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GEOMETRIC PROPERTIES OF STARLIKENESS INVOLVING
HYPERBOLIC COSINE FUNCTION

OM P. AHUJA, ASENA CETINKAYA, AND SUSHIL KUMAR

ABSTRACT. In this paper, we investigate some geometric properties of
starlikeness connected with the hyperbolic cosine functions defined in the
open unit disk. In particular, for the class of such starlike hyperbolic
cosine functions, we determine the lower bounds of partial sums, Briot-
Bouquet differential subordination associated with Bernardi integral op-
erator, and bounds on some third Hankel determinants containing initial
coefficients.

1. Preliminaries and the class S} __,

Let A be the class of all analytic functions f of the form
(1.1) f(z) :z—i-Zanz”
n=2

that are defined in the disk D = {z : |z|] < 1}. Denote by 2 the class of all
Schwarz functions w, which are analytic in D satisfying the conditions w(0) = 0
and |w(z)] < 1 for all z € D. If f and g are analytic functions, then f is
subordinate to g, written as f < ¢ if there exists a Schwarz function w such
that f = gow for all z € D. Also, let P be the class of all analytic functions
p : D — C such that p(0) = 1 and Re(p(z)) > 0 for every z € D. For more
details, we refer [7].

In [2], researchers studied the family S} of starlike functions connected

CO:

with hyperbolic cosine function defined by

2f'(2)
vosh = 4 f €A -<coshz,26]D)}.
" { /()
Geometrically, the function zf'(z)/f(z) maps D onto the open disk sym-
metric with respect to the real axis with center (cosh1 + cos1)/2 and radius
(cosh1 — cos1)/2; (see [2]). In [4], the authors discovered that the cosine and
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hyperbolic cosine functions have the same image domain in . In [2], the
researchers found the following sufficient condition.

Lemma 1.1. If f € A, 6 € [0,27] and
i n — cosh(e®)

——n = |lan] < 1,
¢ | cosh(e”) — 1

then f e Sk .
For # = 0, the condition in Lemma 1.1 reduces to
(oo}
(1.2) > (n—cosh1)|a| < coshl— 1.
n=2
Further, if f € S% ,, then
2f'(2)
1.3 =coshw(z) forall z €D,
(13) e (=)

where w € Q). Therefore, we observe that
o0 27 ot o
2,2n _ 02 2], 12,2n
27?7;:1\@“\ r —/0 |f(re®)|“dd > (cosh 172 nE:1n |an|*r<",

where 0 < r < 1 and a3 = 1. On taking r — 17, we get the inequality given
by

z:(n2 — (cosh 1)})|ay|? < (cosh1)? — 1.
n=2
In particular,
h1)2 —1
lan| < (cosh 1) for all n > 2.

n? — (cosh 1)?

Let f and g be analytic functions. Then f is majorized to g, written as
f(z) < g(z) if there exists an analytic function ¢ in D satisfying |¢(z)] <
1 and f(z) = ¥(2)g(z) for all z € D (see [17]). By using the reasoning given
in [28, Theorem 2.1, p. 4], we get the following new result:

Theorem 1.2. Let f € A and suppose that g € Sk, with f(z) < g(z) for all
z € D. Then for |z| < r1, we have |f'(z)| < |g'(2)|, where r1 is the smallest
positive root of the equation (1 —1?)cosr — 2r = 0.

If the function f € A, then its sequence of k** partial sums is the polynomial
which is given by fx(z) = z + Zﬁ:z anz™. In [27], it is noted that the partial
sums of univalent functions is univalent in the disk ;4. Starlikeness and
convexity of the partial sums of univalent functions was discussed in [9,11,23,
25,26]. The Briot-Bouquet differential subordination is given by

29/ (2)

(1.4) P(2) + 70(2) + 1 <¢(z) (npeCn#0)
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with ¢(0) = (0) = 1. If the univalent function ¢(z) = 1+ q12 + q2% + - -+
has the property that ¢ < ¢ for all analytic functions ¢ satisfying (1.4), then
it is called a dominant of (1.4). If § < ¢ for all dominants ¢ of (1.4), then a
dominant ¢ is called the best dominant of the differential subordination. In [8],
Eenigenburg et al. investigated the Briot-Bouquet differential subordination.
For more details, see [1,5,6,15]. The Bernardi integral operator £, : A — A
with ¢ > 0 is given by
Lof@) =27 [ e pat
0

From this operator, we easily get

(1.5) Lo f(2)) = (14 0)f(2) — oLo f(2).
For natural numbers ¢ and n, the ¢"" Hankel determinant, which is as-
sociated with the coefficients of functions f € A, is defined by H,(n) :=

det{anﬂqrj,g};-17]-7 1<14,5 <gq,a; = 1. The third Hankel determinants H?()l),

H§2) and H?ES) are given as

(1.6) Hs(1) = as(agay — a%) — ay(ay — asas) + as(asz — a3),
(1.7) Hs3(2) = as(agas — a2) — az(azag — aqas) + as(azas — a3),
(1.8) Hs(3) = as(asay — ag) — aq(agar — asag) + as(aqas — ag).

In [21], Pommerenke computed initially an upper bounds on the Hankel
determinants for starlike functions and univalent functions. The best possible
upper bound on second Hankel determinant Hs(2) = asas — a3 for the Ma-
Minda starlike and convex functions were estimated in [16].

In view of the above discussed literature, we determine first lower bounds
on Re (f(2)/fx(2)), Re (£u(2)/£(2)), Re (£(2)/£1()) and Re (£, (2)/f'(2)) for
the functions f € S7 . The Briot-Bouquet differential subordination implica-
tions related to the Bernardi integral operator are established. In addition, we
determine bounds on the third Hankel determinants H3(1), H3(2) and H3(3)
for such functions.

2. Partial sums

In this section, we examine the ratios of a function of the form f(z) =
Zz4 Y07 5 anz™ to its sequence of partial sums fi(z) = z + ZIZ:Q anz", when

the coefficients of the function f to be in the class S, are sufficiently small.

Theorem 2.1. If a function [ € A satisfies the condition (1.2), then
(a) Re( f(2) ) > k+2—2cosh 1

fk(z)) = k+1—coshl
fu(z k+1—cosh
(b) Re ( f]'c((z))) A
for all z € D. Sharpness follows by the function
_ coshl—1 ;.
J) ==+ k+1—coshl
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for every k.

Proof. (a) Since
n+1—coshl < n —cosh 1
coshl —1 coshl —1’
it follows from (1.2) that

k+1-— coshl > > cosh 1
n n S - 1 4 4 n
Z|a e coshl — ;ﬂm | ;coshl jan| <

(n=>2)

Thus we write

B k+1—coshl f(z)_
Pi(z) =1+ coshl—1 (fk(z) 1>

1+ Zﬁ:z anz" ! 4 B D omgeyr Gn2"
(2.1) - KEE: ,
1 + Zn:2 anz"
which is analytic in D with 7 (0) = 1. To obtain the lower bound, we need to
show that
1+ wq(2)

(2.2) Yi(z) = m,

where w; is a Schwarz function with w;(0) = 0 and |wi(2)|< 1 in D. Clearly,
from (2.1) and (2.2), we get

k+1—cosh1 0 n—1
cosh1—1 Zn k+1 anZz

k n—1 k+1—cosh1 -1
242 Zn:? anZz + cosh1—1 n= k+1 an2"

wy(z) =

and therefore

wi(2)] <

k+1 h1l
j:_oshclosl Zn k+1 |a”fl|
2-2 Zn:? |a"| - chrolshClO—S}l11 Zn:k-i—l |a”|

Thus, the last expression is equivalent to

k 0o
k+1—-coshl
(2.3) D lan+ ————— Y laa| <1
n=2

coshl—1
n=k+1

It is sufficient to show that the left hand side of (2.3) is bounded above by
>0 5((n—cosh1)/(cosh1 —1))|ay,|. Thus we get
k
n+1—2coshl
— 1 |l0n nl > 0.
;( coshl —1 )|a+ Z <cosh1 )|a|
The function flz) =2+ %z gives the sharpness as we observe that
for z = re’™/* and r — 1~ that
f(z) _1 coshl—1 coshl—1 k+2—2coshl

= —1-— = .
fx(2) k+1—coshl” k+1—coshl kE+1—coshl
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(b) To prove the second part of the theorem, similarly
k Ji(2)
=1 -1
v2(2) * coshl—1 ( f(z)

— 1+ 30 s an2™ ! = oy D1 A" 1t wa(2)

L+ >0 s apznt Tl —we(z)’

so that we obtain

k 0o
"lUQ(Z)| < cosh1—1 Zn:k-‘rl |an|

< % — .
2-230 olan| — ktis}?fgslhl ZO:kH |an|

This inequality is bounded above by 1 and gives

k 00
k+1—coshl
2.4 n| + ——————— nl < 1.
(2.4) ;‘GH— coshl—1 n;}gﬂ‘a‘
The left hand side of (2.4) is bounded above by
> ((n—cosh1)/(cosh 1 — 1))|an|,
n=2

and we get the proof.

Theorem 2.2. If a function f € A satisfies the condition (1.2), then

/

(a) Re (]J:]i((z))) > 2k+2—(k+2) cosh 1

= k+1—cosh1 ’

fr(2) k+1—cosh1
(b) Re (flf(z) ) z k+1—cosh 1+ (k+1)(cosh1—1)
for all z € D. For every k, these results are sharp for the function
coshl—1
f(z) =24 ————— L

Tk +1—coshl
Proof. (a) If the function f € S’ ,, then from (1.2) we get
k oo

k+1—coshl
n n S 1'
Zn|a |+ (k+1)(cosh1—1) ":zk;rlnm |

n=2

Let

P3(2) =1+

k+1—coshl f'z)
(b + Dcosh 1 — 1) (f,;(z> 1)

k n—1 k+1—cosh1 oo n—1
1+ D n=2 M 2"+ T cosh 1=T) 2on—kt1 n?

2
143, _onapzn=t

_ 1+ ws(2)
1l —ws(2)’

411
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where 13 is analytic in D with t5(0) = 1 and w3 is a Schwarz function with
ws(0) = 0 and |ws(z)|< 1 in D so that

k+1—cosh1 e} n—
(k4+1)(cosh1-1) Zn:k—i—l nanz

= k n—1 k+1—cosh1 o n—1
2423, onanz + 4D (cosh 1-T) D nmhg1 Man?

1

ws(2)

and
k+1— h1l [ee]

ws(2)] < Tt (cosh 1-1) 2on—k1 ™an]

3

< % — .
2-2 anz nla,| — % Z:io:k+1 nlan|

Hence, the last expression is equivalent to

k 0o
k+1—-coshl
2.5 n n| < L.
(2.5) nz::znla | + T D(cosh1 1) n:zk;rlnla |

It is sufficient to show that the left hand side of (2.5) is bounded above by
> ,((n —cosh1)/(cosh 1 — 1))|a,|, and we get

n=2
k [e's)
2n — (n+1)cosh1 (n—k—1)coshl
> 0.
T;( coshl—1 >a"+n_zk;rl<(k+1)(coshl—l) jan =
For z = re"™/*¥ and r — 1~, we observe that
f'(z) - (k+1)(coshl1—1) ,
fi(z) kE+1—coshl
1 (k+1)(coshl —1) 2k+2— (k+2)coshl
k+1—coshl k+1—-coshl
which shows the desired sharpness.
(b) It is similar to the proof of part (a), therefore it is omitted. O

3. Differential subordination

By using a technique based upon Briot-Bouquet differential subordination
[18], we establish some subordination properties. In order to prove further
results, we need the following lemmas.

Lemma 3.1 ([10]). Let ¢ be convexr univalent in D with ¢(0) = 1, and let ¢
of the form ¢(z) =1+ c12 + c22% + -+ be analytic in D with ¢(0) = 1. If
Lo
o(z) + ;Zqﬁ (2) <¢(z), (n#0, Rep>0)
then
o) <hz) =& [ 0Nt < o2
0

M

and h is the best dominant of (1.4).
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Lemma 3.2 ([18]). Let n (n # 0) and p be complex constants, and let ¢
(p(0) = 1) be a convexr univalent function in D with Re(np(z) + p) > 0. Let ¢
be analytic in D and satisfy (1.4). If the Briot-Bougquet differential equation

(3.1) a2 + nq(q)(ju — (), (q(0)=1)

has a univalent solution q, then
P(2) < q(2) < ¢(2)

and q is the best dominant of (1.4).
The differential equation (3.1) has a formal solution given by

z -1
(3.2) Q(Z)=Z“[H(2)]”(77 / [H(tw-ldt) e

where

H(z) = zexp/oz %dt.

Theorem 3.3. Let 0 < A < 1 and ¢ > 1. If a function f € A satisfies the
condition

(3.3) (1-2X)
then

1/¢ T 1/¢
(3.4) Re{(lzgz(z)> } > (Ti/ uitx 1 cosudu) :
—AJo

The result is sharp.

1) | \Lat(2)

=< cosh z,

Proof. Consider the analytic function

Lsf(z

o(z) = J;( ), (z €eD)
with ¢(0) = 1 in D. Differentiating both sides of this identity, and using (1.5),
we get

f(z) L

S = o0) 4 e (2)
Applying (3.3), we conclude that
f(Z) Eaf(z) _ 1-A /
(1-X) . + A . —¢(z)+1+0_z¢(z)<coshz.

It follows from Lemma 3.1 that

1 o (7 1t
P(2) < +0z7%/ 15~ cosh tdt
1-A 0

or

1
(3.5) £o/(2) _1 +U/ uitx 1 cosh uw(z)du,
0
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where w is a Schwarz function. Let w(z) = Re® with R < |z| =7, —7 <t <
7. Now, we find the minimum value of Re(coshw(z)) with w(z) = Re'. A
computation shows that

Re(cosh Re®) = cosh(Rx) cos(Ry),
where & = cost, y = sint and z,y € [—1,1]. Thus we get
Re(coshw(z)) > cos.
It follows that
Re(coshuw(z)) > cosur.
Hence, for 0 < A < 1, and letting r — 17, from (3.5) we arrive at

1
(3.6) Re <£Gf(z)> > 1—'_(; / w5 cos udu > 0, ze€D.
z —AJo

Since Re(w'/¢) > Re(w)'/¢ for Re(w) > 0 and ¢ > 1, from (3.6) we prove the
inequality (3.4).
To prove sharpness, we take f € A defined by

EUf(Z) . l1+o
z D
For this function we find that

1
140
/ulfA ! cosh uzdu.
0

(1-— /\)M + )\M =< cosh z,
z z
and
1
Lo f(2) — 1+U/ wi=% 1 cosh udu
z 1-XJ,
as z — 17. This completes the proof. O

Theorem 3.4. Let L, f(z) # 0 and o > 0. If f belongs to the class S, and

O:

Re(cosh z+ 0) > 0,

then Lo f € S, Furthermore, if f € ), then
(Lo 1(2))
3.7 —————— < q(z) < coshz,
37 L 1
where
2 -1
(3.8) q(z) = z”eChi(z)_'*(/ t“_lecm(t)_'ydt> — 0,
0

and q 1is the best dominant of (3.7).
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Proof. Consider the analytic function

2(Lof(z !
6(z) = (L(,]]:((z))) (- € D)
with ¢(0) = 1. By using (1.5), we get
)
1+ = o) +o

Differentiating logarithmically with respect to z, from the last equation, we
obtain

2f'(2) 2¢'(2)
. = T hz.
(3.9 15 o(z) + o) +o < coshz
Now, let us consider the differential equation
/
(3.10) q(z) + () = (z) := cosh z,

q(z) +o
where the function ¢ is analytic with ¢(0) = 1 and the function ¢(z2) = cosh z
is convex univalent with ¢(0) = 1 in D, and let P(z) = ny(z) + . According
to (3.10) and Lemma 3.2, we observe that since n =1 and p = o, then P(z) =
cosh z+o. For proving Re(cosh z+0) > 0, it is enough to set z = e, t € [0, 7],
and we get
Re(cosh z + o) = cosh(cost) cos(sint) + o > 0

under the condition ¢ > 0. Furthermore, P(z) and 1/P(z) are convex. Hence,
there is a univalent solution of the equation (3.10). To get this solution, we
apply to Lemma 3.2. Since ¢(z) = cosh z, we find

H(z) = zexp/oz %dt

z

= zexp/ cosht — 1 1dt = Chi(x) =7,
0 t

where Chi is the cosh integral and -y is the Euler’s constant. Setting this result

together with n = 1 and p = o into the formula (3.2), we obtain (3.8) which

is the solution of the differential equation given by (3.10). Since ¢ is analytic

function satisfying the relation (3.9), then we have

d(2) < q(z) < p(z) := cosh z
and ¢ is the best dominant of (3.7). O

4. Hankel determinants

In 2010, Babalola [3] determined the upper bound on Hs(1) for the classes
of starlike and convex functions. Kowalczyk et al. [12] computed the best
possible bound 4/135 on Hj3(1) for convex functions. Recently, Kumar and
Cetinkaya [13] computed an estimate on third order Hankel determinants for
starlike functions associated with nephroid shaped domain. For more recent
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work on third Hakel determinant, see [19,20,22]. In this section, we determine
an upper bound on the Hankel determinants H3(1), H3(2) and H3(3) of the
third order for the function f € S .

Theorem 4.1. For the function f € SZ ., the following bounds on third order
Hankel determinants hold:

23 3 509
Hy(1)] < =2 4 — 2 ~0.145380, |Hs(2)| < 20 ~ 0.058912
and
97\/ e 1256939 1
|H3(3)] < —L 20T 4 + ~ 0.105845.

— 14400 13271040 16+/35

In order to determine estimates on third order Hankel determinants, we use
the following lemmas.

Lemma 4.2 ([24, Lemma 2.3, p. 507]). Let p € P. Then for all n,m € N,
2, 0<p<l
|BPnPm = Pmn| < { 2|2u — 1], elsewhere.

If 0 < p < 1, then the inequality is sharp for the function p(z) = (1 +
2MF) /(1 — 2™T™). In the other cases, the inequality is sharp for the function
po(z) = (1+2)/(1—2).

Lemma 4.3 ([14, Lemma 2.1, p. 1055]). Let p € P. Then,
4.
2|M - 4|7 1% < 3

4
2/.1/ K M>§

lups — p3| < { T
p—17

for any real number u. The result is sharp. If p < %, then equality holds for
the function po(z) == (1+ 2)/(1 — z) and if p > 3, then equality holds for the
function

1— 22

p1(z) = ; = .
z _21/ﬁ2+1

Proof of Theorem 4.1. Since w €  and w(z) = (p(z) — 1)/(p(z) + 1) where
p € P has the Taylor series expansion p(z) = 1+ p12 + pe2z? + p3z3 + - - -, then
on comparing the coefficients of like power terms in equation (1.3) by using the
function given by (1.1) and p € P, we get

(41) as = 0,
1
(42) as = Ep%a
1
(4.3) ag= — ﬁpl (p% - 2]?2) )

1
(4.4) a5 = 192 (5p1 — 18pTps + 12p1ps + 6p3)
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(4.5) ag = 1920( 31p1 + 158p1p2 144p%p3 - 144p1p§ + 96p1p4 + 96pap3),

(4.6) a7 = (5537p§ — 36360p1p2 + 37680pips + 120p7 (469p5 — 288p4)

— 23040p1 (3paps — ps) — 11520(p3 — 2paps — p3)).

On substituting the values of ag, a3, a4, a5, ag and ay from (4.1), (4.2),
(4.3), (4.4), (4.5), and (4.6), respectively, in the expressions (1.6), (1.7) and
(1.8) of Hankel determinants of third order, we get

552960

1
(4.7) Hy(1) = g (7 (—13p1 + 40pips + 144p1ps — 184p3)),

1
4.8 Hy(2) = ———(—p® 18 144 — 96 -9
(4.8) 3(2) 4423680( 3 (pS — 18pips + 144pTps — 96p7 (p5 — 9p4)

— 2016p1paps + 1120p2)),
and
(4.9)
1

H3(3) = ———(—37p'24+442p1 %2 — 777600pS +1284p?

+ 1969920p1 paps — 2p5 (647p3 + 10368p,)

— 96pS(407p3 + 582p2 — 5568pap4)

— 1152p2p2(265p3 4 2336p3 — 1160paps) + 192p] (241paps — 600ps)
— 192p7(3463p3ps + 4752psps — 6000p2ps)

+4608p} (147p3ps — 900p3 + 2052p2paps — 1150p5ps)

+ 48p71(T081p; + 31872pap2 — 45408p3ps + 3456(—24p3 + 25psps))).

After rearranging the terms and by making use of triangle inequality in the
expressions (4.7), (4.8), and (4.9), respectively, we have

144
(4.10) 36864|Hs(1)| < 13[p7| 1—3p3—p1 + 184|pips| 23 —p2|,
21 3
(4.11) 4423680|H3(2)| < 18|p]] 8 — po| 4 1120|p3p3| 3EPT P2
+2016|pps| ﬁp? — pal| + 864|p3pal,
and
(4.12)  25480396800|Hs(3)|
< 442|p1°) 7p + pa| + 339888|pip3| 4p +p
= LT yygtr T2 120 g T 2
27 3463
46272|p7 677376 2
+ Ip1p2] ~ogaliPz Ths| T Ip3p3ps| ~3pogPl T2
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83 9
2691072|p2pap?| | — 4528|p8
+2691072(p1 p2p3| 146171 pa| + 534528|pip4| 232171 + D2
5 5 473
+ 1336320|p; p3pa| |— = p; + p2| + 9455616|pipspal |— p1 + p2
290 114
5 5 53
+ 5299200 |py p2ps| — pa| + 1969920|p1p5| | — —=p1p2 + P3
237 342
6 3 656 4 3
+ 1284|pyps| |py — 107 b3 + 115200[p7ps | }_P1 + 36p3|

+ 7T7600|pS | 4 4147200|p3p3| + 3981312|pip?).

On repeated use of Lemma 4.2, Lemma 4.3 and the inequality |p,| < 2 for all
n € N in expressions (4.10), (4.11) and (4.12), we get the desired estimates as

1 144 23 3
Hi(D)| < —— [ 13(2)* 184 ~ ,
[ Hs( )|_36864< (2) Vst ™ ()> 288 T /131

509
8640’

|H3(2

@) < 33680 (18(2)® + 1120(2)® + 2016(2)° + 864(2)°) =

|H3(3 442(2)" + 339888(2)® + 46272(2) + 677376(2)7

1
< Srzmmaran ¢
25480396800
473
+2691072(2)° + 534528(2)® + 1336320(2)6(%) 4 9455616(2)°

4656 4656
6 7 8
+5299200(2)° + 1969920(2)7 + 1284(2)° 51| =0

+ 777600(2)° 4 4147200(2)° + 3981312(2)° + 115200(2)6(216)i)
V35
_ 97 97 N 1256939 N L
14400 V 13647 ' 13271040  164/35
This completes the proof. ([
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