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ABSTRACT. Let V3(z, f) and aél)(z, f) be the cubic polynomials representing, respectively,
the 3rd de la Vallée Poussin mean and the 3rd Cesaro mean of order 1 of a power series
f(z). If & denotes the usual class of convex univalent functions in the open unit disk
centered at the origin, we show that, in general, V3(z, f) 4 a:(gl)(z,f)7 for all f € 7.
Making use of polylogarithms, we identify a transformation, A : & — ¢, such that
Va(z,A(f)) < aél)(z,A(f)) for all f € . Here ‘<’ stands for subordination between two
analytic functions.

1. Introduction

For a real number r, 0 < r < 1let D, = {2z € C: |z| < r} denote the open
disc in the complex plane with center at the origin and radius r and D := ;. We
denote by A the class of all analytic functions defined in D that are normalized by
the conditions f(0) = f/(0) — 1 = 0, and by the class . of univalent functions in
A. Further, we let .#" denote the subclass of those functions in . that map D onto
convex domains and

So={fex z2f e x}.
Analytically, f € J if and only if

R{1s e

If € denotes the class of close-to-convex functions in D, then 8o C # C € C .&.
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In 1983, Lewis [7], in an extremely involved proof, showed that the polyloga-
rithmic functions

(L1) Ligs) =3 5", >0

are convex univalent in D. For 8 > 0, the series in (1.1) has the integral represen-
tation given by the formula (see [13]):

1
Lig(z) = ﬁ/o z(log(1/t))P~! T —1tzdt7 |z <1, 8> 0.

Here I' stands for Euler gamma function. Note that

1
(1.2) Liy(2) :/ © _dt=—log(1—z) |2 <1
o 11—tz

and

1 z
(1.3) Lig(z):/o zlog(l/t)l_ltzdt:—/o Wd{,|z|<1.

The dilogarithm, Lio, is of particular importance, since it arises in many integrals
that cannot be expressed in terms of elementary functions. Due to this, it is used

in many computer algebra systems, such as Maple (see [1]), where it takes the form
dilog(z) = Lia(1 — 2).

The de la Vallée Poussin means are defined by

2m
Un(f,t):%/ wp(t —u)f(u)du, neN,
0

s

where f is periodic real-valued function and

n

w _ 2n(n')2 cost)” = i 2n eikt
n(t) = Zgyr (L+ cost) @) k;ﬂ <n+k>

are the de la Vallée Poussin kernels. In 1958, Pélya and Schoenberg [8] cast these
means in terms of complex-valued analytic functions using the Hadamard product.

The Hadamard product or convolution of two power series f(z) = > 7 a,2"
and g(z) = Y7, bpz" is defined as the power series > a,b, 2™ and is denoted
by (f * g)(z). If f and g are analytic in D, then f * g is analytic in D as well.

Define
m\ " 2n \ 4
Vn(z)<n> E (n+k>z’ neN, zeD.

k=1
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For a given function f(z) =Y 07 anz",

e = e ne = (1) 3 (20 e

k=1

is the nth de la Vallée Poussin mean of f. Pélya and Schoenberg ([8, Theorem 2, p.
298]) proved that for all n € N the de la Vallée Poussin means V,,(z, f) are convex
if and only if f is convex.

Similarly, for a real number o > 0, if

-1 n
-1 —k\ &
A= ("1 S (M) e e,
n — n—

then the polynomial,

-1 n
o) = e = (") (M et

n—1
k=1

is called the nth Cesaro mean of f of order o. Note that U,(La)(z) = ol (z,2/(1—2)).
Several authors (see [3, 4, 6, 10]) studied univalence properties of the polynomi-

als U%a)(z,z/(l — 2z)) and it is now known (see [6]) that for « > 1 and n € N,
ay(l‘)‘)(z7 z/(1 — z)) € €. Using the fact that the class € is closed under convolution
with convex functions (see [11, Theorem 2.2]), we immediately get that for o > 1
and n € N, Uﬁla)(z, f) € € for all f € 2. For some more geometric and subordina-
tion properties of Cesaro means we refer to [12, 14].

Let two functions f and g be analytic in D,.. Then f is called subordinate to g,
written f < g, in I, if there exists an analytic function w satisfying the inequality
|w(z)| < |z| < r such that f(z) = g(w(z)) in D,.. If g is univalent in D, then f < g
in D, is equivalent to f(0) = ¢g(0) and f(D,) C g(D,).

In 1981, Singh and Singh [15] proved the following result:

Theorem 1.1. If f € 2, then Va(z, f) < aél)(z,f) in D.

Recently, the authors [18] proved that, infact, Va(z, f) < Uéa)(z, f) holds in D
for all f € # and for all a > 1.

A natural question which arises is: Is V3(z, f) < aéa)(z, f)inD, for all f e 7
The primary objective of this paper is to answer this question in the case that

a = 1. The paper is arranged as follows. In Section 2, we collect some known
results which we shall use in the sequel. Section 3 starts with an example showing
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that answer to above question is ‘no’. Then, using polylogarithms, a subclass of ¢
is identified such that for all f in this subclass, V5(z, f) < U§1)<Z, f) in D.
2. Preliminaries

In this section we recall the following definition and results which shall be needed
to prove our results in this paper.

Definition 2.1. A sequence {b,}$° of complex numbers is said to be a subordinat-
. . o0 n . .

ing factor sequence if, whenever f(z) => "~ | a,2", a1 = 1, is univalent and convex
in D, we have

Z anbpz" < f(2).
n=1

Lemma 2.2. [16] A sequence {b,}5° of complex numbers is a subordinating factor
sequence if and only if

R

1—1—221)”2'"] >0, zeD.
n=1

Lemma 2.3. [l1] Let ¢ and 1 be convex functions in D and suppose that f is
subordinate to ¢. Then f %1 is subordinate to ¢ =1 in D.

Lemma 2.4. [2] Let P,, be the set of all polynomials of degree n,n > 2. Assume
that Q € Py, has all its critical points (; inD,j =1,2,...,n—1. Let P € P, satisfy
P(0) = Q(0) and

Q) ¢ PD), j=12,....,n—1
Then P < Q in D.

Lemma 2.5. [9] Given a polynomial,
(2.1) r(2) = ag + a1z + apz® + ... + ap 2"
of degree n, let
BT Ay
(2.2) My, =det | (k=1,2,...,m),
AT B,
where Ay and By, are triangular matrices

ap air - Ag—1 Gp  Gp-1 -+ Gp—k41

0 a -+ agp—2 0 Gn - Qp—k+2
A =
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Then the polynomial r(z) has all its zeros inside the unit circle |z| = 1 if and only
if the determinants My, Ms, ..., M, are all positive.

3. Main Results

We begin with the following example which shows that the subscript 2 in The-
orem 1.1 can not be replaced with 3, in general.

Example 3.1. Let I(z) = z/(1— z) be the right half plane mapping which maps D
onto {w € C: N(w) > —1/2}. This function is a distinguished member of the class
. We claim that )

Va(z, 1) £ 051 (2,1)
in . We note that

2 1
o (z,1) = = + 37+ 37

and 3 3 1
_2, .92 2, 1.3
Va(z,I) = 4z—|— Tk + 557 -
Now ¢; = (=2+iv/5)/3, (2 = (—2—1i/5)/3 are the only critical points of orél)(z, I
and both lie on |z| = 1. As V5(0, f) = Uél)(O, f), therefore, in view of Lemma 2.4, if
Va(z,I) < aél)(z,l), we must have o—:(,,l)(g‘j,l) ¢ V3(D,I),j = 1,2. But this will be
the case if all the zeros of the polynomials ¢;(z) = Vs(z,I) — Jél)(ﬁj,l), j=1,2,
lie outside the circle |z| = 1. First consider
1 4,3 5, 3 38—il0V56
$1(z) = 207 + 10% + ZZ+ —
Then all the zeros of ¢1(z) will lie outside the circle |z] = 1 if and only if all the
zeros of the polynomial

1\ 1 3 3, (38-i0V5) ,
¢1<z>_20+102+4z+<81>2

lie inside the circle |z| = 1. Now comparing ¢1(1/z) with the polynomial r(z) (with
n = 3) in (2.1) we note that

1 3 3 38 —i10v/5
an = — a1 = — Ao = — aq = ———,
0 207 1 107 2 47 3 ]1

It is easy to verify that M7 and My as given by (2.2) are positive. We now calculate

By’ A,
=T

M3 = det
A" B3

)
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where
1 3 3 384105 3 3
20 10 g 81 4 10
- 1 3 — 3849105 3
A =105 15|, Bs= 0 BT 1
0 0 30 0 0 38+;110\/5
Using Mathematica [17], we get
[38—i10V5 1 3 3 T
e 0 0 20 10 i
3 38—3i10V/5 0 0 1 3
1 81 20 10
3 3 38—3105 0 0 1
_ 10 4 81 20
Ms = det 1 0 0 384i10v5 3 3
20 81 1 10
3 1 0 0 38+i10v/5 3
10 20 81 4
3 3 1 0 0 3843105
L 1 10 20 81
~ —0.00145985.

Since M3 < 0, by Lemma 2.5 we get, ¢1(1/z) does not have all its zeros inside the
circle |z| = 1. This implies that Uél)(cl,_[) € Va(D, I). Similarly, we can prove that
cr:(,,l)(@,]) € V3(D, I). Hence, by Lemma 2.4, V3(z,I) A aél)(z,I), z e D.

For geometric illustration of this example, we have drawn boundaries of the do-
mains V3(D, I) and O‘él)(D, I) in Figure 1. The zoomed portion of this figure clearly
shows that Vi(z,1) £ o§" (2, I).

Definition 3.2. We define a class of functions, Xz, as under:

Ky = 1{g: 9(z) = (Lig % )(2), f € 4,80},

For > 0, as Lig is convex and convolution of two convex functions is convex, so,
Kg C . Obviously, in view of (1.2) and (1.3), we have

Klz{/ozf(godg“:fee)i’,|z<1}

and

(3.1) ﬂ(zz{/ozlog(z) f(godg‘:fel/,|z|<1}.

Lemma 3.3. Let Lig be given by (1.1). Then the cubic polynomial aél)(z,Lig) is
convex univalent in D for all B > By, where By (= 1.039) is the positive root of the
transcendental equation

(3.2) 22P+1(36+2 _ o7y 1+ 3P (25 — 3712 = 0.
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Figure 1: V3(dD, 1) ¢ o{" (0D, 1)

Proof. We have Uél)(z, Lig)=z2+2 5—2 + Bf% = g(2) (say).
Then

2"(2) otz 1) R(E=iE DG +iE )
R{1+ / =R 22 4 z = 4 .
9'(2) Z 44z 41 4

)
22 8 z z2 4z
Putting z = ¢?,0 < 0 < 27 , we get

21 4 4
3 3 cos @ (1 5 )+800s29.

T(0) = R[t(e)] = 1+ 5

T 95 36+1

EIR RN
We minimize T'(), for 0 € [0, 27). Note that

1 1 4
Ty(0) = —4siné [ d COSO] )

3 68 28" 38

and, so, critical points of T'(f) are given by

B
. 3 5
Sln9=0, 4C0S9:_<2> (1+3B+1>
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It is now easy to verify that T'(6) has global minimum value
2201 g FL(3F8 1) [22P11 (3542 — 27) + 3P (25 — 3°12)]

at the critical point given by

B
3 5

Using Mathematica [17], we conclude that min T(0) > 0 for 8 > By (=~ 1.039),
where fy is the positive root of (3.2). As, ®(1+ z¢9"(2)/¢'(2)) = 1 at z = 0, using
minimum principle for harmonic functions, we conclude that g(z) = aél)(z,Lz’g)
maps D univalently onto a convex domain for g > . O

Graph of transcendental function in (3.2) is shown in Figure 2 below.

80
60 -
40

20

02 0.4 06 038 "\1 2 14
~

(1.039,0)

Figure 2: Graph of transcendental function in eq(3.2)
Lemma 3.4. If Lig is given by (1.1), then
V3(Z, Li/g) = Gél)(z, LZ'B),

in' D for all B > By, where By is same as in Lemma 3.5.
Proof. As Lig(z) = z+ Y. (2"/n”), we have
n=2

1 . 2 22 1 23
and
3 2?2 1 23

. 3
Vale: Lig) = 32+ 15 25 + 35 37

In view of Lemma 3.3 and Definition 2.1, it suffices to show that the sequence
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{3/4,9/20,3/20,0,0,...} is a subordinating factor sequence. Applying Lemma 2.2,
this will be true if
R(H(z)) >0,z €D,

where
_ 3 9 5 3 3
H(z)—1+2<4z+20z +20z>.

Putting z = ¢, 0 < 0 < 27, in H(z) and then taking the real part we get

R(H(?) = 1+ g ((:050 + gcos 20 + écos 30)

i [1+3(2C089+600820+400539)] .

(3.3) -~

On calculating the critical points, and by simple calculations, we can easily verify
that (3.3) has minimum value at cosf = —1/(3 4+ +/3) and this minimum value is
equal to (3—/3)/30 = 0.042..., which is certainly greater than zero. As R(H(z)) = 1
at z = 0, so we conclude that ®(H (z)) > 0in D, by minimum principle for harmonic
functions. |

In Figure 3, we have drawn boundaries of the domains V3(D,Lig) and
oD, Lig), taking 8 = 2.

0.5

0.0—

-0.51

Figure 3: V3(9D, Liy) C aél)(a]]]), Lio)
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Theorem 3.5. Let 5y be the number as in Lemma 3.3. Then for all real numbers
B, B> Bo, and for all f € &, we have,

Vs(z, Lig * f) < aél)(z,LiB * f),

in D; or, equivalently,

Va(z,9) < 05" (2, 9),

inD for all g € K (8> o).
Proof. By Lemma 3.3, aél)(z,Li/g) is convex univalent in D for all 3 > fy.
The proof, therefore, follows from Lemma 2.3 and Lemma 3.4 and observing that

Uz())l)(Z,Lilg x f) = aél)(z,Liﬂ) * f. O

If we choose 8 = 2 in above Theorem 3.5, we get, in view of (3.1), the following
result:

Corollary 3.6. For all f € X,
()65 o ()6
V3<z,/0 log(c) c d¢ ) < o4 z,/o log c gdg ,

If f €8y, then zf" € # and Lig * zf = Lig_1 * f. Thus we get:

in D.

Corollary 3.7. For all real numbers B, B > Bo, and for all f € 83, we have,
Va(z, Lig_1 * f) < aél)(z,Li[g_l * f),
in D. Here, the number By is same as in Lemma 3.3.

Taking 8 = 2 in Corollary 3.7 and noting that Li;  f = —log(l — 2) * f =
Jo (F(¢)/¢) d¢, we obtain:

Corollary 3.8. For all f € 89, we have,

o f 100 <o (- [ 2.

Remark 3.9. In 1990, Komatu [5] introduced the integral operator, £% : A — A,
by

mn D.

o [ f-1
e = T [ (oeg) e > 1520,
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It is easy to verify that if f(2) = 2+ > nr, a,2™, then £7[f] defined above can be
expressed by the series expansion as follows:

LAL)(2) = z+§:2 <C+1)ﬁanz".

In view of (1.1), we obtain:

L5[f1(z) = (Lig * )(2).

Therefore, Theorem 3.5 can be restated as under:

Theorem 3.10. For all real numbers 8, 8 > By, and for all f € &, we have
Vs (=£0101) < oV (2. £0111)

in D, where the number By is as in Lemma 3.3.
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