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GENERALIZED CHEN INEQUALITY FOR CR-WARPED
PRODUCTS OF LOCALLY CONFORMAL KAHLER
MANIFOLDS

HARMANDEEP KAUR, GAUREE SHANKER*, RAMANDEEP KAUR, AND
ABDULQADER MUSTAFA

Abstract. The purpose of the Nash embedding theorem was to take ex-
trinsic help for studying the intrinsic Riemannian geometry. To realize
this aim in actual practice there is a need for optimal relationships be-
tween the known intrinsic invariants and the main extrinsic invariants for
Riemannian submanifolds. This paper aims to provide an optimal rela-
tionship for CR-warped product submanifolds of locally conformal Kéhler
manifolds.

1. Introduction

The concept of the warped product is one of the most significant generaliza-
tions of the cartesian product, which appeared in the mathematical and phys-
ical literature long before [2] under the name semi-reducible spaces [12]. The
notion of warped product is important to both differential geometry and math-
ematical physics, particularly general relativity [8, [I6]. The study of warped
product submanifolds has become an active research topic in the differential
geometry of submanifolds. The CR-warped product manifolds are likewise of
major interest [3, 4, B, I7]. According to Nash’s embedding theorem, every
Riemannian manifold can be isometrically immersed in some Euclidean space
with sufficiently high codimension. In particular, every warped product mani-
fold can be isometrically embedded as a Riemannian submanifold in some Eu-
clidean space with sufficiently high codimension. The main difficulty in apply-
ing Nash’s theorem is the larger codimension. This challenge can be addressed
by establishing the optimal potential relationships between the known intrinsic
invariants and the main extrinsic invariants of a submanifold. A great amount
of work has been done in this direction. Certain general inequalities between
the intrinsic and extrinsic invariants have been established by many authors
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[8, 14, [7, 15l [6]. Continuing this sequel of inequalities, this paper aims to es-
tablish the generalized Chen inequality for warped product CR-submanifolds
of locally conformal Kahler manifolds using the Gauss equation. This paper is
organized as follows:

Section 2 recalls some preliminary notions related to our primary objective.
Section 3 comprises some necessary lemmas and results for warped product
CR-submanifolds of locally conformal Kdahler manifolds, which are needed in
the latter sections. Finally, in section 4, the generalized Chen inequality for
warped product CR-submanifolds of locally conformal Kahler manifolds is es-
tablished along with the characterization of the equality case followed by the
applications.

2. Preliminaries

Suppose (M, g) be an n-dimensional submanifold of a Riemannian manifold
(M,g) of dimension m, where g is the induced metric on M and g is the
Riemannian metric on M. Denote by V and V the Levi-Civita connections of
M and M, respectively. Then Gauss and Weingarten formulae are given by

(2.1) ?XY:VXYﬁ—h(X,Y),

VxZ=—-A;zX + DxZ,
respectively, for tangent vectors X,Y € T'(T'M) and a normal vector field
Z € T(TM+™), where h denotes the second fundamental form, D the normal
connection and A the shape operator of M in M. The shape operator and
second fundamental form are related by

9<AZX> Y) = g(h(X, Y),Z)

for any vector fields X, Y tangent to M and Z normal to M.
The curvature tensor R is a tensor field of type (1, 3), given by

R(X, Y)Z = ?X?yz — ?y?XZ - v[X,Y]Z

for X,Y,Z € T(TM).
The Riemannian curvature tensor is a (0,4) tensor field, defined by

R(X,Y,Z,W) =g(R(X,Y)Z, W)
for any X,Y,Z,W € I'(TM). The Riemann tensor provides an intrinsic way of
describing the curvature of a surface.
The Gauss equation is given by
(2.2)
R(X,Y,Z,W) = R(X,Y, Z,W) + g(h(X,W),h(Y, Z)) = g(h(X, Z), h(Y,W))

for X, Y, Z,W € I'(T'M), where R and R are the curvature tensors of M and
M, respectively. ~
For any x € M, if X,Y € T, M are two linearly independent tangent vectors,
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then the sectional curvature of the 2-plane section 7, spanned by X and Y, is
given by -
o gR(X, Y)Y, X)
K(XANY)=— — - .
KA = X X)a0vy) - XY
In addition, if X and Y are orthogonal unit vectors, then the preceding defini-
tion can be expressed as

(2.3) K(m)=K(XAY)=g(R(X,Y)Y,X).
For a local orthonormal frame {ei,es,...,e,,} of M, the scalar curvature is
another significant Riemannian intrinsic invariant given by

FLM)= > K(eiiej)

1<i<j<m

1<i#j<m

Definition 2.1. [§] A Riemannian metric § on a complex manifold M is
called Hermitian if § and the complex structure J such that J2 = —I are
compatible, i.e.,

g(JU,JV) = g(U, V), VU,V € I(TM).

The complex manifold equipped with Hermitian metric is called the Hermitian
mamnifold.

The fundamental 2-form Q of a Hermitian manifold (M, g, J) is defined by
QU, V) =g(U,JV), UV € T(TM).

A Hermitian manifold is called Kahler manifold if its fundamental 2-form
is closed, i.e., d2 = 0. The corresponding metric is called Kahler metric. A
Hermitian manifold is Kahlerian if and only if J is parallel, i.e., VJ = 0.

A plane section of a Kahler manifold is called holomorphic if it is spanned by
{U, JU?} for some non-null vector U € T(TM). The sectional curvature K (U A
JU) of a holomorphic section is called the holomorphic sectional curvature
at U, it is denoted by H(U). The holomorphic sectional curvature does not
depend on the choice of U in the span {U, JU}.

Definition 2.2. [10] The Hermitian manifold (M, J,§) is called a locally
conformal Kahler (l.c.K.) manifold if each point 2 of M has an open neighbor-
hood U with a positive differentiable function p : U — R such that the local
metric

gu=¢"g,
is a Kdhlerian metric on U. If we take U = M, then the manifold M is said to
be a globally conformal Kahler manifold.
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Equivalently, (M, J, §) is 1.c.K. manifold if and only if there exists a global
closed 1-form o on M such that

dQ2=a AN,
where a is the Lee form and its dual vector field A is the Lee vector field.
Further, (M, J,g) is lL.c.K. manifold if and only if the following equation is
satisfied
(2.5) (Vo )V =g\, JVIU — g\, V)JU + g(JU, V)X + g(U, V) JA
Y U,V e T(TM) [13, 11].

Definition 2.3. [I] A submanifold M of a l.c.K. manifold (M, J, ) is called
a CR-submanifold if there exists a differentiable distribution

H:xr— H, CT, M

on M satisfying the following conditions:

(i) H is holomorphic, i.e., JH, = H,, for each x € M,
(ii) the complementary orthogonal distribution H* : x — HE C T, M is
totally real, i.e., JH C T;-M for each z € M.

For a C'R-submanifold M of a l.c.K. manifold M, the normal bundle 7+ M
has direct sum decomposition as follows:

T M = JH & p,

where p denotes the invariant normal subbundle of T M under J.

Definition 2.4. [2] Let (N1, gn, ) and (N2, gn, ) be Riemannian manifolds of
dimensions nq and ns, respectively. Let f : Ny — R be a positive differentiable
function. Consider the product manifold N; x Ns with projection maps m :
N1 x Ny + Ny and 73 : N1 X Ny +— Ny. The warped product M = Ny Xy Ny is
the product manifold Ny X Ny equipped with the Riemannian structure such
that

1Y [P=] dmY || +£2(m (V) || dmaY |2
for any tangent vector Y € T, M, x € M. Hence, we get g = gn, + f?gn,. The
function f is called the warping function of the warped product manifold M.
In case f is constant, the warped product is trivial.

Consider a local orthonormal frame {e1, ..., €n,, €n, 41, ..., €n} of (T M) and
let nq, no and n are dimensions of N1, No and M, respectively. The relationship
between the warping function and the sectional curvature is given by [5] 9]

(2.6) i f: K(ea Aeg) = 227

a=1p=n1+1 f

Let M = Ny Xy N2 be a warped product submanifold of M. Choose a local
orthonormal frame {ey,...,en, €n4t1,...,em} of TM such that {ej,...,e,} are
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tangent to M and {e;41,...,€n} are normal to M. Then the mean curvature
vector H is defined by

- 1 I

H= . traceh = - ;h(e“el).
In case H = 0, M is called minimal submanifold and if the second fundamental
form vanishes identically, then M is called a totally geodesic submanifold of M.
M is said to be totally umbilical in M if and only if h(X,Y) = g(X,Y)H for
any X,Y e I'(TM).
Let h}; = g(h(e;,e;),er) for 1 < 4,5 <mnand n+1<r < m. Hence, using

22) and (23), we get

K(eiNej) = K(ei Nej) + Z (g(hiier, hjjer) — g(hijer, hizer)).

r=n+1
Equivalently,
(2.7) K(eiAej) = K(es Nej)+ > (hih; — (hi)?).
r=n+1
By making use of (2.4) and , we obtain the following;:
(2.8) 27(T, M) = 27(T, M) +n? | H ||* — | h |%,

where T denotes the scalar curvature of the n-plane T, M in the ambient man-
ifold M.

Consider warped product manifold M = N; x; Na. Let D; and D, denote
the distributions given by the vectors tangent to leaves and fibers, respectively.
Thus, D, is obtained from tangent vectors of Ny via the horizontal lift and Dy
is obtained by tangent vectors of Ny via the vertical lift. Let ¢ : M — M be
an isometric immersion of Ny X Ny into an arbitrary Riemannian manifold
M. Then the immersion v is called mized totally geodesic if h(U,V) = 0 for
any U in Dy and V in Dy [5]. In particular, if 1 and hy denote the restrictions
of h to N1 and N,, respectively, then we call h; the partial second fundamental
form of ¢ ; i = 1,2. In a similar way, partial mean curvature vectors H; and
ﬁg are defined by partial traces as follows:

. 1 ni . 1 ni+ns
H =— Z h(ea,eq), Ha = — Z h(eg,eg)
" a=1 2 B=ni1+1

for some orthonormal frame fields {ej,...,en, } and {en, 11, ..s €ny4n, + Of Dy
and Ds, respectively.

Definition 2.5. [14], 15] An immersion ¢ : Ny xy Ny — M™ is called D;-
totally geodesic if the partial second fundamental form h; vanishes identically
and D;-totally umbilical if, for all U,V € D;, we have h(U,V) = g(U,V)Z for
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some normal vector Z. It is called D;-minimal if the partial mean curvature
vector H; vanishes, for ¢ = 1,2.

3. Warped product CR-submanifolds of l.c.K. manifolds

In this section, we derive some important results and lemmas for Warped
product CR-submanifolds of l.c.K. manifolds that are required in the later
section to prove the main results. Our main aim is to prove the existence of
D;-minimal warped product submanifolds in 1.c.K. manifolds.

Lemma 3.1. Let M = Ny x¢ N be an n-dimensional C' R-warped product
submanifold of an arbitrary l.c.K. manifold M of dimension m. Then the
following hold:

(i) g(h(U, U)7 JW) = 07
(i) g(h(U,U),n) = —g(h(JU, JU),n)

for all vector fields U, W and n tangent to Ny, N, and u, respectively.

Proof. For U,V € TNp,W € TN, , we have

(3.1) JVuW + Jh(U, W) = —A;wU + Dy JW.
Taking the inner product of (3.1)) with JV, we have
(32) g(VuW, V) = —g(AywU,JV) = —g(h(U, JV), JW).

We know that for a warped product M = Np x; N, N is totally geodesic in
M. Hence, we have g(VyW, V) = 0. Combining this with (3.2]), we get (4).
By making use of (2.1)) and (2.5]), we obtain
VuJV +h(U, JV) = JIVyV — Jh(U, V) =g\, JV)U — g\, V)JU + g(JU, V) A
+g(U, V)JA
Taking the inner product with Jn ; n € T'(u) in the above equation, we get
g(h(Ua JV), J77) - g(Jh(Ua V)a Jﬂ) =0,

which implies

g(h(U, JV), Jn) = g(h(U,V),n).
Substituting V' = U in the above equation, we get
(3.3) g(h(U,JU), Jn) = g(h(U,U),n).
Interchanging U with JU, (3.3]) becomes

Using (3.3) and (3.4), we obtain (i). O
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Theorem 3.2. Let ¢ : M = Ny Xy Ny — M be an isometric immersion of
the warped product submanifold M into a l.c.K. manifold M. Then, we have
the following:

(i) (T, M) = ”2” FUY (- ()4

r=n+1 1<a<fB<ni

> (W ks — (hD5)®)} + F(TeNy) + #(T:N2)
n1+1<y<é<n

k k
(@) Y (hiahps = (hog)®) = (D] hioa)® = D

1<a#B<k a=1 a,B=1

where ny,n2,n and m are the dimensions of Ny, No, M and M, respectively.

Proof. We know that the scalar curvature of the manifold M is given by

T(T.M)= > Kau

1<a,b<n
ny n

= E E Ka'y + E Kaﬂ + E K’Y(S'
a=1vy=n1+1 1<a<f<n; n1+1<y<6<n

Also, from (2.6)), we have

A
Z Z ea/\e,y = Ng ff

a=1y=n;+1

where {e1,...,€n,,€n 41, ..., €n} is the local orthonormal frame of I'(T'M) and
ni, ne and n are the dimensions of Ny, Ny and M, respectively. Combining
the above two equations and using (2.7)), we get,

T(TIM) = 7L2% -I-’T(TINl) +T(TIN2)

—n2—+ Z > (hnahhs — (hip)?) + #(TeN1)+

r=n+11<a<pB<n;

> > (W hss — (hD5)?) + #(TulNa).

r=n+1n;+1<y<d<n
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Hence, we get (i).
Next, we have

S (Mol — (W) = S hhahhs— > (hLg)?

1<a#f<k 1<arB<k 1<a#A<k

k

r r r \2

(35) = { Z hoca BB + Z(h’aa) }

1<a#p<k a=1
k

{0 D))

1<a#B<k a=1

Using binomial theorem, we deduce that

k k
(36) S s 307 = (n)
a=1 a=1

1<a#p<k

and
k k
(3.7) Z ( ;6)2+Z(hga)2 = Z (hos)?.
1<a#B<k a=1 a,f=1

Using (3.5), (3.6) and (3.7), we get (i7).

Theorem 3.3. Let ¢ : M = Ny Xy Ny — M be an isometric immersion of
an n-dimensional warped product submanifold M into a l.c.K. manifold M of
dimension m. Then, the following relation holds:

ngAf

| h||? = 27(T, M) — 27(T,N1) — 27(T, Na) — 2 +n? || H |? +

ny

> {0 et S tnr}- {0 m )]
a=1

r=n+1 a,B=1 ¥,0=n1+1 y=n1+1

where ny and no are the dimensions of N1 and Ny respectively.
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Proof. Using (2.8)) and part (¢) of theorem (3.2), we obtain

ng A -
Ihip=2rman - 2220 20 30 {50 (i - (e

r=n+1 1<a<pf<n;

S (kg — (Be)) |} = 2F(TeNy) = 27(TuN) 4+ | H |2
+1<y<d<n
38)
2nsA U
RS S e - e+

r=n+l 1<a#B<n;

ST (s — (5)7) ) = 2F(TuNy) = 27(TuNp) +n? || 7|1

n1+1<~y#6<n

In view of part (ii) of theorem (3.2), (3.8) reduces to

= 27 (T, M) —

. MAf ST SR
| 7 P2 (zM) - =2 _T_;l{(az_lh““) 2 he) )
m n 2 n
3 {( 3 h%) _ (25)2}—27‘(TIN1)—27‘(TIN2)
r=n+1 y=n1+1 v,0=n1+1
+n? || H|?
=27 (T, M) — 27(Ty Ny ) — 27 (T No) — Q”Q?f +n? | H|?+
m ni n niy n
S U X G+ X - { ma+ X m
r=n-+1 a,f=1 v¥,0=n1+1 a=1 y=ni1+1
Hence, we get the assertion. [

Lemma 3.4. [I4] Let ¢ be a Dy-minimal isometric immersion of a warped
product submanifold M = N; X Ny of dimension n into a l.c.K manifold M
of dimension m. If Ny is totally umbilical in M, then v is Da-totally geodesic.

Some authors established that a large class of warped product submanifolds
possess D minimality. Some of these warped product submanifolds are proven
to have this geometric property [I5, [14]. In our study, warped product CR-
submanifolds of l.c.K. manifolds are also found to possess the property of D
minimality. Here, we prove the existence of Dp-minimal warped product CR-
submanifolds in l.c.K. manifolds.

Theorem 3.5. Every CR-warped product submanifold of the type M =
Nr x¢ Ny is Dp-minimal in I.c.K. manifold M when the Lee vector field ) is
tangent to M, where the dimensions of N1, No, M and M are ny,ns,n and m,
respectively.
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Proof. We can decompose T'M as

TM =TNr ®TN, & JTN, & p.

Based on the above decomposition, we can construct the local orthonormal
frames as follows:

TNT : {61, €, 6141 = Jel,...,enl = €9] = Jel},

. % _ %
TNL . {enl-i-l =€1y--y€ny4ng = €n = ep})
*
JTN, :{epnt1 =Jel, ,nin, = Jep},
oo {6n+n2+1 =€1,..;€2m = éQd:m}-
Hence, the following is the local orthonormal frame of the l.c.K. manifold M
{er,venen = Jer, ey = Jep = enyyenit1 = €],y Cnyin, = € =

— * _ * _ 5 -
€n, Ent1 = Jel» cey Cngng, = J6p7 €ntng+l = €1, ..., €2m = e2d:l{}‘
Next, we have

2m—k ny

2m  ng 2m ny
D D o= D Dhat D D hia

r=n+1a=1 r=n+1a=1 r=n+p+1a=1

Using statement (7) of lemma 3.1, the first summation on R.H.S. of the above
equation vanishes. Hence we get

2m  ny 2m n1
Z Z hga = Z Z hgza

r=n+1a=1 r*n+p+1 a=1

= 3 S glheatalen)

r=n+p+1 a=1

Expanding the summation on R.H.S. using the orthonormal frames given above,
we obtain
21

% S - Z [Zg carea)er) + Y glhlearea).er)]

r=n+1a=1 r=n+p+1 a=1 a=l+1

2m l l
— Z {Zg(h(ea,ea),er)JrZg(h(Jea,Jea),er)}

r=n+p+1 a=1

= S [olhleaseaden) + b Tea), )]

r=n+p+1 a=1

From part (i7) of lemma 3.1, we get the following

22"5 ihga = Z Z { (€asea);er) —g(h(ea,ea),er)] =0.

r=n+1a=1 r=n+p+1 a=1
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Hence, the coeflicients of the second fundamental form A7, vanish under sum-
mation for a = {1,...,n1},r = {n + 1,...,2m}. This implies the vanishing of
the partial mean curvature vector H. Therefore, we get the assertion. O

4. Generalized Chen inequality for CR-warped products in locally
conformal Kahler manifolds

In this section, we derive the main result of this paper. We establish gen-
eralized Chen inequality for C'R-warped products in l.c.K. manifolds using the
Gauss equation and characterize the equality case of the inequality along with
applications.

Theorem 4.1. Let ¢ : M = Np Xy N — M be an isometric immersion
of an n-dimensional warped product C'R-submanifold M into a l.c.K. manifold
M of dimension m. Then, we have
QTLQAf
7}6 .

The equality holds identically if and only if Nr is a totally geodesic submanifold
of M, N, is totally umbilical submanifold of M and M is minimal in M.

(4'1) ” h ”22 2(7:(T1M) - 7V—(ZFLL'ZVT) - %(T‘L‘NL)) -

Proof. Using theorem (3.3) and theorem (3.5), we have

| b [P=27(T,0r) — 2281

S mre Y -y (2w

r=n+1 «a,f=1 ¥,0=n1+1 r=n+1 ~y=n1+1

— #(TuNy) — #(TuNL) +n? || H||? +

— #(TyNy) — #(TuNy) +n? || H ||? —

We know that for Dp-minimal warped product C R-submanifolds, the last term
in the R.H.S. of the above inequality equals n? times the squared norm of the
mean curvature vector. Hence, we obtain the desired inequality.

It is clear from that the equality holds if and only if h(Dy, D7) = 0 and
hD,,D1) = 0. For a warped product manifold M = Np xy N;, Np is a
totally geodesic submanifold of M and N, is a totally umbilical submanifold
of M. Therefore, from the above discussion and by lemma (3.4), it is clear that
the equality in holds if and only if N7 is totally geodesic submanifold of
M, N is totally umbilical submanifold of M, and M is a minimal submanifold
of M. O
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4.1. Applications in Physics

It is well-known that
Af = A(inf)+ || V(nf) |? .

Therefore, the preceding inequality has a significant role in physics, as it gives
a direct application of the law of conservation of energy which is a fundamental
concept. From the wave equation, we have

1
0= (uy — A Au)uy = (2ut 702|Vu| ) — AV (u; V).

On integrating the above identity, the integral of the last term will vanish if
the derivative of u(x,t) tends to zero as |z| — oco. We obtain

_ 2
0= ///8t —uf + c|Vu|)d:c

Therefore, the total energy

o %///(u? 4+ 2|Vul?)de

is a constant. Here the first term represents the kinetic energy and the second
term gives the potential energy.
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