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(V,W,Y,X )-GORENSTEIN COMPLEXES

Yanjie Li and Renyu Zhao

Abstract. Let V, W, Y, X be four classes of left R-modules. The

notion of (V,W,Y,X )-Gorenstein R-complexes is introduced, and it is

shown that under certain mild technical assumptions on V, W, Y, X ,
an R-complex M is (V,W,Y,X )-Gorenstein if and only if the module in

each degree of M is (V,W,Y,X )-Gorenstein and the total Hom complexs

HomR(Y ,M), HomR(M ,X) are exact for any Y ∈ Ỹ and any X ∈ X̃ .

Many known results are recovered, and some new cases are also naturally

generated.

1. Introduction

Inspired by Auslander and Bridger’s notion of finitely generated modules of
G-dimension zero over two-sided Noetherian rings [1], Enochs and collabora-
tors [7, 9] introduced and studied Gorenstein projective, Gorenstein injective
and Gorenstein flat modules over arbitrary rings that developed the so-called
Gorenstein homological algebra for modules. Since then, these modules and
their analogues were extensively studied, see, e.g. [2,4,5,10,14,17,18,21,25,28,
29,32,35,36,43,44,49]. Let V, W, Y, X be four classes of left R-modules. Re-
cently, motivated by Yang’s notion of (W,Y,X )-Gorenstein modules [35], Zhao
and Sun’s notion of VW-Gorenstein modules [49], we introduced the notion of
(V,W,Y,X )-Gorenstein modules [46] which proposes a unified approach to the
various Gorenstein modules appeared in the above citations.

In 1998, Enochs and Garćıa Rozas [6] extended the notion of Gorenstein pro-
jective and Gorenstein injective left R-modules to the category of complexes of
left R-modules, and proved that over an n-Gorenstein ring R, a complex M
of left R-modules is Gorenstein projective (resp., injective) if and only if each
Mn is a Gorenstein projective (resp., injective) left R-module. Yang [34], Yang
and Liu [40] further showed independently that the same results hold over any
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ring R. Thereafter, Gorenstein projective (resp., injective) complexes with re-
spect to a semidulizing module [38], Ding projective (resp., injective) complexes
[41], Gorenstein AC-projective (resp., AC-injective) complexes [3], as well as
W-Gorenstein complexes [24, 33], VW-Gorenstein complexes [48], (W,Y,X )-
Gorenstein complexes [45], Gorenstein projective complexes with respect to a
complete and hereditary cotorsion pair [47] etc. have been studied, which led
to many papers with parallel results.

Given four classes V, W, Y, X of left R-modules, following the idea of [46],
in this paper, we introduce a notion of (V,W,Y,X )-Gorenstein complexes, see
Definition 3.1, which proposes a unified approach to all the above-mentioned
classes of Gorenstein complexes as well as some other particular Gorenstein
complexes that is not explored. The main theorem of this paper is the following
result, contained in Theorem 3.7. It showcases the benefit of our approach to
studying (V,W,Y,X )-Gorenstein complexes, as it not only enables us to study
(V,W,Y,X )-Gorenstein complexes via (V,W,Y,X )-Gorenstein modules, see
Proposition 3.8-Corollary 3.12, but also it simultaneously encompasses the re-
sults of [40, Theorem 2.2, Proposition 2.8], [34, Theorems 1 and 2], [38, The-
orems 4.6 and 4.7], [41, Theorems 3.7 and 3.20], [3, Theorems 3.2 and 4.13],
[24, Corollary 4.8], [33, Theorem 4.6] and our own results [48, Theorem 3.8],
[45, Theorem 3.9] and [47, Theorem 3.5], and generates some new results nat-
urally, see Section 4.

Theorem 1.1. Let V, W, Y, X be four classes of left R-modules and M
be a complex of left R-modules. If V, W are self-orthogonal, closed under
isomorphisms and finite direct sums, Y, X are closed under extensions, V ⊆ Y,
W ⊆ X , V ⊥ X , Y ⊥ W, and V,W ⊆ G(V,W,Y,X ), then M is (V,W,Y,X )-
Gorenstein if and only if each Mn is a (V,W,Y,X )-Gorenstein module and

HomR(Y ,M), HomR(M ,X) are exact for any Y ∈ Ỹ, X ∈ X̃ .

The outline of the paper is as follows. Preliminary notions and notation are
laid out in Section 2. In Section 3, we first give the definition of (V,W,Y,X )-
Gorenstein complexes and prove Theorem 1.1. Then, we apply Theorem 1.1
to deduce some properties of (V,W,Y,X )-Gorenstein complexes from that
of (V,W,Y,X )-Gorenstein modules. In Section 4, the particular cases of
(V,W,Y,X )-Gorenstein complexes that fits to Theorem 1.1 are exhibited.

2. Preliminaries

Throughout this article, R denotes an associative ring with unit. By a
module, unless otherwise explicitly stated, we mean a left R-module. The
category of left R-modules is denoted by R-Mod. By a complex M , we mean
a complex of left R-modules as follows:

· · · → Mn+1
dn+1−−−→ Mn

dn−→ Mn−1 −→ · · · ,
i.e., the differentials lower the degree. The category of complexes of left R-
modules is denoted by Ch(R). For an M ∈ Ch(R), the nth cycle (resp.,
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boundary, homology) of M is denoted by Zn(M) (resp., Bn(M), Hn(M)).
For an m ∈ Z, the symbol M [m] denotes the complex with (M [m])n = Mn−m

and d
M [m]
n = (−1)mdMn−m for all n ∈ Z. Given a module M , we use M to

denote the complex

· · · → 0 → M
id−→ M → 0 → · · ·

with M in the 1st and 0th degree.
Given M ,N ∈ Ch(R). The total Hom complex HomR(M ,N) is given by

HomR(M ,N)n =
∏
k∈Z

HomR(Mk, Nn+k)

and

dHomR(M ,N)
n ((fk)k∈Z) = (dNn+kfk − (−1)nfk−1d

M
k )k∈Z.

We use HomCh(R)(M ,N) for Z0(HomR(M ,N)), the group of all morphisms

from M to N , and ExtiCh(R)(M ,N) to denote the groups one gets from the

right-derived functor of HomCh(R)(−,−) for i ≥ 0. Recall that Ext1Ch(R)(M ,N)

is the group of (equivalence classes) of short exact sequences 0 → N →
L → M → 0 under the Baer sum. We let Ext1dw(M ,N) be the subgroup
of Ext1Ch(R)(M ,N) consisting of those short exact sequences which are split in
each degree. We often make use of the following standard fact.

Lemma 2.1 ([15, Lemma 2.1]). For any M ,N ∈ Ch(R) and any n ∈ Z, we
have

Ext1dw(M ,N [−n− 1]) ∼= Hn(HomR(M ,N)) = HomK(R)(M ,N [−n]),

where K(R) denotes the homotopy category of complexes of left R-modules. In
particular, HomR(M ,N) is exact if and only if for any n ∈ Z, any morphism
f : M [n] → N is homotopic to 0.

Let Z be a class of modules. We use Z̃ to denote the class of all exact
complexes M with each cycle Zn(M) ∈ Z, and use dwZ̃ to denote the class
of all complexes M with each degree Mn ∈ Z.

Let D be an abelian category, and B be a subcategory of D. Recall that
a sequence U in D is HomD(B,−)-exact (resp., HomD(−,B)-exact) if the se-
quence HomD(B,U) (resp., HomD(U, B)) is exact for any B ∈ B. For two

subcategories X ,Y of D, we say X ⊥ Y if Ext≥1
D (X,Y ) = 0 for any X ∈ X and

any Y ∈ Y.

Definition 2.2 ([46, Definition 3.1]). Let V, W, Y, X be four classes of mod-
ules. A module M is called (V,W,Y,X )-Gorenstein if there exists a both
HomR(Y,−)-exact and HomR(−,X )-exact exact sequence

· · · → V1 → V0 → W 0 → W 1 → · · ·
with Vi ∈ V and W i ∈ W for all i ≥ 0 such that M ∼= Im(V0 → W 0). The
exact sequence is called a complete (V,W,Y,X )-resolution of M .
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We denote the class of all (V,W,Y,X )-Gorenstein modules by G(V,W,Y,
X ). This notion unifies and generalizes a number of known Gorenstein modules,
see [46, Remark 3.2] for details.

3. (V,W,Y,X )-Gorenstein complexes

In this section, we will extend the notion of (V,W,Y,X )-Gorenstein modules
to that of complexes and prove Theorem 1.1.

Definition 3.1. Let V, W, Y, X be four classes of modules. A complex M

is called (V,W,Y,X )-Gorenstein if there exists a both HomCh(R)(Ỹ,−)-exact

and HomCh(R)(−, X̃ )-exact exact sequence of complexes

U : · · · → V1 → V0 → W 0 → W 1 → · · ·

with each Vi ∈ Ṽ and W i ∈ W̃ such that M ∼= Im(V0 → W 0). In this case,

we say U is a complete (Ṽ, W̃, Ỹ, X̃ )-resolution of M .

We denote by G(Ṽ, W̃, Ỹ, X̃ ) the class of all (V,W,Y,X )-Gorenstein com-
plexes. To characterize (V,W,Y,X )-Gorenstein complexes, we need the fol-
lowing preparations.

Lemma 3.2 ([15, Lemma 3.1]). Given a complex M and a module N , we have
the following natural isomorphisms for any n ∈ Z:

(1) HomCh(R)(N [n],M) ∼= HomR(N,Mn+1).

(2) HomCh(R)(M , N [n]) ∼= HomR(Mn, N).

(3) Ext1Ch(R)(N [n],M) ∼= Ext1R(N,Mn+1).

(4) Ext1Ch(R)(M , N [n]) ∼= Ext1R(Mn, N).

Lemma 3.3 ([24, Lemma 4.4]). Let U ,Z be two classes of modules. If U ⊥ U ,
then the following statements hold:

(1) Z ⊥ U if and only if dwZ̃ ⊥ Ũ .
(2) U ⊥ Z if and only if Ũ ⊥ dwZ̃.

Corollary 3.4. Let U ,Z be two classes of modules such that Z is closed under
extensions and U ⊥ U . Then the following statements hold:

(1) If Z ⊥ U , then Z̃ ⊥ Ũ .
(2) If U ⊥ Z, then Ũ ⊥ Z̃.

Proof. As noticed that Z̃ ⊆ dwZ̃ whenever the class Z of modules is closed
under extensions, the assertions follow immediate from Lemma 3.3. □

Lemma 3.5. Let U be a class of modules such that U⊥U . Then HomR(U ,M)

and HomR(M ,U) are exact for any M ∈ Ch(R) and any U ∈ Ũ .

Proof. The assumption U ⊥ U implies that each U ∈ Ũ is a zero object in
K(R). Hence, Lemma 2.1 yields the desired conclusion. □
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Lemma 3.6. Let Y,X be two classes of modules and

· · · → M1
σ1−→ M0

σ0−→ M−1 → · · ·

be a HomCh(R)(Ỹ,−)-exact and HomCh(R)(−, X̃ )-exact exact sequence of com-
plexes. Then for any n ∈ Z, the exact sequence of modules

· · · → (M1)n
(σ1)n−−−→ (M0)n

(σ0)n−−−→ (M−1)n → · · ·

is HomR(Y,−)-exact and HomR(−,X )-exact.

Proof. Let Y ∈ Y, X ∈ X and n ∈ Z. Then Y [n− 1] ∈ Ỹ and X[n] ∈ X̃ . Thus
we have the following exact sequences

· · · → HomCh(R)(Y [n− 1],M1) → HomCh(R)(Y [n− 1],M0)

→ HomCh(R)(Y [n− 1],M−1) → · · · ,

· · · → HomCh(R)(M−1, X[n]) → HomCh(R)(M0, X[n])

→ HomCh(R)(M1, X[n]) → · · · .
By Lemma 3.2(1) and (2), we have exact sequences

· · · → HomR(Y, (M1)n) → HomR(Y, (M0)n) → HomR(Y, (M−1)n) → · · · ,

· · · → HomR((M−1)n, X) → HomR((M0)n, X) → HomR((M1)n, X) → · · · .
So the result holds. □

In the rest of this section, we always assume that V, W, Y, X are four classes
of modules which satisfy the conditions: V, W are self-orthogonal, closed under
isomorphisms and finite direct sums, Y, X are closed under extensions, V ⊆ Y,
W ⊆ X , V ⊥ X , Y ⊥ W, and V,W ⊆ G(V,W,Y,X ).

Now, we are in a position to prove Theorem 1.1.

Theorem 3.7. Let M be a complex. Then M is (V,W,Y,X )-Gorenstein if
and only if each Mn is a (V,W,Y,X )-Gorenstein module and HomR(Y ,M),

HomR(M ,X) are exact for any Y ∈ Ỹ and X ∈ X̃ .

Proof. ⇒) Assume that M ∈ G(Ṽ, W̃, Ỹ, X̃ ) and let

· · · → V1 → V0 → W 0 → W 1 → · · ·

be a complete (Ṽ, W̃, Ỹ, X̃ )-resolution of M . The conditions V, W are self-
orthogonal, closed under isomorphisms and finite direct sums imply that each
(Vi)n ∈ V and each (W i)n ∈ W. So, for any n ∈ Z, it follows from Lemma 3.6
that

· · · → (V1)n → (V0)n → (W 0)n → (W 1)n → · · ·
is a complete (V,W,Y,X )-resolution ofMn, which yields thatMn ∈ G(V,W,Y,
X ) for any n ∈ Z.
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Let Y ∈ Ỹ, X ∈ X̃ . To show that HomR(Y ,M) and HomR(M ,X) are
exact, we set K0 = Im(V1 → V0) and K1 = Im(W 0 → W 1). Consider exact
sequences

HomCh(R)(Y ,W 0) → HomCh(R)(Y ,K1) → Ext1Ch(R)(Y ,M) → Ext1Ch(R)(Y ,W 0)

and

HomCh(R)(V0,X) → HomCh(R)(K0,X) → Ext1Ch(R)(M ,X) → Ext1Ch(R)(V0,X).

By the assumptions on V, W, Y, X , Corollary 3.4 applies to yield that Ext1Ch(R)

(Y ,W 0) = 0 and Ext1Ch(R)(V0,X) = 0. The HomCh(R)(Ỹ,−)-exactness of

0 → M → W 0 → K1 → 0 and the HomCh(R)(−, X̃ )-exactness of 0 → K0 →
V0 → M → 0 now yield that Ext1Ch(R)(Y ,M) = 0 and Ext1Ch(R)(M ,X) = 0.

It then follows from [46, Corollary 3.4] and Lemma 2.1 that HomR(Y ,M) and
HomR(M ,X) are exact.

⇐) Suppose that each Mn is a (V,W,Y,X )-Gorenstein module, both

HomR(Y ,M) and HomR(M ,X) are exact for any Y ∈ Ỹ and X ∈ X̃ . To
prove that M is (V,W,Y,X )-Gorenstein, by definition, it suffices to show that

M has a complete (Ṽ, W̃, Ỹ, X̃ )-resolution, that is, there is a HomCh(R)(Ỹ,−)-

exact and HomCh(R)(−, X̃ )-exact exact sequence of complexes

· · · → V1 → V0 → W 0 → W 1 → · · ·

with each Vi ∈ Ṽ and W i ∈ W̃ such that M ∼= Im(V0 → W 0). We
only build the left part of such an exact sequence, i.e., to construct a both

HomCh(R)(Ỹ,−)-exact and HomCh(R)(−, X̃ )-exact exact sequence of complexes

(¶) · · · → V2 → V1 → V0 → M → 0

with each Vi ∈ Ṽ. The construction of the right half is dual.
For any n ∈ Z, as Mn is (V,W,Y,X )-Gorenstein, it follows that there is an

exact sequence of modules

0 → Gn → Vn
gn−→ Mn → 0,

where Vn ∈ V and Gn ∈ G(V,W,Y,X ) by [46, Corollary 3.11]. One then gets
an exact sequence of complexes

0 →
⊕
n∈Z

Gn[n− 1] →
⊕
n∈Z

Vn[n− 1]
g−−→

⊕
n∈Z

Mn[n− 1] → 0,

where g =
⊕

n∈Z gn[n− 1]. Put V0 =
⊕

n∈Z Vn[n− 1]. It is clear that V0 ∈ Ṽ.
On the other hand, for M , there is always a (degreewise split) short exact
sequence

0 → M [−1]
( 1

−d )−−−→
⊕
n∈Z

Mn[n− 1]
(d,1)−−−→ M → 0,
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where d is the differential of M . Let β : V0 → M be the composite⊕
n∈Z

Vn[n− 1]
g−−→

⊕
n∈Z

Mn[n− 1]
(d,1)−−−→ M .

Then β is epic since it is the composite of two epimorphisms. Setting K0 =
Kerβ yields an exact sequence of complexes

(¶0) 0 → K0 → V0 → M → 0.

To construct the exact sequence (¶), it is now sufficient to show that K0

has the same properties as M , and that the exact sequence (¶0) is both

HomCh(R)(Ỹ,−)-exact and HomCh(R)(−, X̃ )-exact. To this end, consider the
following commutative diagram with exact rows and columns:

0

��

0

��
K0

��

//M [−1]

( 1
−d )��

0 //⊕
n∈Z Gn[n− 1] //

��

V0
g //

β

��

⊕
n∈Z Mn[n− 1]

(d,1)

��

// 0

0 // 0 //M

��

M

��

// 0

0 0

Apply the Snake Lemma to this diagram to get the exact sequence

0 →
⊕
n∈Z

Gn[n− 1] → K0 → M [−1] → 0.

As both
⊕

n∈Z G
n[n−1] and M [−1] are complexes of (V,W,Y,X )-Gorenstein

modules, it follows from [46, Theorem 3.6] that each degree of K0 is (V,W,
Y,X )-Gorenstein.

Let Y ∈ Ỹ. As Y is closed under extensions, it follows that Yi ∈ Y for each
i ∈ Z. Thus Ext1R(Yi, (K0)n+i) = 0 by [46, Corollary 3.4] for any n, i ∈ Z. So
we have the following exact sequence

0 → HomR(Yi, (K0)n+i) → HomR(Yi, (V0)n+i) → HomR(Yi,Mn+i) → 0

for all n, i ∈ Z. One thus gets the following exact sequence of complexes

0 → HomR(Y ,K0) → HomR(Y ,V0) → HomR(Y ,M) → 0.

As the complex V0 is a zero object in K(R), the homotopy category over R,
it follows from Lemma 2.1 that the complex HomR(Y ,V0) is exact. Since
HomR(Y ,M) is exact, it follows that HomR(Y ,K0) is exact. Similarly, one

can show that HomR(K0,X) is exact for any X ∈ X̃ . As K0 and M are



610 Y. J. LI AND R. Y. ZHAO

both degreewise (V,W,Y,X )-Gorenstein, it follows from [46, Corollary 3.4]
and Lemma 2.1 that

Ext1Ch(R)(Y ,K0) = Ext1dw(Y ,K0) ∼= H−1(HomR (Y ,K0)) = 0

and

Ext1Ch(R)(M ,X) = Ext1dw(M ,X) ∼= H−1(HomR (M ,X)) = 0

for any Y ∈ Ỹ and any X ∈ X̃ . This implies that the sequence

0 → K0 → V0 → M → 0

is both HomCh(R)(Ỹ,−)-exact and HomCh(R)(−, X̃ )-exact. This establishes the
desired conclusion. □

As applications of Theorem 3.7, in the rest of this section, we deduce some
properties of (V,W,Y,X )-Gorenstein complexes in terms of those of (V,W,Y,
X )-Gorenstein modules which were established in [46].

Proposition 3.8. Let

(3.1) 0 → M ′ → M → M ′′ → 0

be a short exact sequence of complexes.

(1) If M ′,M ′′ ∈ G(Ṽ, W̃, Ỹ, X̃ ), then M ∈ G(Ṽ, W̃, Ỹ, X̃ ).

(2) If M ′,M ∈ G(Ṽ, W̃, Ỹ, X̃ ), then M ′′ ∈ G(Ṽ, W̃, Ỹ, X̃ ) if and only if

Ext1Ch(R)(M
′′,X) = 0 for any X ∈ X̃ .

(3) If M ,M ′′ ∈ G(Ṽ, W̃, Ỹ, X̃ ), then M ′ ∈ G(Ṽ, W̃, Ỹ, X̃ ) if and only if

Ext1Ch(R)(Y ,M ′) = 0 for any Y ∈ Ỹ.

Proof. (1) Assume that M ′,M ′′ ∈ G(Ṽ, W̃, Ỹ, X̃ ). Then it follows from The-
orem 3.7 and [46, Theorem 3.6] that Mn ∈ G(V,W,Y,X ) for any n ∈ Z. Let

Y ∈ Ỹ. In view of [46, Corollary 3.4], the sequence

0 → HomR(Y ,M ′) → HomR(Y ,M) → HomR(Y ,M ′′) → 0

is exact. By Theorem 3.7, HomR(Y ,M ′) and HomR(Y ,M ′′) are exact, then
so is HomR(Y ,M). Similarly, one can show that HomR(M ,X) is exact for

any X ∈ X̃ . Thus, M ∈ G(Ṽ, W̃, Ỹ, X̃ ) by Theorem 3.7.

(2) Let M ′′ ∈ G(Ṽ, W̃, Ỹ, X̃ ). As V ⊥ X , it follows from Theorem 3.7 and
[46, Corollary 3.4] that Ext1R(M

′′
n , X) = 0 for anyX ∈ X and any n ∈ Z. Hence,

Lemma 2.1 and Theorem 3.7 imply that Ext1Ch(R)(M
′′,X) = Ext1dw(M

′′,X) ∼=
H−1(HomR (M ′′,X)) = 0 for any X ∈ X̃ .

Conversely, assume thatM ′,M are in G(Ṽ, W̃, Ỹ, X̃ ) and Ext1Ch(R)(M
′′,X)

= 0 for any X ∈ X̃ . By Theorem 3.7, M ′
n ∈ G(V,W,Y,X ) for any n ∈ Z.

Thus for any Y ∈ Ỹ, it follows [46, Corollary 3.4] that the sequence

0 → HomR(Y ,M ′) → HomR(Y ,M) → HomR(Y ,M ′′) → 0
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is exact. Since HomR(Y ,M ′) and HomR(Y ,M) are exact by Theorem 3.7,
so is HomR(Y ,M ′′). For any X ∈ X , by the assumption on M ′′, Lemma 3.2
applies to yield Ext1R(M

′′
n , X) = 0 for any n ∈ Z. It is now immediate from

Theorem 3.7 and [46, Theorem 3.6] that M ′′
n ∈ G(V,W,Y,X ) for every n ∈ Z.

Moreover, for any X ∈ X̃ , one has the following exact sequence

0 → HomR(M
′′,X) → HomR(M ,X) → HomR(M

′,X) → 0.

As HomR(M
′,X) and HomR(M ,X) are exact, the displayed sequence yields

that HomR(M
′′,X) is exact. Thus, M ′′ ∈ G(Ṽ, W̃, Ỹ, X̃ ) by Theorem 3.7.

(3) It is dual to the proof of (2). □

Proposition 3.9. G(Ṽ, W̃, Ỹ, X̃ ) is closed under direct summands.

Proof. It is an immediate consequence of Theorem 3.7 and the fact that G(V,W,
Y,X ) is closed under direct summands, see [46, Theorem 3.8]. □

Learned from [30, Corollary 4.1], [22, Theorem 4.1] and [23, Theorem 3.1],
we showed that G (G(V,W,Y,X ),G(V,W,Y,X ),Y,X ) = G(V,W,Y,X ), see
[46, Theorem 3.9], which shows that the class G(V,W,Y,X ) has a good stabil-
ity. Now, using of Theorem 3.7, we can extend this result to the category of
complexes.

Proposition 3.10. Let M be a complex. Then M ∈ G(Ṽ, W̃, Ỹ, X̃ ) if and only

if there exists a both HomCh(R)(Ỹ,−)-exact and HomCh(R)(−, X̃ )-exact exact

sequence · · · → G1 → G0 → G0 → G1 → · · · of (V,W,Y,X )-Gorenstein
complexes such that M ∼= Im(G0 → G0).

Proof. The “ only if ” part is trivial. For the “ if ” part, assume that there is a

HomCh(R)(Ỹ,−)-exact and HomCh(R)(−, X̃ )-exact exact sequence of (V,W,Y,
X )-Gorenstein complexes

· · · → G1 → G0 → G0 → G1 → · · ·
such that M ∼= Im(G0 → G0). Then for any n ∈ Z, it follows from Lemma
3.6 and Theorem 3.7 that there is a HomR(Y,−)-exact and HomR(−,X )-exact
exact sequence of (V,W,Y,X )-Gorenstein modules

· · · → (G1)n → (G0)n → (G0)n → (G1)n → · · ·
such that Mn

∼= Im((G0)n → (G0)n). It thus follows from [46, Theorem 3.9]
that Mn belongs to G(V,W,Y,X ) for each n ∈ Z. By Theorem 3.7, to prove

that M ∈ G(Ṽ, W̃, Ỹ, X̃ ), it is now sufficient to show that HomR(Y ,M) and

HomR(M ,X) are exact for all Y ∈ Ỹ and X ∈ X̃ .

Let X ∈ X̃ . Consider the exact sequence 0 → K1 → G0 → M → 0,

where K1 = Im(G1 → G0). Notice that G0 ∈ G(Ṽ, W̃, Ỹ, X̃ ), it follows from
Theorem 3.7 that HomR(G0,X) is exact and each (G0)n ∈ G(V,W,Y,X ),
so [46, Corollary 3.4] and Lemma 2.1 yield Ext1Ch(R)(G0,X[−n − 1]) = 0 for

any n ∈ Z. As HomCh(R)(−, X̃ ) leaves 0 → K1 → G0 → M → 0 exact, it



612 Y. J. LI AND R. Y. ZHAO

follows that Ext1Ch(R)(M ,X[−n− 1]) = 0 for any n ∈ Z. Thus HomR(M ,X)

is exact by Lemma 2.1. Dually, one can show that HomR(Y ,M) is exact for

any Y ∈ Ỹ. Now, the result follows. □

The following result shows that (Ṽ, W̃, Ỹ, X̃ )-Gorenstein complexes possess
a kind of symmetry.

Corollary 3.11. Let M be a complex. Then M ∈ G(Ṽ, W̃, Ỹ, X̃ ) if and only

if there exists a both HomCh(R)(Ỹ,−)-exact and HomCh(R)(−, X̃ )-exact exact
sequence

· · · → U1 → U0 → U0 → U1 → · · ·
with all Ui,U

i ∈ Ṽ ∪ W̃ such that M ∼= Im(U0 → U0).

Proof. The “ only if ” part is clear. For the “ if ” part, as V, W are self-orthogo-
nal, closed under isomorphisms and finite direct sums, and V,W ⊆ G(V,W,

Y,X ), it follows from Lemma 2.1 and Theorem 3.7 that Ṽ, W̃ ⊆ G(Ṽ, W̃, Ỹ, X̃ ).

Thus M ∈ G(Ṽ, W̃, Ỹ, X̃ ) by Proposition 3.10. □

By Corollary 3.11, we have the following result.

Corollary 3.12. Every kernel in a complete (Ṽ, W̃, Ỹ, X̃ )-resolution is (V,W,
Y, X )-Gorenstein.

4. Some examples and applications

In this section, we provide some specific examples of (V,W,Y,X )-Gorenstein
complexes and apply Theorem 3.7 to these special cases. Some results existing
in the literature are recovered and some new results are generated. We begin
with some notions and notation.

According to [31], a module M is called FP-injective (or absolutely pure
[26]) if Ext1R(N,M) = 0 for all finitely presented modules N . A module Q
is called FP-projective [27] if Ext1R(Q,M) = 0 for any FP-injective module
M . Recall that a module F is said to be super finitely presented [11] (or
type FP∞ [4]) if it has a projective resolution by finitely generated projective
modules. A module M is weak injective [11] (or absolutely clean [4]) provided
that Ext1R(F,M) = 0 for any super finitely presented module F . A module

N is weak flat [11] (or level [4]) provided that TorR1 (F,N) = 0 for any super
finitely presented right R-module F . Recall that a module P is weak projective
[10] if Ext1R(P,M) = 0 for all weak injective modules M . We write P (resp.,
I, F , FI, FP, WI, WF , WP) for the class of projective (resp., injective,
flat, FP-injective, FP-projective, weak injective, weak flat, weak projective)

modules, and set FIfp = FI ∩ FP, WIwp = WI ∩WP.
Let R be a commutative ring. Following [32], an R-module C is called

semidualizing if

(1) C admits a degreewise finite projective resolution.

(2) The homothety map RRR
γR−−→ HomR(C,C) is an isomorphism.
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(3) Ext⩾1
R (C,C) = 0.

In the remainder of the paper, let C be an arbitrary but fixed semidualizing
module over a commutative ring R.

Following [32], the Auslander class AC with respect to C consists of all
modules M satisfying:

(1) TorR⩾1(C,M) = 0 = Ext⩾1
R (C,C ⊗R M) and

(2) The natural evaluation homomorphism µM : M → HomR(C,C ⊗R M)
is an isomorphism.

The Bass class BC with respect to C consists of all modules N satisfying:

(1) Ext⩾1
R (C,N) = 0 = TorR⩾1(C,HomR(C,N)) and

(2) The natural evaluation homomorphism vN : C ⊗R HomR(C,N) → N
is an isomorphism.

Let X ,Y be two classes of modules over a commutative ring R. Set

X T
C = {M | M ∼= C ⊗R X for some X ∈ X}

and
YH
C = {M | M ∼= HomR(C, Y ) for some Y ∈ Y}.

In particular, if X = P (resp., F , WF), then we denote the class X T
C by PC

(resp., FC , WFC) and call modules in PC (resp., FC , WFC) C-projective

(resp., C-flat, C-weak flat) as usual; if Y = I (resp., FI, WI, FIfp, WIwp),

then we denote the class YH
C by IC (resp., FIC , WIC , FIfp

C , WIwp
C ) and

call modules in IC (resp., FIC , WIC , FIfp
C , WIwp

C ) C-injective (resp., C-FP -
injective, C-weak injective, C-FP-injective C-FP-projective, C-weak injective
C-weak projective).

We now give some special cases of (V,W,Y,X )-Gorenstein complexes and
outline the consequences of Theorem 3.7 for these special cases.

4.1. (W,Y,X )-Gorenstein complexes

Let W, Y, X be three classes of modules. Then (W,W,Y,X )-Gorenstein
modules are just (W,Y,X )-Gorenstein modules [35], which unify X -Gorenstein
projective modules [2, 29], Y-Gorenstein injective modules [29], W-Gorenstein
modules [14,30], Gorenstein projective (injective) modules [7], Ding projective
(injective) modules [5] ([28]) and Gorenstein AC-projective (injective) modules
[4]. Accordingly, (W,W,Y,X )-Gorenstein complexes are exactly (W,Y,X )-
Gorenstein complexes [45], which contain X -Gorenstein projective complexes
[45], Y-Gorenstein injective complexes [45], W-Gorenstein complexes [24, 33],
Gorenstein projective (injective) complexes [6, 40], Ding projective (injective)
complexes [41] and Gorenstein AC-projective (injective) complexes [3] as their
special cases, see [45] for more details. By Theorem 3.7, we have:

Corollary 4.1 ([45, Theorem 3.9]). Let W, Y, X be classes of modules. If
Y, X are closed under extensions, W is closed under isomorphisms and finite
direct sums, W ⊆ Y, W ⊆ X and Y ⊥ W, W ⊥ X , then for any M ∈ Ch(R),
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M is (W,Y,X )-Gorenstein if and only if each Mn is a (W,Y,X )-Gorenstein

module and HomR(Y ,M),HomR(M ,X) are exact for any Y ∈ Ỹ,X ∈ X̃ .

We note that Corollary 4.1 generalizes both [41, Theorems 3.7, 3.20] and
[3, Theorems 3.2, 4.13]. It also recovers [24, Corollary 4.8], [33, Theorem 3.12],
[34, Theorems 1, 2] and [40, Theorem 2.2, Proposition 2.8] by Lemma 3.5.

4.2. VW-Gorenstein complexes

Let V, W be two classes of modules. Then G(V,W,V,W) is just the class

of all VW-Gorenstein modules [49] and G(Ṽ, W̃, Ṽ, W̃) is exactly the class of
all VW-Gorenstein complexes [48]. By Theorem 3.7 and Lemma 3.5, one can
obtain:

Corollary 4.2 ([48, Theorem 3.8]). Let V, W be two classes of modules and
M ∈ Ch(R). If V, W are closed under extensions, isomorphisms and finite
direct sums, and V ⊥ V, W ⊥ W, V ⊥ W, V,W ⊆ G(V,W,V,W), then M is
VW-Gorenstein if and only if Mn is a VW-Gorenstein module for any n ∈ Z.

Corollary 4.2 contains [24, Corollary 4.8] and [33, Theorem 3.12] as well as
the following results as its special cases.

Corollary 4.3 ([38, Theorems 4.6 and 4.7]). Let R be a commutative ring, C
a semidualizing R-module and M ∈ Ch(R). Then M is GC-projective (resp.,
GC-injective) if and only if Mn is GC-projective (resp., GC-injective) for any
n ∈ Z.

Proof. Note that G(P,PC ,P,PC) (resp., G(IC , I, IC , I)) agrees with the class
of all GC-projective modules [18,32] (resp., the class of all GC-injective modules

[18]), and G(P̃, P̃C , P̃, P̃C) (resp., G(ĨC , Ĩ, ĨC , Ĩ)) is precisely the class of GC-
projective (resp., GC-injective) complexes [38]. Moreover, PC (resp., IC) is
self-orthogonal, closed under extensions, isomorphisms and finite direct sums,
and P,PC ⊆ G(P,PC ,P,PC) (resp., I, IC ⊆ G(IC , I, IC , I)), see [14, Remark
2.3(4)], [19, Proposition 5.2], [32, Proposition 2.6] and [38, Lemma 3.1]. Then
the result follows immediately from Corollary 4.2. □

By virtue of [19, Lemma 6.1, Theorems 2 and 6.1], AC = G(P, IC ,P, IC) and
BC = G(PC , I,PC , I), so application of Corollary 4.2, along with [14, Remark
2.3(4)] and [19, Proposition 5.2, Lemma 4.1, Corollary 6.1] yield the following
result.

Corollary 4.4. Let R be a commutative ring, C a semidualizing R-module

and M ∈ Ch(R). Then M ∈ G(P̃, ĨC , P̃, ĨC) (resp., G(P̃C , Ĩ, P̃C , Ĩ)) if and
only if Mn ∈ AC (resp., BC) for any n ∈ Z.

According to [10, Definition 3.6 and Proposition 3.9], G(WIwp
C , I,WIwp

C , I)
is exactly the class of GC-weak injective modules. Correspondingly, we call

complexes in G(W̃Iwp
C , Ĩ, W̃Iwp

C , Ĩ) GC-weak injective complexes. By defini-
tion and [10, Proposition 3.2, Lemma 5.3], WIwp

C is self-orthogonal, closed
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under extensions, isomorphisms and finite direct sums. In addition, using
[19, Lemma 1.2] and [12, Theorem 2.2], one can show in the same way as
[38, Lemma 3.1] that injective modules and C-weak injective C-weak projec-
tive modules are GC-weak injective. So, by Corollary 4.2, one has:

Corollary 4.5. Let R be a commutative ring, C be a semidualizing R-module
and M ∈ Ch(R). Then M is a GC-weak injective complex if and only if each
Mn is a GC-weak injective module.

In view of [21, Definition 3.3, Theorem 3.7], G(FIfp
C , I,FIfp

C , I) is pre-
cisely the class of GC-FP-injective modules. Correspondingly, complexes in

G(F̃Ifp
C , Ĩ, F̃Ifp

C , Ĩ) are called GC-FP-injective complexes. Note that, if R is a
left coherent ring, then a weak injective (resp., weak projective) left R-module
is the same as an FP-injective (resp., FP-projective) left R-module, and so a
GC-weak injective module (resp., complex) is exactly a GC-FP-injective mod-
ule (resp., complex). Thus, by Corollary 4.5, one has:

Corollary 4.6. Let R be a commutative coherent ring, C be a semidualizing
R-module and M ∈ Ch(R). Then M is a GC-FP-injective complex if and only
if each Mn is a GC-FP-injective module.

4.3. DC-projective (resp., DC-injective) complexes

Let R be a commutative ring. Set V = Y = P, W = PC and X = FC ,
then G(V,W,Y,X ) is just the class of all DC-projective modules, see [43]. In

this case, we call complexes in G(Ṽ, W̃, Ỹ, X̃ ) DC-projective complexes. By
Theorem 3.7 and Lemma 3.5, along with [14, Remark 2.3(4)], [19, Proposition
5.2] and [43, Proposition 1.8], one can get:

Corollary 4.7. Let R be a commutative ring, C be a semidualizing R-module
and M ∈ Ch(R). Then M is DC-projective if and only if each Mn is a DC-

projective module and HomR(M ,F ) is exact for any F ∈ F̃C .

If we take W = X = I, V = IC and Y = FIC , then G(V,W,Y,X ) is
exactly the class of all DC-injective modules [43]. In this situation, we call

complexes in G(Ṽ, W̃, Ỹ, X̃ ) DC-injective complexes. Using Theorem 3.7 and
Lemma 3.5, together with [14, Remark 2.3(4)], [42, Proposition 2.5] and the
dual of [43, Proposition 1.8], one can obtain:

Corollary 4.8. Let R be a commutative ring, C be a semidualizing R-module
and M ∈ Ch(R). Then M is DC-injective if and only if each Mn is a DC-

injective module and HomR(E,M) is exact for any E ∈ F̃IC .

4.4. GACC-projective (resp., GACC-injective) complexes

Let R be a commutative ring. Set V = Y = P, W = PC and X = WFC ,
then modules in G(V,W,Y,X ) are called GACC-projective modules, and com-

plexes in G(Ṽ, W̃, Ỹ, X̃ ) are called GACC-projective complexes. A proof similar
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to that of [32, Proposition 2.6] shows that projective modules and C-projective
modules are GACC-projective. So, by Theorem 3.7 and Lemma 3.5, along with
[14, Remark 2.3(4)], [12, Proposition 2.5], one can get:

Corollary 4.9. Let R be a commutative ring, C be a semidualizing R-module
and M ∈ Ch(R). Then M is GACC-projective if and only if each Mn is a

GACC-projective module and HomR(M ,F ) is exact for any F ∈ W̃FC .

If we take W=X =I, V=IC and Y=WIC , then modules in G(V,W,Y,X )

are called GACC-injective R-modules, and complexes in G(Ṽ, W̃, Ỹ, X̃ ) are
called GACC-injective complexes. Using the proof of [38, Lemma 3.1] shows
that injective modules and C-injective modules are GACC-injective. Thus, us-
ing Theorem 3.7 and Lemma 3.5, together with [14, Remark 2.3(4)], [12, Propo-
sition 2.5], one can obtain:

Corollary 4.10. Let R be a commutative ring, C be a semidualizing R-module
and M ∈ Ch(R). Then M is GACC-injective if and only if each Mn is a

GACC-injective module and HomR(E,M) is exact for any E ∈ W̃IC .

4.5. Gorenstein complexes with respect to cotorsion pairs

Let D be an abelian category. Recall that a pair of classes (A,B) of objects in
D is said to be a cotorsion pair if A = {A ∈ D | Ext1D(A,B) = 0 for all B ∈ B}
and B = {B ∈ D | Ext1D(A,B) = 0 for all A ∈ A}. A cotorsion pair (A,B) is
said to be hereditary if ExtiD(A,B) = 0 for all i ≥ 1, all A ∈ A, and all B ∈ B.
The cotorsion pair is called complete if for any object M ∈ D, there are exact
sequences 0 → B → A → M → 0 and respectively 0 → M → B′ → A′ → 0
with A,A′ ∈ A and B,B′ ∈ B. For more details on cotorsion pairs, the reader
can consult [8, 16].

Given a cotorsion pair (A,B) in R-Mod. Following [15, Definition 3.3], there
are two classes of complexes in Ch(R):

dgÃ = {A ∈ Ch(R) | An ∈ A and HomR(A,B) is exact whenever B ∈ B̃},

dgB̃ = {B ∈ Ch(R) | Bn ∈ B and HomR(A,B) is exact whenever A ∈ Ã}.
By virtue of [15, Proposition 3.6, Corollary 3.13] and [39, Theorem 3.5] or
[37, Theorem 2.4], if (A,B) is a complete hereditary cotorsion pair in R-Mod,

then (Ã,dgB̃) and (dgÃ, B̃) are complete hereditary cotorsion pairs in Ch(R).
Let (A,B) be a complete hereditary cotorsion pair in R-Mod. Then G(A,A,

P,A∩B) is the class of all Gorenstein A-modules with respect to the cotorsion
pair (A,B), see [36], and dually, G(B,B,A∩B, I) is the class of all Gorenstein B-
modules with respect to the cotorsion pair (A,B). Correspondingly, complexes

in G(Ã, Ã, P̃, Ã ∩ dgB̃) is called Gorenstein Ã-complexes with respect to the

cotorsion pair (A,B), see [47], and dually, complexes in G(B̃, B̃,dgÃ ∩ B̃, Ĩ)
is called Gorenstein B̃-complexes with respect to the cotorsion pair (A,B).
Note that G(A,A,P,A ∩ B) = G(P,A ∩ B,P,A ∩ B), G(B,B,A ∩ B, I) =
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G(A∩B, I,A∩B, I), G(Ã, Ã, P̃, Ã ∩ dgB̃) = G(P̃(R), Ã ∩ dgB̃, P̃(R), Ã ∩ dgB̃),
G(B̃, B̃,dgÃ ∩ B̃, Ĩ) = G(dgÃ∩ B̃, Ĩ,dgÃ ∩ B̃, Ĩ)), see e.g. [36, Lemma 3.2] and

[46, Proposition 3.5], and that Ã∩dgB̃=Ã ∩ B = dgÃ∩B̃, see e.g. [15, Theorem
3.12]. Via Corollary 4.2, one can obtain the next result, which is [47, Theorem
3.5] and its dual.

Corollary 4.11. Let (A,B) be a complete hereditary cotorsion pair in R-Mod

and M ∈ Ch(R). Then M is a Gorenstein Ã-complex (resp., Gorenstein B̃-
complex) with respect to the cotorsion pair (A,B) if and only if each Mn is a
Gorenstein A-module (resp., Gorenstein B-module) with respect to the cotorsion
pair (A,B).

Recall from [8] that a module M is called cotorsion if Ext1R(F,M) = 0 for
any flat module F . Denote by C the collection of all cotorsion modules. It is
well-known that (F , C) is a complete hereditary cotorsion pair. When (A,B) =
(F , C), Gorenstein F-modules with respect to the cotorsion pair (F , C) are

exactly F-Gorenstein flat modules, and Gorenstein F̃-complexes with respect
to the cotorsion pair (F , C) are just F-Gorenstein flat complexes, see [20]. So,
by Corollary 4.11, one has:

Corollary 4.12 ([20, Theorem 4.7]). Let M∈Ch(R). Then M is F-Gorenstein
flat if and only if each Mn is F-Gorenstein flat.

Recall that a module is Gorenstein flat [9, 17] if it is a syzygy in an exact
sequence consisting of flat modules which remains exact after tensoring by
arbitrary injective right R-module, and recall that a complex is Gorenstein flat
[13] if it is a syzygy in an exact sequence of flat complexes which remains exact
after tensoring by arbitrary injective complex of right R-modules. Here the
tensor product of complexes is the modified tensor product of complexes in the
sense of [13, p. 87]. Let R be a right coherent ring. Then F-Gorenstein flat left
R-modules and the Gorenstein flat left R-modules coincide by [20, Lemma 3.2],
an F-Gorenstein flat complex of left R-modules is the same as a Gorenstein
flat complex of left R-modules by [47, Proposition 3.3]. So one has:

Corollary 4.13 ([40, Theorem 3.1], [34, Theorem 5]). Let M ∈ Ch(R). If R
is a right coherent ring, then M is Gorenstein flat if and only if each Mn is
Gorenstein flat.
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