γ = v0, v1, v2, . . . such that

i(vi, vj) = O(ω|j−i|−2).

Lemma 4.4 ([2]). Let a = ( 1 t
0 1 ), b = ( 1 0

t 1 ) and let M = aa1bb1 · · · aanbbn ,
where ai, bj ∈ {1,−1} and t > 1. Then trace(M) ≤ (2t)2n.

Theorem 4.5. Let γ = v0, v1, v2, . . . be a geodesic ray in Theorem 4.3, and
let Ti = Tvi as Dehn twist around vi. Then for any i, j such that |i − j| ≥ 3,

let a = T 2M+1
i , b = T 2M+1

j and f = aa1bb1 · · · aanbbn , where ar, bs ∈ {1,−1}.
Then we have the following:

τ(f) =
lT (f)

lC(f)
= O(log(ω)).

Proof. Since our f is Thurston’s construction made using two filling single
curves, we can see that the stretch factor of f coincides with the largest eigen-
value of matrix form by Theorem 2.3. The matrix N is the 1 × 1 matrix
(i(vi, vj)) here, so NNT = (i(vi, vj)

2). The largest eigenvalue is µ = i(vi, vj)
2,

so Ti 7→
(
1 i(vi,vj)
0 1

)
and Tj 7→

( 1 0
i(vi,vj) 1

)
. Then

a = (Ti)
2M+1 7→

(
1 i(vi, vj)
0 1

)2M+1

=

(
1 t
0 1

)
,

b = (Tj)
2M+1 7→

(
1 0

i(vi, vj) 1

)2M+1

=

(
1 0
t 1

)
,

where t = i(vi, vj) · (2M + 1). a, b are mapped to matrices with determinant
1, thus the matrix form for f also has determinant 1. Two eigenvalues are
the multiplicative inverse of each other, and the trace is a sum of two. Thus
largest eigenvalue is smaller than the trace, and by Lemma 4.4, smaller than
(2t)2n. lT (f) is a logarithm of the stretch factor, thus lT (f) < 2n log(2t). We
know that lC(f) = 2n(|j − i| − 2) by Theorem 3.1 where we exactly calculated
the translation length. Combining these with Theorem 4.3 gives us the desired
result. □
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4.3. Right-angled Artin group

Koberda proved that for a finite set of curves C, there exists K such that for
n > K, {Tn

γ }γ∈C generates right-angled Artin groups [7]. Koberda suggested
a problem, how to decide the value of K.

It is proven that the value of K depends on the choice of C. In the general
case of curve sets, answers are given in [12] and [11], using terms of intersection
number of pair of curves. We can answer Koberda’s question using our theorems
on curves with certain relations on the curve graph. Here we give answers in
terms of the distance of two curves on subsurface projection on other curves,
which is less than or equal to the intersection number of two curves.

Theorem 4.6. Consider curves α1, α2, . . . , αt which satisfy dC(αi, αj) ≥ 3 for
any distinct i, j. Let n > 2M+2+max dαk

(αi, αj). Then the set {Tn
α1
, . . . , Tn

αt
}

generates the free group of rank t.

Proof. Consider element in group generated from {Tn
α1
, . . . , Tn

αt
}. If it contains

Dehn twists of more than two curves, consider its cyclically reduced form. Our
n is chosen to satisfy the condition in our Theorem 3.2. A cyclically reduced
element is a pseudo-Anosov map, thus original element is also a pseudo-Anosov
map. This means any word written by more than one generator can not be
trivial, so there can’t exist any relation in the group. □

Using the same logic, in the case of multicurves, we can find the constant
needed to guarantee that any word that contains Dehn twists from at least
two multicurves becomes a pseudo-Anosov map. Thus that element can not be
trivial, so there is no relation in the group containing more than one multicurve.
Each set of Dehn twists on multicurve generates a free Abelian group, thus we
get a right-angled Artin group which is a free product of free Abelian groups.

Theorem 4.7. Consider filling multicurves A,B with dist(A,B) ≥ 3. For
n > 2M + 3, {Tn

γ | γ ∈ A ∪B} generates Z|A| ∗ Z|B|.

Theorem 4.8. Let multicurves C1 · · ·Cn satisfy dist(Ci, Cj) ≥ 3. For n >

2M + 3 + max{dγ(Ci, Cj) | γ ∈
⋃
Ck}, {Tn

γ | γ ∈
⋃

Ck} generates Z|C1| ∗ · · · ∗
Z|Cn|.

References

[1] T. Aougab and S. J. Taylor, Small intersection numbers in the curve graph, Bull. Lond.

Math. Soc. 46 (2014), no. 5, 989–1002. https://doi.org/10.1112/blms/bdu057
[2] T. Aougab and S. J. Taylor, Pseudo-Anosovs optimizing the ratio of Teichmüller to

curve graph translation length, in In the tradition of Ahlfors-Bers. VII, 17–28, Contemp.

Math., 696, Amer. Math. Soc., Providence, RI, 2017. https://doi.org/10.1090/conm/
696/14014

[3] H. Baik, C. Kim, S. Kwak, and H. Shin, On translation lengths of Anosov maps on the

curve graph of the torus, Geom. Dedicata 214 (2021), 399–426. https://doi.org/10.
1007/s10711-021-00622-1

https://doi.org/10.1112/blms/bdu057
https://doi.org/10.1090/conm/696/14014
https://doi.org/10.1090/conm/696/14014
https://doi.org/10.1007/s10711-021-00622-1
https://doi.org/10.1007/s10711-021-00622-1


ON TRANSLATION LENGTHS OF PSEUDO-ANOSOV MAPS 595

[4] B. H. Bowditch, Tight geodesics in the curve complex, Invent. Math. 171 (2008), no. 2,

281–300. https://doi.org/10.1007/s00222-007-0081-y

[5] B. Farb and D. Margalit, A primer on mapping class groups, Princeton Mathematical
Series, 49, Princeton Univ. Press, Princeton, NJ, 2012.

[6] V. Gadre, E. Hironaka, R. P. Kent IV, and C. J. Leininger, Lipschitz constants to curve
complexes, Math. Res. Lett. 20 (2013), no. 4, 647–656. https://doi.org/10.4310/MRL.

2013.v20.n4.a4

[7] T. Koberda, Right-angled Artin groups and a generalized isomorphism problem for
finitely generated subgroups of mapping class groups, Geom. Funct. Anal. 22 (2012),

no. 6, 1541–1590. https://doi.org/10.1007/s00039-012-0198-z

[8] J. Mangahas, A recipe for short-word pseudo-Anosovs, Amer. J. Math. 135 (2013),
no. 4, 1087–1116. https://doi.org/10.1353/ajm.2013.0037

[9] H. A. Masur and Y. N. Minsky, Geometry of the complex of curves. II. Hierarchical

structure, Geom. Funct. Anal. 10 (2000), no. 4, 902–974. https://doi.org/10.1007/
PL00001643

[10] R. C. Penner, A construction of pseudo-Anosov homeomorphisms, Trans. Amer. Math.

Soc. 310 (1988), no. 1, 179–197. https://doi.org/10.2307/2001116
[11] I. Runnels, Effective generation of right-angled Artin groups in mapping class groups,

Geom. Dedicata 214 (2021), 277–294. https://doi.org/10.1007/s10711-021-00615-0
[12] D. Seo, Powers of Dehn twists generating right-angled Artin groups, Algebraic & Geo-

metric Topology 21 (2021), no. 3, 1511–1533.

[13] W. P. Thurston, On the geometry and dynamics of diffeomorphisms of surfaces, Bull.
Amer. Math. Soc. (N.S.) 19 (1988), no. 2, 417–431. https://doi.org/10.1090/S0273-

0979-1988-15685-6

[14] Y. Watanabe, Pseudo-Anosov mapping classes from pure mapping classes, Trans. Amer.
Math. Soc. 373 (2020), no. 1, 419–434. https://doi.org/10.1090/tran/7919

[15] R. C. H. Webb, Uniform bounds for bounded geodesic image theorems, J. Reine Angew.

Math. 709 (2015), 219–228. https://doi.org/10.1515/crelle-2013-0109

Hyungryul Baik
Department of Mathematical Sciences

KAIST
Daejeon 34141, Korea

Email address: hrbaik@kaist.ac.kr

Changsub Kim
Department of Mathematical Sciences

KAIST

Daejeon 34141, Korea
Email address: kcs55505@kaist.ac.kr

https://doi.org/10.1007/s00222-007-0081-y
https://doi.org/10.4310/MRL.2013.v20.n4.a4
https://doi.org/10.4310/MRL.2013.v20.n4.a4
https://doi.org/10.1007/s00039-012-0198-z
https://doi.org/10.1353/ajm.2013.0037
https://doi.org/10.1007/PL00001643
https://doi.org/10.1007/PL00001643
https://doi.org/10.2307/2001116
https://doi.org/10.1007/s10711-021-00615-0
https://doi.org/10.1090/S0273-0979-1988-15685-6
https://doi.org/10.1090/S0273-0979-1988-15685-6
https://doi.org/10.1090/tran/7919
https://doi.org/10.1515/crelle-2013-0109

