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ABSTRACT. In a previous work we studied generalized Stirling numbers of the second kind

(az2,b2,p2)
Salvbl

are non-negative integers given. In this work we use these generalized Stirling numbers to

(p1,k), where a1,az,b1,b2 are given complex numbers, ai,a2 # 0, and p1,p2

define Bernoulli polynomials in two variables By, p,(z1,z2), and Euler polynomials in two
variables Ep, p,(21,22). By using results for Sﬁ};ﬁ"”pz) (p1, k), we obtain generalizations,
to the bivariate case, of some well-known properties from the standard case, as addition
formulas, difference equations and sums of powers. We obtain some identities for bivariate
Bernoulli and Euler polynomials, and some generalizations, to the bivariate case, of several
known identities for Bernoulli and Euler numbers and polynomials of the standard case.

1. Introduction

Bernoulli polynomials B, (z) and Euler polynomials E,, () can be defined by
the corresponding generating functions

text > tn 2ext e tn
= H;)Bn (2) o and S :;En(x) 5
or by the explicit formulas [3, p. 48]
P P p—k
_ p —k _ P\ Lk 1
B =3 @ka nd Fy (@)= (k> B (x _ 2) 7

where By = By, (0) is the k-th Bernoulli number, and Ej, = 2FEy (%) is the k-th
Euler number.
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134 Claudio Pita-Ruiz

In a previous work [10] we studied a generalization of Stirling Numbers of the
second kind (GSN, for short), denoted as ng’ff’pz (p1,k), where a;,b; € C, a; # 0,
7 =1,2, and p1,p2 are non-negative integers, involved in the expansion

p1+p2

o n
(L.1) (arn +b1)"* (azn +by)"* = Z oL 1 B) (k>
(Séfélf’m) (p1,k) =0if k <0or k > p1+p2). An explicit formula for these numbers
is

k
(12 szt k) = g5 007 () (=)0 (= )+ 0
2

If po = 0, we write the corresponding GSN as S, (p, k). That is, we have

1 ¢ ik ; P
(1.3 S 0= 22 () (5) = +or.

In particular, if a; = as = a, by = by = b, expression (1.2) beomes

ngg’pz (p1,k) = Sap (p1 +p2, k) .

Two trivial examples are Sy o (p, k) = S (p, k) (the standard Stirling numbers of
the second kind), and S11 (p,k) =S (p+ 1,k +1).

1,;c12,p2 (p1, k) (contained in [10]) that we

We summarize some facts about GSN 577

will use in this work.

e Some values

(1.4) SPTEP2 (p1,0) = el
S (1) = (w0 + D)7 (w2 + 17 - o el
x 1
S (12) = (@ + 27 (w2 +2)7

1
_ (xl + 1)171 (:EZ + l)pz + §$11)11'12)2,

SyEEP2 (py,py+p2) = L

e The GSN Slljif’pz (p1,k) can be written in terms of the GSN Slljgf’pz (p1, k)
as follows

(1.5)  SP™2P2 (py k)

» L1

P1 P2
_ Z Z <p1) (p2> (1 — yl)l)l_]l (1‘2 _ yz)pz—h 511:12!112712 (1, k).

J2
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e The GSN S wiP2 (p1, k) can be written in terms of standard Stirling numbers
as follows

(1.6) Sy (py, k)

111

A pzl pi < >( > o1 —m)" T (wy —m)P

Jj1=072=0
xZ( > (k4 )'S (J1 + Jo. k +1),

where m is a non-negative integer.

e The GSN S:2P2) (1) k) can be written in terms of standard Stirling num-

1 s L1
bers as follows

(1.7) P2 (p k)

1,3’,‘1

21: i (p1> <p2) z1 —n)P I (g — )P

Ji= 0]2 0
X Z(_l)zs(n’n_l)s(jl +.72+7’Z—Z,k+n),
where n is a positive integer, and s (-, ) are the Stirling numbers of the first

kind (with recurrence s (¢ + 1, k) = s(q,k — 1)+¢s(q, k)). In particular, from
(1.6) with m = 0, and (1.7) with n = 1, we have

(1.8)
p1 b2 P o
Sllz,pfz pl’ Z Z( >( ) ?1 —Jj1 Pz ]2s(jl+]2’k)
71=072=0
(1.9)
P1 D2 p ) )
=2 > ( 1) ( ) Ty — )P (@ = PRS2 + 1 k4 1).
J1=0j2=0

o The GSN S}'">%2 (p; k) satisfy the identity

11}1

libl

(110) - Sygbiy™ (pa k) = SUgb? (oo k) + (b + 1) SUE ™ (pr ko 1),
e The GSN S%;f P2 (p1, k) satisfy the recurrence

(1.11)
Sl,:Cz,pz (p17 k') Sl T2,p2 (pl — 1’ k — 1) + (k' + -Tl) Sl7x27p2 (pl - 17 k) .

1,21 1,21 1,21
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2. Definitions and Preliminary Results

The relation between Bernoulli numbers and Stirling numbers of the second

kind, is an old known story, that dates back to Worpitzky [13]. In fact, we have
P k
(—1)"k!
2.1 B, = S (p, k
(2.1) p= 2S00

(see [7]). In the Euler case, formula (3.3) in [6] shows Euler polynomials written
in terms of Stirling numbers of the second kind. In [8] and [11] we used the GSN
S1.4(p, k) described above, to write, respectively, Bernoulli polynomials B, (x) and
Euler polynomials E,(x) as

k
22) By(e) - Zsmp, LR

(23) Ep(m) = Zslw p7 _1)kk'

(Formula (2.2) was inspired by (2.1), and (2.3) was inspired by formula (3.3) in [0]
mentioned before.)

In this work we use the GSN Sl 2+ 7% (p1, k) to define bivariate Bernoulli poly-
nomials By, p, (21, 22) and blvarlate ‘Euler polynomials E,, ,,(z1,%2), &

p1+Dp2 L (—1)kk'

T2, !

(2.4) B;D1,p2 l‘l,J)Q Z S 2p2 1 ) k1 5

p1+p2 L (_1 k|

(2.5) Epy po (1, 32) = Z S ,;f’pz (p1, k) ok
k=0

Explicitly, we have

(2.6) Bplypz(xlvsw) = Z Z Z

(2 7) P1 pz(xlaxQ) Z Z Z

Clearly we have that

Boo(z1,72) = 1,

By o(@1,22) = By, (21),

BOm(l’h z2) = By, (22),
By, p, (z,) = By, +ps (z),
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and similar results for F replacing B.
Some examples are the following

From (1.6) and (1.7) we can

1 1 1
Bii(z1,22) = map— 501 5Tt g
1 1
E171(Z‘1,.’L‘2) = T1T2 — 5.131 — 5,2327
1 1 1
Bia(21,72) = T12% — 21Ty + =T — —T5 + X0,
6 2 3
1
Bip(wn,22) = 2125 — 2122 — 5%3 + 1

Bernoulli and Euler polynomials

(2.8)

Bphpz (xlva)

R EE 0 e o

k=0 j1=0j2=0

VAV N (DR (R +9)!
X;(i)s(h+927k+2)k+1,

Ephpz (3717 .%'2)

S E S0 e -

k=0 j1=0j2=0

" m —1)* 7)!
XZ(i)S(lerjkari)( D7 (k4
1=0

2k ’
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write the following families of formulas for bivariate

where m is a non-negative integer (the case m = 0 of (2.8) and (2.9) are (2.6) and
(2.7), respectively), and

pi+p2 p1 P2 D1 D 4 -
Bpmonan) = 3 3 3 (M) (%) -

(2.10)

k=0 j1=0j2=0
n—1 ]

xZ(—l)zs(n,n—i)S(jl +ja+n—ik+n)
i=0

(—1)"k!

k+1

pP1+p2 p1 P2 " D _ .
Ep1,p2(m1a$2) = Z Z Z (]1) ( > (ml _ n)prn (x2 _ n)P2*j2

(2.11)

k=0 j1=0 jo=0 J2

n—1
x> (=1)'s(n,n—i)S (1 +j2+n—i,k+n)

=0

(—1)"k!

2k

)

i
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where n is a positive integer.

3. Properties

We begin this section with the bivariate version of addition formulas for
Bernoulli and Euler polynomials.

Proposition 3.1. We have

p1 D2

(3~1) Pp1 D2 1‘175(}2 Z Z (p1> (p2) $1—y1)p1 ]1(1'2 y2) e le,jz(y1>y2)7

71=0j2=0
where P is B or E.

Proof. In the case P = B, by using (1.5) we have

B:Dhm (1'1, xQ)

ii’? Shes e (1) (—1)"k!

k+1
p1 P2 Jj1+7J2 k
iy —1)"k!

= Z Z (p1) <p2) w1 — )P I (2 — o) J2 Z Sﬁ,}.vl;zuz) LE) (k ) .

Ji= 0]2 0 +
=35 () ()= B,

J1=0j2= 1 2

as desired. The proof of the Euler case is similar. O

We have the following particular case of (3.1), corresponding to y; = y2 = vy,
P1 P2 » P
1 2 —j —j
32 Buoran) = 3 30 (M) () (01 -0 7 a2 = 0 P ).
J1=0j2=0

By setting y = % in the case P = E of (3.2), we have also the following expression
for Eyp, p, (21, x2) involving Euler numbers

(3'3) Epl,m (l'lv :EQ)

p1 P2
—omn Y3 (P>( ) (21— VP (2my — )P B,

Jj1=072=0

From the case P = B of (3.2) with y = x1,z2, we see that

p2
D2 -
(3.4) Bpmlerm) = 3 ( . ) (22 — 22”7 By o)y (1)

j2=0 J2

i (p~1> (@1 — 22)"" 77" Bjy 4, (22).

J1=0 J1
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In particular, with z; = 1 and 2 = 0 we obtain from (3.4) that

P2 P1
D2 D1
(35) By oy (1,0)= (1) Y ( )BM = ( )ijpz-

j2=0 N2 ji=o \J1

That is, we have the identity

p2 P1
p p
(3.6) =S (?)Bplm EES (.1)Bj1+p2.
j2=0 2 ji=0 M1

Formula (3.6) is the well-known Carlitz identity [1].
Similarly, we have from the case P = F of (3.2) with y = 21,z

P2
(3.7) Epp(aiz) = 3 (p) (22 — 22”7 By (1)

j2=0 J2

i <p1> (@1 = 22)" 77" Ejyipo (22)-

J1=0 J1

By setting 1 = 1, 25 = 0, we obtain the following Euler versions of Carlitz identity
(3.6):

(38) <—1>P2p22(?2)Ep1+j2 0 = <—1>P1p21(?1)Ej1+p2 (0).

j2=0 M2 =0 M1

(3.9) i(”)(lﬁwpwxn - i(pl)u)wmm(l).

ja=0 \J2 ji=0 M1

Combining formulas for By, p, (1, 22) and E,, ,,(x1,22) in (3.4) and (3.7), we can
write the following expressions for the difference By, p, (T1,22) — Ep, p, (%1, T2):

(3'1()) Bpl,pz (261, 372) - EPI;P2 ('Tlv x2)
D2
P .
= Z (]j) (x2 - ‘Tl)pz 72 (B;D1+j2 (xl) - Ep1+j2 (ml))
Jj2=0
p1 P .
= Z (]1) (371 - x2)p1—31 (Bj1+132 ($2) - Ej1+p2 (372)) .
Jj1=0

Moreover, we can use Cheon’s formula

(3.11) Bu(x) — En(z) =Y (Z) BiEn_i(z),
k=

2



140 Claudio Pita-Ruiz

where n > 0 (see [2]), to write (3.10) as

(3-12) By, ps ($17$2) = Ep, ps (IlaIQ)

= Z( ) g —ap)" ki: (pl+]2)BkEp1+j2k (1)

Jj2=0
D1 s J1+D2
= Z ( > 1= ‘rz)pl_]l ( k )BkEj1+P2k (xQ)’
J1=0 k=2

where p1,p2 > 0.

Next we consider properties related to symmetries, difference equations and
sums of powers for bivariate Bernoulli and Euler polynomials. We will need some
preliminary results, contained in the following lemma.

Lemma 3.2. (a) For non-negative integer p and x € R, we have

p—1
(3.13) > S1w(pk+ 1) (~1)Fk! = par~t.
k=0

(b) For non-negative integers p1,p2, and x1,x2 € R, we have
p1+p2

(3.14) Z S1m2P2 (py k4 1) (=1)Fk! = pra? ~'aB? + poalab2 !

1,21
Proof. (a) We proceed by induction on p. For p = 0 the result is clear. If the

formula works for a given p € N, then, by using the recurrence (1.11) and the value
S14 (p,0) = 2P, we have

S1.(p+1,k+1) (1)K

NE

i
o

(S1,2 (0, k) + (k+1+2)S14 (. k+ 1)) (—1)Fk!

p—1

Sta (0 k) (“DFEN+ " S14 (p ki + 1) (—1)F (k + 1)
k=0

M= 1M

b
i
o

p—1
+ 2 S (pk+1) (—1)FE!

k=0

= zp: S1x(p, k) (—1)Fk! — zp: S1 2 (p, k) (—1)*K! + pa?
P -

= S12(p,0) + pa?
= (p+1)a”,
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as desired.

(b) We proceed by induction on ps. If po = 0 the result is true by (3.13). If
formula (3.14) is true for a given ps € N, then, by using the recurrence (1.11) and
the value S} 2P (p1,0) = 27 ah?, we have that

p1t+p2
Z SpzzPtt (pr ke + 1) (—1)Fk!

p1 +p2

k=0

p1+p2 prtpa—1
= Z Sy ( )eR!+ Z STV (py, k4 1) (—1)F (k 4 1)!

p1t+p2—1
Z SETIPL (py ke + 1) (—1)F k!

p1+p2

= Z SETIP (pa, k) (—1)F k!
pl-‘rpz
_ Z S%;:l ;D1 )(—1)kk'+$2 <p1x1272x11’1 1+p xililxgz 1)

— 5117;6127172 (p1,0) + 22 (plx;gzlell + po xpl pz 1)

_ P1,.p2 p2+1 P 1 p1,.p2
= 7 Ty +p1xy” Xy + paxy X9
_ p2+1_pi1—1 P1 D2
= pray? ol + (p2 + 1) 2t ah?,
as desired. O

Proposition 3.3. The bivariate Bernoulli and Euler polynomials have the following
properties (when possible, we write P to denote B or E).
(a) (Symmetry) We have

(3'15) Ppl,m (1 — 1,1 - x2) = (_1)p1+p2 Ppl,m (1'17 xQ)'
(b) (Difference equation) We have
(316) By (21 + 1,22+ 1) = By, o (w1, 22) = praf’~ ah? + poatah? ™,

(3.17) Eppo (w1 4+ 1,204+ 1) + By, p, (21, 22) = 227 282
(¢) (Sum of powers) If r is a positive integer, then

(3'18) BP1,p2 (1’1 + 7,22 + T) - Bpl Pz(xlva)
r—1

= plz (z1+ D" (@ + 1P +p22 (z1 + )P (@ + D>,
1=0 1=0
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(3.19) EPLPQ (1 +r,m2+7)— (*1)T Ep, ps (w1, 22)

= 22 ) T @+ O (22 + )P

(d) (Derivatives) We have

0

(3'20) Txlpplmz(xlvmﬂ = plel*Lpz(xlvxZ)v
0

(3.21) @Ppl,pz(xhb) = p2bp, p,—1(71,72).

(e) (Integrals) We have

(3.22) / / D1,D2 xl,xg)dxldxg

p1 +p2

= m@mﬂmﬂ(l 1) = Ppyg1,p,+1(1,0))

Proof. (a) Let us consider the case P = B. In (3.2) replace 1 by 1 — 27 and x4 by
1 — x5, and set y = 1, to obtain

D1 D2
B

s (=11 =20) = 30 5 (P) (7)) (B, (1)

Jj1=0752=0

from where (3.15) follows. The proof in the case P = E is similar.

(b) By using (1.10) and (3.14) we have

By, po (1 + 1,02+ 1)
+
— pi)Z S(errl,m) (p1, k) (_1)kk!
l,z1+1 1, k +1
k=0
pP1+p2 k
= > (S5 k) + e+ 1) ST (o, k+1>)i
' k+1
k=0
pP1+p2 . | p1+p2 “ )
— T2,P T2,p: k
= ];)su,f 2 (py, ) & k+1 +ZSH12 D (p1, k+ 1) (—1)*k!

p1—1 pa—1
Bphpz(l“lvx?) +p1x2 Ty +p2 951 Ty
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as desired. Similarly, by using (1.10) we have

Epl’pz (xl + 1,20 + 1)

p1+p2 k
,T2,P2) T2,p2 —1)"k!
=3 (S0 om0 ) k1)) S

2k
p1+p2 k
(1,2 (=1)"K!
Epl p2(£L’1,{E2 _2 E Sl 112 ) (plvk) ok
k=1

- Epl,pz(l'l,l‘g) —2 (Epl p2(x17x2) - l{)lxzzn)

= _Epl,p2 (1’17 2172) + 237?11.12)27
as claimed.
(¢) The case r = 1 of (3.18) is (3.16). If we suppose that (3.18) is valid for a
positive integer r > 1, then by using (3.16) we have

BPI;P2 ('731 +r+lazo+r+ 1) - Bpl,pz(x17x2)
= Bpl,p2 ('Tl +r+17x2+r+]—)_Bp17p2 (x1+1,x2+1)
+ BP1,p2 (xl + 1v‘r2 + 1) - Bphpz(xlva)

r—1 r—1
= p Y (@ HI+D)" @+ l+ D2 4 Y (@ I+ D) (zp 1+ 1)
=0 =0

+ p1xp1 1 Pz + po x;lflx;gz 1
= m Z (@1 + D" @2+ D+ p2 > (w A DM (e + 1)
=0 =0
as desired. The proof of (3.19) is similar.

(d) Formulas (3.20) and (3.21) say that for p; or p, fixed, the sequences of
bivariate Bernoulli and Euler polynomials are Appel sequences, and this fact is
equivalent to addition formula (3.1). However, a direct proof follows from the
following easy observation:

0 \T2,p2 o p p 1—J1,.p2—J2
873015%“17 (p1. k) = ZZ<1)<2>€ TS () + o, k)

J1 0j2=0
p1—1 p2 D 1 »
1 2 —1—3 —j . .
= plz Z( )( ) IlJl 1 311,1272 325(‘71+]2,k’)
e
= PSP (o — 1k).

Similarly, we have -2 51772 (p; k) = paS1">P27 1 (py k). Then (3.20) and (3.21)

Oxo V1,1 1,21

follows directly from the definitions (2.4) and (2.5), and the observation above.
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(e) We use (3.20) and (3.21) to write

/ / Pl,pz xl,xg)dl'ldl‘g

- / (P t1.90(1,22) = Pyrs1.,(0,22)) s
1

p1+1
- m (Pp1+17112+1 (1,1) - Py +1,pat1 (1,0)
—Pp 41,0241 (0,1) + Py 41 5,41 (0,0))

1+ (_1)P1+;D2

T it DmtD) (Ppy+1,p2+1(1,1) = Ppy41,p,+1(1,0)),

which proves (3.22). In the last step we used (3.15) to write Py, 41,p,+1(0,1) =
(_1>p1+p2PP1+1,P2+1 (1’ 0) and PP1+1,P2+1 (1’ 1) = (_1)p1+p2PP1+1’P2+1 (Oa 0) O

An immediate consequence of (3.22) is the following:

Corollary 3.4. If p1 + p2 is odd, we have

1 1 1 1
/ / Bpl,pQ (l'l,xg)dl'ldxg = / / Epl,m ($1,$2)d1’1d$2 =0.
0 0 0 0

4. Some Identities

In this section we obtain some identities involving bivariate Bernoulli and/or
Euler polynomials.

Proposition 4.1. We have the following identities
(1)
1
(4.1) 5 (P1Ep 1,5 (21, 22) + 2By, o1 (21, 22))

Xr1 T2
B P1+p2 B
1)17112('731’372) 2 P1,P2 ( ) :

272
(2)

(4.2) plEp1—11P2(I17:E2) +172Ep17pz>—1($175'32)

z1+1 29+1 T T2
= 2p1tP2 (Bpl,m ( 9 2 > - Bp1ap2 (?7 2)) .

(3) Form € N,

m—1

k k
(43)  Bypa (mormee) =m0 S By (14 2t ).
k=0



Bernoulli and Euler Polynomials in Two Variables 145

(4) Form=1,3,5...,

m—1

k k
(4.4) Ep, p,(mx1, mag) = mPre kz_o(_l)kEm»m (1'1 + EWCQ + m) '
(5) For m =2,4,6,...,
(4.5) P1Ep, —1,p, (Mx1,mT2) + p2Ep, p,—1 (M1, MT2)

m—1 k k
= —omprire—l %(-1)’63,,1,,,2 (961 + o w m) .

Proof. We show the proofs of (4.1), (4.3) and (4.5).

(1) Beginning with the right-hand side of (4.1), we have

X X
(46) By ulw,w2) =278, 0 (. 5)
p1 P2 p p
1 2 —1 —j
- ZZ( )( ) 21— )" (e — )P By (0)
j1=0j2=0
P1 P2 . .
+ P1 Y P1=J1 /X9 Y DP2—72 - . Y
e 3 S ()0 -8 (G- B ()
1_ 2=
P1 P2 ) )
- zz(m)(m) ) (e g
71=0j2=0

X (Bj1+jz (y) = 2772 Bj, 4, <§>) :

By using the identity F,_1 (y) = % (Bn (y) — 2" B, (%)) (see [9, Eq. 24.4.22]), we
have

o - 13y () (%) o1 =007 (o2 =0 G+ ) B 0

J1 =072=0
p p1—1 p2 e 1
1 1 — 1—1— —7
= Y (") () @ e B )
71=0 j2=0
p 22\ (p
2 1 2 — 1—7j1 2—1—j2
+? Z Z ( >< ]2 ) xl_y)p ’ (.132 y)p - E]1+J2 (y)
71=0 72=0
1
= 5 (P1Bp—1p2(21,22) + P2Epy pa-1(21,22))

as desired
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(2) Beginning with the left-hand side of (4.3), we have

(4.7 By, p, (mx1, maa)

= i i (Pl) (pQ) (may —my)P ™ (may — my)P* 2 By, 4, (my).

1207220 n J2

By using the identity B,, (my) = m"~! Zzzol By (y+ £) (see [9, Eq. 24.4.18]) we
obtain

S 3 331} [CEER )

k=0 j1=0 j2=0

y +£_ +£ PQ—szl ‘ +E
T2 m Yy m Jjit+iz \ Y m

m—1
k k
_ p1t+p2—1 E —_ _
= m — Bpl,pg (xl + myl‘Q + m ’

as desired.

(3) Beginning with the right-hand side of (4.5), we have

m—1
k k
- k
(4.8) —2mprir2—l kz_o(—l) By, ps <x1 +oret m)
P1 b2 1 Do ) .
—  _ppitpr2-l ( ‘ ) < . > (931 _ y)prh (xz _ y)prm «
m—1 k
X Z (_1)kBj1+j2 (y + m> .
k=0
By using the identity F, (my) = —% Zzol(—l)anH (y—i—%) for m =

2,4,6,... (see [9, Eq. 24.4.19]) we obtain

p1 P2
(4,8) — _ompPrtr2—l Z Z (1]’1) (1;2) (ZE1 . y)p1fj1 (mg _ y)pzsz %

J1=032=0
J1+J2
X (*WE]&HQA (my))

p1—1 p2
—1 14 .
—my Y (pl ) (p) (man = my)" 7 (s =y By, (my)

a=0j=0 \ It/ \J?

P11 p2—1 n po—1 ) ]
DD <]>< i )(mm —my)" I (s = my) P By, (my)

Jj1=0 j2=0

=p1Ep,—1,p, (M1, ma2) + 2L, py—1 (M1, m2),
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as desired.

The proofs of (4.2) and (4.4) are similar, using the identities

Ep_y (y) = % (Bn (3“2LI> ~ B, (g)) (see [0, Eq. 24.4.23))

and
m—1 ki
E, _ n “1)*E, ) f =1,3,5,... , Eq. 24.4.20]).
(my) =m kgo( ) <y+m> or m (see | q )]

O

Now we consider a different kind of identities involving Bernoulli and Euler
numbers and polynomials, which are based in the following result.

Proposition 4.2. The polynomial identity
(4.9) S i@ +a) = bui(@+8),
=0 =0

implies the Bernoulli and Fuler polynomials identities

(4.10) > anBi(z+a) = Y buuBi(z+8),
=0 =0

(4.11) daniBi(x+a) = Y buEi(z+p).
=0 =0

Proof. Observe that the polynomial identity (4.9) comes together with the identities
of the corresponding derivatives

(4.12) li:am C) (z+a) " = n by (i) (z+8)"",

=0

for 0 < r <[ < n. Beginning with the left-hand side of (4.10), and using (4.12) in



148 Claudio Pita-Ruiz

the third step, we have

n ! (=1)Fk!
Z an,1 B (.13 + Oé) = Z Qn,l Z Sl,w+a (la k) T‘H

=0 l

_ vy (anl( ) xw)”) 5 Gy R

k=0 j=0
n l
B (—=1)FK!
=0 k=0

= Y buBi(z+5),

1=

(=)

which shows (4.10). The proof of (4.11) is similar. O

For example, from (3.2) we can write

(4.13) 3D () (%) o1 =0 (o = 07 B )

j1=072=0

ZZ(p)(p) 21— 2" (w0 — )7 By, (2),

j1=072=0

where y, z are arbitrary parameters. By using Proposition 4.2 in (4.13) we obtain
identities of the form

a3 (") (%) P 01 =) Qs (2 = ) B 0

J1=07j2=0

Zli pZ? (pl) <p-2> p1—i1 (T1 = 2) @py—jp (T2 — 2) By 44, (2)

J1=0j2=0
where P, are Bernoulli or Euler polynomials.

In the case P = Q = B, with 1 =22 = z =1 and y = 0, we obtain that

p1 b2

b1\ (D2 i1+j
(4.15) INEREED Y Z( )< ) (=1)7*2 By, —j, Bp,— j, Bjy 4
Jj1=0j2=0
p1 p2

P11\ (P2 145
Z Z ( )( ) 1)j +szP1—leP2—szj1+jzv

J1=072=0
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from where we conclude that, if p; + ps is odd, then

p1 b2
P1) (P2 i1+ e
(4'16) Z Z (.71) (j2>(_1)]1+JZBP1—j1BP2—j2Bj1+j2 =0.

71=0j2=0

With similar arguments it is possible to show that if p; + ps is odd, then

LN P1 D2

Z Z < )( >Bpl—j1B;02—j2Ej1+j2 (1) = 0,
j1=04,=0 M1/ \J2

pP1 P2

>3 (M) () P B 0 Bsa 0B, = 0

J1=0j2=0
p1 P2 » p
1 2
Z Z <Jl> (j2>EP1j1Epzj2Ej1+j2 = 0,
J1=0j2=0
P1 P2 » Do
1 L
(4.17) Z Z <]1) <,72> (_1)]1+j2 Ep -y Eps—js Ejivjy = 0.
Jj1=0j2=0

Now let us consider the difference equations (3.16) and (3.17). Write (3.16) as

P1 P2
@19 S 3 (")(%) (e 0 a0 ) B
o —o \J1/ \J2
J1=0j2=0
= pral T al? 4 poahr et
By using Proposition 4.2, we obtain from (4.18) the identities
o p1\ (P2
(119) 3% ( )( ) x
120750 M1/ \J2
X (Bplfjd (xl + 1) BP2*J'2 (12 + 1) - BPl*J& ((51) Bp27j2 (xQ)) Bj1+j2
= p1Bp—1(21) By, (2) + p2By, (21) Bp,—1 (22),

p1 D2
b1 b2
(4200 > > ( )( > X
51=0 =0 1/ \J2
X (Eplfjd (3;‘1 + 1) Epzsz ($2 + 1) - Eplfjl (ml) Epzsz (332)) Bj1+j2
= p1Ey,—1(21) By, (22) + p2 By, (21) Ep,—1 (22),

and
D1 D2
> > (1))~
G1=05,=0 M1/ \J2
X (Bpl_jl (1’1 + 1) EP2—j2 (I2 + 1) - Bpl—j1 (‘Tl) EP2—j2 (1'2» Bj1+j2
= plBPl—l (.231) Epz (322) +pQBP1 (.131) Epz—l (.132) .
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Similarly, by writing (3.17) as

P1 P2
(4.21) Z Z (?i) (?z) ((371 + 1)171*11 (-'172 + 1)172*.72 +.’1711)1_]1.’1712)2_]2> Ej1+j2 (O)
J1=032=0

— P1 ,.P2
=227 157,

and using Proposition 4.2, we obtain from (4.21) identities of the form

SN D1 D2
(4.22) j;y;() (ﬁ) (jQ) x
X (Ppy—jy (21 + 1) Qpy—jp (22 + 1) + Py —j, (21) Qpy—js (22)) Ejy 4, (0)
= 2P, (71) Q@p, (72),

where P and @ are Bernoulli or Euler polynomials.

To end this section, we show some particular cases of the previous results.

By setting p2 = 2 and ;1 = 2 = 0 in (4.19), we obtain (after some simplifica-
tions) the following identity for p > 0:

p+1
2p+1
Z (;; B 1>B2p2j+232j = —(p+1/2)Bapya.

j=1

Similarly, from (4.20) with po = 1 and ;1 = x5 = 0, we get the following identity

for p > 0:
P

2p
2 (2j _ 1) Eop—2j11 (1) Baj = —Bap — pE2p-1(0).

=1
By using Proposition 4.2 in the case m = 2 of (4.3), we obtain that
P1 P2 ) )
(423) 217p17p2 Z Z <p1> (1?2>2P1+p2h]23p1_j1 (‘rl)Bp2—j2(‘T2)Bj1+j2
— 4 \J1 J2
J1=072=0
P1 P2 D P
pap3 <Ji> (;) *
J1=0j2=0
X (Bplfjd (.’L‘l)szij (.’[72) + Bplfjl (ml + 1/2)BP2*J'2 (332 + 1/2) Bj1+j2'

Set 1 = 29 = 0 and use that B,, (%) = (21*" — 1) B, to get from (4.23) that

P1 P2
(4.24) 2 Z Z (pl) <p2>2_]1_]23p1lepzszj1+j2

31=042=0 N1/ \J2

P1 D2
= Z Z (pl) <p2> (1 + (21+j1—p1 - 1) (21+j2_p2 - 1)) BplflepzszBjHrjz'

J1 J2
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The case ps = 1 of (4.24) produces the identity

p—1 9
(4.25) Z <2§)> (1 — 21*2J) Bo;Bay_o; = (217217 _ 1) 2pBa,,
J_

which can be written (by using the Euler’s identity »°7_, (g?)BQj Bay 9j =
—(2p — 1)Bgyy, for p > 1, see [4]) as

2p\ . _ _
Z <2P> jB?JB2p 25 = (1-2p)2 2pB2p-
. J
7=0
With similar procedures it is possible to obtain also the identities

2
Z (2§>2 JB?JEQP 2j = 2 (1 -2 p) Bap,

Jj=0

p—1
2p—1 _9s _
(2'>O_T%V%QPPMWZT%@FU%w2
=0

5. Generalized Recurrences

In this section we show some recurrences for bivariate Bernoulli and Euler poly-
nomials.

Proposition 5.1. For non-negative integers p1,p2,q, we have the recurrences

(1" & Ty
(51) ZBP1+7€7P2($17$2) Ll @ H( T +.7)
k=0 1 j=0
)k g 4 ,
ZZBpl,szrk(ﬂ?h@)( k') ook L (@2 +3)
k=0 : 2 j=0
+
= plEfQ Sl I2+Q,P2 ) (_1)k (k+q)'
1,x14+q k+q+1 )
and
(=D d* 7
(52) ZEP1+k p2($1,$2) " ok H(ml +.7)
k! dzj +-
k=0 7=0
1)k gk ] ,
=3 Bpuprilon,2) L s 4+9)
k=0 ’ 2 j=0

1+
_ prQ Sll m2iq p2 ) (7]')]C (k + q)'
»T1+q :

k=0
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Proof. Formulas in (5.1) are included as particular cases of Proposition 4 in [12].
We prove the identity

(-D* d* T7
(5.3) Z prhpa (U1, 02) [+
1 =0
p1+p2 Dk (k |
Z Sh $2+q7:02 )(_ )" ( +(])~
Lx1+q (p1, k 9k+q )

contained in (5.2) by induction on ¢q. The case ¢ = 0 is the definition (2.5). If we
suppose that (5.3) is true for a given ¢ € N, then

o (—1)* @+
(54) ZEPH‘k,Pz(xl?mQ) Tk (71 +])
k! dah
k=0 3=0
q+1 (—1)k k—1 9—1

= ZEP1+1€7P2 (1'1,1'2) k! xl +q

H T +7j) +

k=0 1 j=0 d ]:0
g—1
H x1+7)

= (z1+4q) ZEP1+1€,172($17332
k=0

ZEP1+1+7€,172($17$2 H xl +]

k=0

The induction hypothesis gives us from (5.4), that

g+1 (_1) dk- q
(55) ZEP1+I€,P2 (1‘1,1‘2) Tk (.’131 + ])
k! dag
k=0 7=0
+
el Latap (=1)* (& +q)!

— $1+q Z Slzl+q pla ) 2k+q

P1+P2+1 k
Lot (=" (k + ¢)!
Z Simiig (P14 1K) ok+q :

k=0
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According to the recurrence (1.11), we have from (5.5) that

g+1 (C1)F dF
ZElerk,pz(thz)dek [T +9)
k=0 ) 1 =0
p1t+p2 k
- —1)*(k+q)!
=@i0) 3 ST o0l S
p1t+p2+1 k
—1)* (k + q)!
SY (S k- D G ST () SRR
k=0
p1+p2+1 k
1,z s T , (—1) (k+(])'
== Y (St k= 1)+ RSLEH (01, k)
k=0
p1+p2 k
v . (=) (k + q+1)!
=3 (st k) 0 DSt e ) EH G
p1+p2 Kk |
1,xa4q+1,p2 (D) (k+q+1)!
= Z Sl ,x1+q+1 ( 7k) 2k+q+1 )

as desired. In the last step we used (1.10).
The proof of the identity

q k ogk 91 p1+p2 k

(=D" d 1z (=" (k+q)!
ZE Lpatk(T1, T2) il wn T2+ ) Z Si xfigpz )T'
k=0 ' 2 j=0

is similar. O

Proposition 5.2. For non-negative integers p1,p2,q, we have the recurrences

q
(5.6) kZOBpwk,pQ(thEz k' dx 1:[ x1 )
q k q
-~ d ‘
ZBPI pa+k(T1,72) W dk H($2 —J)
k=0 : 2 j=1
p1t+p2 (_1)k+q il

1,z
= 4! Z Sy (pr, )m7
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q
(5.7) ZElerk pz(xlax2 , d:c H (z1—17)
1 =1

k=0
q E ok 4
(=)~ d .
- ZEpl,p2+k(x17$2) k! % (‘rQ _.7)
k=0 : 2 j=1
p1+p2 e+
© -1k + q)!
I
k=0
Proof. We prove the identity
q q
(58) kZ:OEm ,p2+k 1’1,1’2 k" dx 1;[ T2 — .7
e (=D (k +q)!

1o p2
Z S, 1 k) ok+q ’

contained in (5.7) by induction on ¢. The case ¢ = 0 of (5.8) is the definition (2.5).
If we suppose (5.8) is true for a given ¢ € N, then

g+1 L1k gt g1
(59) Z Epl p2+k($1,$2) ' - H( To — ,7)
k! dxs -
k=0 =1
q+1 &
-1
= ZEM p2+k($17$2)( ]4;') X
k=0
g dk—l q
% (:vg—q—l Hmz—] +kdk Hivz—]
j=1 Ty
i q
= (r2—q-1) z Ep17p2+k(x1,9:2 ' H T9 — j)
k=0 j=1
—k dF L ,
7ZEP17P2+k+1(1’13x2)( k') d.rik ($2 7]).
k=0 : 2 521

We use induction hypothesis to write (5.9) as

gq+1 _1)k dk q+1
Z p1,p2+k $17$2)7k‘ dak (z2 = j)
! 2 1
p1+p2 k+q
1,z2, ( ) (k + q)
= ({172 —q— 1) kz Sl,$12 b2 (phk) 9k—+q
=0

p1+p2+1 k+
122 Slmzp2+1 ) ( ) q(k+q)
k=0 b 2k+q
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The recurrence (1.11) gives us

& —1)k g
Z Epy patr(21, xQ)TW H(172 —J)
— 2 Rt
k=0 j=1
p1+p2 k+q
Las, =D (E+9)!
= .T2 —q— 1 Z Sl 112 p2 ) ok—+q
p1+p2+1 k+q i
xr xr +
- Z (511,’1:12472 (p1ok = 1) + (k + 22)S5272 (p1, k)) ()Qk#
k=0
p1+p k+q+1
— _ lzzs% Jiz,pz ) <_1) ! (k+q+1)'
1 2k+q+1
P1+p2 k+q k
2,P2 + q
- Z (k+q+1)S, 527 (p1, k) ()gk#
pi+p k+q+1
= — 1225122172 )(_1) ! (k+Q+1)!
Lz 9k+q+1
p1+p k+
_ lzzsl 122,p2 pl ) ( ) q(k+q+1)
) 2k+q
Y graam gy CV g 1)
- Z Sy (1, k) ok+q+1 ’
as desired. The proof of the identity
q p1+p2 k+q
v (=)™ (k+q)
ZEer,Pz(xlvm? ]f H .%‘1—] Z Sllx127p2 )Ta
k=0 j=1
and (5.6) are similar. O

We can write recurrence (5.7) as

y (-1F & o
(5.10) ZEp1+k,p2 (x1 4+ q, 22+ q) W dnk H(m +7)
k=0 : 1 =0
—1)k gk ,
= ZEpl,p2+k(x1+q,x2+q>( k,) — [T +3)
k=0 ' 2 j=0
+ k
ST spatan g,y O !
1 11+q p17 2k+q

k=0
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Thus, from (5.2) and (5.10) we have

(D" d* T

(5.11) ZEpﬁk’pQ (x1 +q,z2 + q)TW H(zl +7)
k=0 ’ 1 550
q _1)k+q k91
= Y Bk + 70+ @) ——— [ [ (@2 + )
= kU das 4
=0 =0
—1)k gk o ,
= Z p1+h.pa 901,3?2)( k') vl § (Ce))
k=0 s gy
q kogk a—1
(=" d :
= ZEpl,pz+k($1a$2) W dok (z2 +j)
k=0 ’ 2 j=0
+
_ Z sratam gy CD U+ 0)
1,21+q p17 2k+q
From (5.1) with z; = 1,22 = 0 we have
q q
5 12 Z q +1,k+ 1) p1t+k,p2 (15 O) = Z(_l)kS(Q7 k‘)BPI»I)QJFk (17 0)
k=0 k=0
i staps gy Dk + )
1,q+1 1; A Tq+ 1 .

We use Carlitz identity (3.5) to obtain the following explicit enriched version of
(5.12),

q pitk p1+/<:
(5.13) ZZ( ) (=1)*s(g+ 1,k + 1)Bj, 1,
k= 0]1 0
! p2
= o3 S (M) Lk DBy
k= 0]2 0
q P1 1
S 30 3l (o [
k=0 j1=0
q pa2tk
P2+ k
= (71)p1+pzz ( . >S(Q7k)BP1+j2
k=0 j2=0 J2

=SS S (Y () st i CEE )
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Similarly, from (5.6) we obtain

q pitk

1+ k
zz( )s(a1) B
k= 0]1 0
q p2
= p1+p Z Z ( ) q’k)BP1+k+j2
k=0 j2=0
D1
=zz()+MH”Wk
k=0 j1=0
q p2+k +k
== p1+p2 Z Z <p2 > 1)k8(q+1,k+ 1)Bp1+j2
k=0 j2=0
=S (st
psr i k+qg+1

and from (5.11) we get

q pi1tk p2

UDIDY Z<pl+k>( >< D5+ 1k + 1)(g+ 17 g7 72 B, 15, (0)

k=0 j1=0 j2=0

q pitk p2 +k
DD <p> (m )(_1)k5(q7k)(Q+1)m g B 4,(0)

k=0 j1=0 j2=0

q pitk otk
72 Z ( ) 1)k5(Q+1:k+1)Ej1+P2(0)
k=0 j1=0
q p1 1
=22 ( )(—n’“s(q, K) By s +1(0)
k=041=0 &

p1+p2 P1 P2 ] ] _1\k
ZZZ@X)Hmwmem“ﬁﬂ?

k=0 j1=0j2=0

Proposition 5.3. We have the following identities for bivariate Fuler polynomials

q
(5.14) Z ( ) Byt patq—i(T1,22) = (12 — 1) Ep, p, (21, 72),

j=0

)=

q .
(5.15) (J) (w2 = 21) Epy1q—j.po (71, 32) = Ep, potq(@1,72).

=0

<.

Proof. Let us prove (5.14) by induction on gq. The case ¢ = 0 is a trivial identity.
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If (5.14) is valid for a given ¢ € N, then

T .
Z( ‘ )(1)]Ep1+j,pz+q+1j($1,ff2)

FEN
~ (q ; ~ (q :

= Z ) (=1 Epy4ipa+14q—j (w1, 72) — ) (1) Epy414j,p2+q—5 (w1, T2).
i=o \/ i=o \/

The induction hypothesis gives us

T ‘
Z( : )(_1)]Epl+jvpz+q+1j(xlaxQ)

j=o N J

(2 — 21)"Ep, por1(21,22) — (12 — 1) Ep, 11,p, (21, 72)
= (z2 — 21)" (Ep; pot1(21, 72) — Epy41,p, (%1, 72))
(

zg — 1) T Ep, py (21, 22),

as desired. In the last step we used the identity

(5.16) Epi+1,ps (71, 22) — Epupz—&-l(xlv@) = (71— 332)Ep1,p2 (z1,22),

which is included in the case ¢ = 1 of (5.2) (or (5.7)).
Let us prove (5.15) by induction on ¢g. The case ¢ = 0 is a trivial identity. If we
suppose (5.15) is valid for a given ¢ € N, then

q+1 g+1 ,
Z ( j )(‘/EQ - xl)]EP1+q+1—j,P2 (xlva)

j=0
q q )
= > <> (w2 — 21)" Ep, 4q41—j,ps (T1, 72)

— \J

7=0

q q )
—|—(£C2 - 331) Z <J> (1‘2 - xl)JEIh-‘rq—jﬁlh ('7;1’ .132)
j=0

Ep11,pst+q(T1,22) + (22 — 21) Ep, pyiq(21,72)

= Ep potgr1(T1,72),

as desired. We used (5.16) in the last step. O

There are similar results to (5.14) and (5.15) in the case of bivariate Bernoulli
polynomials. These results appear in [12] in the context of bivariate poly-Bernoulli
polynomials.

Acknowledgements. I thank the anonymous referee for his/her careful reading of
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