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COMPLETE NONCOMPACT SUBMANIFOLDS OF
MANIFOLDS WITH NEGATIVE CURVATURE

YA GAO, YANLING GAO, JING MAO, AND ZHIQI XIE

ABSTRACT. In this paper, for an m-dimensional (m > 5) complete non-
compact submanifold M immersed in an n-dimensional (n > 6) simply
connected Riemannian manifold N with negative sectional curvature, un-
der suitable constraints on the squared norm of the second fundamental
form of M, the norm of its weighted mean curvature vector |H y| and the
weighted real-valued function f, we can obtain:

e several one-end theorems for M;

e two Liouville theorems for harmonic maps from M to complete Rie-

mannian manifolds with nonpositive sectional curvature.

1. Introduction

As we know, Hodge theory is an important and useful tool in the study of
the topology of compact Riemannian manifolds. However, the Hodge theory
does not work in noncompact manifolds. But, luckily, as revealed by Anderson
[1] and Dodziuk [16], the L?-Hodge theory works well in certain noncompact
cases. In the range of this philosophy, interesting results for L? harmonic 1-
forms on stable minimal hypersurfaces could be expected. In fact, by applying
the nonexistence of L? harmonic 1-forms, Palmer [38] showed that:

o [f there exists a codimension-one cycle on a complete minimal hyper-
surface M in Euclidean space, which does not separate M, then M is
unstable.

Miyaoka, by mainly using Bochner’s vanishing technique, proved that a com-
plete noncompact stable minimal hypersurface in a nonnegatively curved man-
ifold has no nontrivial L? harmonic 1-forms (see [37] for details). We prefer
to refer [6,39] to readers for a survey about important conclusions related to
L? harmonic forms on noncompact manifolds. The L? theory is well studied,
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while the LP theory is less developed in the case p # 2. So, it is quite natural
to ask:

e (Problem A). Is it feasible to improve interesting results about L* har-
monic forms on noncompact manifolds to the situation of LP harmonic
forms? What is the main difficulty?

The purpose of this paper is trying to give affirmative answer and nice examples
to Problem A.

Through a nice combination of an existence theorem for nonconstant
bounded harmonic functions with finite energy (see [4]) and a Liouville theorem
for harmonic functions in [40] (proven by Schoen and Yau), Cao, Shen and Zhou
showed that a complete stable minimal hypersurface in an (m + 1)-dimensional
(m > 3) Euclidean space R™*! has only one end. By using Cao-Shen-Zhu’s
this idea, Wang and Xia [43, Theorems 1.1 and 1.2] can obtain the nonexis-
tence result of nontrivial L? harmonic forms and some one-end theorems for
open submanifolds in a simply connected Riemannian manifold with negative
sectional curvature. Naturally, one can propose Problem A with respect to
Wang-Xia’s this conclusion, that is, Could Wang-Xia’s nonexistence result of
nontrivial L harmonic forms in [43] be improved to the LP situation? The
answer is affirmative.

Before stating our main results, we need to introduce some notations. Let
N be an n-dimensional Riemannian manifold, k € {1,...,n — 1} and r¢ be a
fixed real number. We say that the k-th Ricci curvature of IV is greater than or
equal to 7o (resp., greater than ro), if for any pg € N and any k+ 1 orthonormal
vectors v, e1, ..., e, € Ty N, we have Ele sec(vAe;) > 1o (resp., > 1), where
T,, N is the tangent space (of N) at the point pg, and for each ¢ = 1,...,k,
sec(v A e;) denotes the sectional curvature of the plane spanned by v and e;.
Denote this fact by Ric(y)(N) > ro (resp., > 79). It is clear that Ric(y)(N) >
ro (resp., > 7o) means sec(IN) > rq (resp., > o) and Ricg,—1)(N) > 7o (resp., >
r0) is equivalent to the fact that the Ricci curvature of N is not less than rg,
i.e., Ric(N) > 7y (vesp., > ro) with Ric(+) the Ricci tensor’. We refer readers
to [14,20,21,28,43] for some interesting results about manifolds with positive
k-th Ricci curvature. Our main results are:

Theorem 1.1. Let N be a complete simply connected Riemannian n-manifold
(n > 6) with sectional curvature Ky < —1 and let M be a complete noncompact
m-dimensional (m > 5) submanifold immersed in N. Assume that the (m—1)-
th Ricci curvature of N is no less than —(m — 1)c for some constant ¢ €
[1,2). Denote by S and Hy = H+ =(Vf)* the squared norm of the second
fundamental form and the weighted mean curvature vector of M, respectively,
where H is the mean curvature vector of M, f is a smooth real-valued function
defined on M, (Vf)* is the projection of Vf onto the normal bundle T+M,

1 By abuse of notation, we will also use Ric(-) to denote the Ricci tensor on submanifolds
of N.



COMPLETE NONCOMPACT SUBMANIFOLDS 185

and
2(m —1)4/c
vm
for some nonnegative constant ¢+, with ¥V the gradient operator® of N. For any

constant 1 < p < 0o, suppose that one of the following conditions was satisfied:
< (m_l)fnsw such that

sup [Vf|(z) <t <
xeEM

(i) There exists a nonnegative constant d

(1.1) sup [Hj|(x) < d
zeM

and
(1.2)

(p—1)(m—-1)+1)(m—1—md—c")’> = p*(m—1)%c
sup B(S,[Hy)(z) < 2m—1) ’
where

(1.3)
B(S, [Hyl)

= 1S = 2(m - )[H, P - 205 |(V )P+ 2= Hy, (V)5

T (m=2)Hy /=L (S—m[Hp ) - 251 (V)12 + 22D (Hy, (V1)L

T+ m=2| (T )by Bl (S mfHy[2) - 2L (V)L + 2D H, (T)4).

(ii) There ezists a nonnegative constant d < WM such that
(1.4) sup [Hf|(¢) < d,
xeM
(1.5)

2p—2)(m—1)+2) (m—1—md—c*)* — 2p>(m — 1)?
p S(a) < (22 =Dm =) +2) (m = 1= md — ')’ — 2p(m — 1)
weM p2(m —1)3/2
Then there exist no nontrivial LP harmonic 1-forms on M and M has only one
end.

Remark 1.2. Naturally, one might define the so-called weighted mean curvature
(or, f-mean curvature) as Hy = H — L(Vf, i), where H is the regular mean
curvature of the submanifold M and 7 is its outward unit normal vector. One
can find that in some literatures the factor i would be removed (i.e., do not
directly embody the dimensional information of submanifolds). However, there
is no essential difference between keeping the factor % and removing it. One
can see, e.g., [24,44,45] for the notions of weighted mean curvature vector and
weighted mean curvature. Besides, (under suitable constraints on weighted
mean curvature) some interesting results have been proven therein.

2 Without specification and in order to avoid repetition, in the sequel V denotes the
gradient operator on N.
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Theorem 1.3. Let N be a complete simply connected Riemannian n-manifold
(n > 6) with sectional curvature Ky < —1 and let M be a complete noncompact
m-dimensional (m > 5) submanifold immersed in N. Assume that the (m—1)-
th Ricci curvature of N is no less than —(m —1)c for some constant c € [1,7}),

and sup,c,; [V fl(z) <ct < Q(L\/%)ﬁ for some nonnegative constant c*. For
any 1 < p < 0o, there exist positive constants ci,ca, cs,cq depending only on m
such that if

sup [Hy| < ¢y, / [Hy|™ < co,
rzeM M

m
2

(16) / (S — mEP +m| (V) 2) F < s,
M
/ |§f|m S C47 Cy S mm627
M

then M admits no nontrivial LP harmonic 1-forms and has only one end.

Remark 1.4. (1) Clearly, if M was taken to be an f-minimal submanifold in a
hyperbolic space, by Theorems 1.1 and 1.3 one has:

e Let M be a complete noncompact m-dimensional (m > 5) f-minimal
submanifold immersed in H"(—1), the n-dimensional (n > 6) hyper-
bolic space of constant sectional curvature —1. As in Theorem 1.1, f is
a smooth real-valued function defined on M, (Vf)* is the projection

of Vf onto the normal bundle T+M, sup, . |V f|(z) < ¢t < Q(L\;l)

m
for some nonnegative constant ¢, and denote by S the squared norm
of the second fundamental form of M.

(i) For any constant 1 < p < oo, if

sup |54 — 2ES(T)L 4 522 (V) |y 2t - 22 (V)| @)
(p—1)(m—1)+1)(m—1-c")?—p?(m—1)?

< P(m=1) ’

then there exist no nontrivial LP harmonic 1-forms on M and M has
only one end. Especially, when f degenerates into a constant function,
¢t can be chosen to be ¢ = 0 and correspondingly the above inequality
for the squared norm of the second fundamental form becomes

m [((p = Dm—1)+1) -]

sup S(z) <

xeM p
Of course, in this setting, the nonexistence of nontrivial LP harmonic
1-forms and the existence of only one-end on minimal submanifold M
can still be obtained.



COMPLETE NONCOMPACT SUBMANIFOLDS 187

(ii) For any constant 1 < p < oo, there exist positive constants cs, ¢y
depending only on m such that if

7

[ sml@n ®) sa [ [@wrm <,
M M

then M admits no nontrivial P harmonic 1-forms and has only one
end. Especially, when f degenerates into a constant function, ¢t can
be chosen to be ¢t = 0 and the above assumption can be simplified as

/S%§C3
M

for some positive constant cs depending only on m.

(2) In (1.6), the condition [, [V f|™ < ¢4 implies that there does not exist
any positive constant ¢, > 0 such that |V f| > ¢, holds on unbounded domains
of M. Speaking roughly, |V f| cannot be away from zero on unbounded domains
of M.

(3) In the past 10 years, the study of f-minimal submanifolds attracts geome-
ters’ attention and many interesting results have been obtained. For instance,

e obviously, an f-minimal surface in the 3-dimensional Euclidean space
R3 implies its mean curvature vector satisfies H = —%(? f)*. We know
that a self-shrinker of mean curvature flow (MCF) in R? is actually
an immersed surface in R? satisfying H = 3(z,7), where  is the
position vector in R?® and 7 is the unit normal vector of the surface.
Therefore, a self-shrinker of MCF in R? is an f-minimal surface with
f= @ Self-shrinkers are self-similar solutions to MCF and play an
important role in the study of type-I singularities of the MCF. Many
interesting classification results for self-shrinkers have been shown —
see, e.g., [3,10,11,13,15] and references therein.

e Li and Wei [32] proved a compactness theorem for closed embedded
f-minimal surfaces of fixed topology in a closed 3-manifold with posi-
tive Bakry—Emery Ricci curvature. They also gave a Lichnerowicz type
lower bound of the first eigenvalue of weighted Laplacian on a com-
pact manifold with positive Bakry-Emery Ricci curvature, and more-
over showed that the lower bound is achieved only if the manifold is
isometric to the Euclidean sphere of same dimension.

Hence, it is interesting and meaningful to investigate the geometry and topology
of f-minimal submanifolds in a prescribed ambient space. This is exactly the
reason why we prefer to clearly give a special case of Theorems 1.1 and 1.3 in
the first item (1) of this remark — the nonexistence of nontrivial L harmonic
1-forms and the existence of only one-end on f-minimal submanifolds in the
hyperbolic space.

The approaches for proving Theorems 1.1 and 1.3 can be also used to get
Liouville type theorems for harmonic maps from submanifolds in manifolds of
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negative curvature. Harmonic maps are critical points of the energy functional
defined on the space of maps between two Riemannian manifolds, and the
Liouville type properties of harmonic maps have been studied extensively (see,
e.g., [9,18,19,25,27,42]). In [40], Schoen and Yau proved that a harmonic map
of finite energy from a complete Riemannian manifold with nonnegative Ricci
curvature to a complete manifold with nonpositive sectional curvature must be
constant. Using this Liouville theorem, they can show that:

o Any smooth map of finite energy from a complete Riemannian manifold
with nonnegative Ricci curvature to a compact manifold with nonposi-
tive sectional curvature is homotopic to constant on each compact set.

Comparing with Schoen-Yau’s important result above, we can prove the fol-
lowing Liouville-type theorems:

Theorem 1.5. Let N be a complete simply connected Riemannian n-manifold
(n > 6) with sectional curvature Ky < —1 and let Q be a complete s-dimension-
al Riemannian manifold with nonpositive sectional curvature. Let M be a com-
plete noncompact m-dimensional (m > 5) submanifold immersed in N. Assume
that (m—1)-th Ricci curvature of N is no less than —(m—1)c for some constant

ce [1, w) Denote by S and Hy = H+ L (V f)* the squared norm

8ms
of the second fundamental form and the weighted mean curvature vector of M,
respectively, where H is the mean curvature vector of M, f is a smooth real-
valued function defined on M, (Vf)* is the projection of Vf onto the normal
bundle T+ M, and

= 8ms(m — 1)c
\Y <ct<yf————+—
:gﬂl}I fll@) <c s 1

for some nonnegative constant cT. Suppose that one of the following items was
satisfied:

(i) There exists a nonnegative constant d < =1 — % such that
(1.7) sup [H|(z) < d
xeM
and

2ms+1)(m—1—md—c*)* = 8ms(m — 1)c

(1.8) sup B(S,|Hy|(z)) <
xeM

8ms ’
where B(S, |Hy|) was defined by (1.3).
(ii) There exists a nonnegative constant d < mT_l - % such that
(1.9) sup [Hy|(z) < d
zeM
and

2ms+1) (m—1—md — ¢+)® = 8ms(m — 1)c
(1.10) 5;1]\13[ S(z) < Ims(m — 1)1/2 .
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Then any harmonic map from M to Q with finite energy is constant.

Theorem 1.6. Let N be a complete simply connected Riemannian n-manifold
(n > 6) with sectional curvature Ky < —1 and let Q be a complete s-dimension-
al Riemannian manifold with nonpositive sectional curvature. Let M be a com-
plete noncompact m-dimensional (m > 5) submanifold immersed in N. As-
sume that (m — 1)-th Ricci curvature of N is no less than —(m — 1)c for some

constant ¢ € [1, BN g s,y [TF|(0) < oF < /S0 por

some nonnegative constant cT. There exist positive constants di,ds,ds,ds de-
pending only on m and s such that if

sup [Hy| < di. [ [Hy]" < da
xeM M

m

(1.11) (5= mE P+ ml@0 ) < s

/ V™ <dy, dy <m™ds,
M

then any harmonic map from M to Q with finite energy is constant.

Remark 1.7. Similar to (2) of Remark 1.4, the assumption [, [Vf|™ < d4 in
(1.11) implies that |V f| cannot be away from zero on unbounded domains of
M.

Some useful facts will be mentioned in Section 2, and proofs of the above
main results will be shown in Section 3.

2. Preliminaries

In this section, we list some known facts needed for proving our results. Let
M be a complete noncompact m-dimensional Riemannian manifold. For a fixed
point o € M, we denote by B(zg,r) the open geodesic ball of radius r with
center zg. Let A1 (B(zg,r)) be the first eigenvalue of the Laplacian of B(xzg,r)
with Dirichlet boundary condition. Denote by A1 (M) the first eigenvalue of M
which can be defined as
(2.1) AM(M) = lim A (B(zo, R)).

R—+o00
It is easy to check that by the Domain Monotonicity Principle (see, e.g., [7, pp.
17-18]), the above limit exists and does not depend on the choice of the center
xo. Thus A1 (M) is well defined.

By introducing a geometric constant ¢(2) for bounded domains € on smooth
Riemannian manifolds, which depends on vector fields with positive divergence
(see [2, Definition 2.1] for details), (and estimating the gradient of a distance
function in terms of ¢(§2)) Bessa and Montenegro [2, Theorem 4.3] can obtain
estimates of eigenvalue of balls inside the cut locus and of domains 2 C M N



190 Y. GAO, Y. L. GAO, J. MAO, AND Z. Q. XIE

Bn(p,r) in submanifolds M C, N with locally bounded mean curvature®.
Then by letting the radius of geodesic balls tends to infinity, they have:

Lemma 2.1 ([2, Corollary 4.4]). Let N be a complete simply connected Rie-
mannian manifold with sectional curvature Ky < —1 and let M be a m-
dimensional complete noncompact submanifold immersed in N. Assume that
the mean curvature vector of M satisfies |H|(z) <1< Z=1 Vx € M. Then

2
(2.2) Moy > =Lz
Remark 2.2. (1) The strictly positive lower bound estimate for A; (M) in (2.2)
generalizes McKean’s classical lower bound in [35] and Cheung-Leung’s esti-
mate in [12].

(2) As we know, A\ (R") = 0 and Ay (H"(—1)) = ®=D° with n > 2.
The latter one was actually shown by Mckean in [35]. By Cheng’s eigenvalue
comparison theorem [8], it is easy to know that for a complete noncompact
n-manifold M™ with sectional curvature bounded from above by 0 (resp., —1),
then A (M™) > 0 (resp., A\ (M7) > %) Furthermore, by Cheng-type
eigenvalue comparison theorem obtained by Mao and his collaborators (see
[22, Theorem 4.4]), one knows that this lower bound estimate for Ay (M") can
be improved to the situation that the complete noncompact n-manifold Mn
only has a radial sectional curvature upper bound 0 (resp., —1) with respect
to some point in M,

(3) By (2.1), one easily has A\ (M) > 0. However, from examples given in
(2) of Remark 2.2, one knows that for a complete noncompact Riemannian
manifold M, in some settings, A\ (M) > 0. Speaking roughly, the spectral
quantity A\ (M) somehow reveals the geometry and topology of the complete
noncompact Riemannian manifold M considered. In fact, Schoen-Yau [41, page
106] suggested that it is an important question to find conditions which will
imply A;(M) > 0. Speaking in other words, manifolds with A;(M) > 0 might
have some special geometric properties. There are many interesting results
supporting this. For instance, Cheung-Leung [12] proved that if M is an n-
dimensional complete minimal submanifold in the hyperbolic m-space H™(—1),
then \y (M) > % > 0, and moreover, M is non-parabolic, i.e., there exists
a nonconstant bounded subharmonic function on M. They also showed that
if furthermore M has at least two ends, then there exists on M a nonconstant
bounded harmonic function with finite Dirichlet energy.

(4) Inspired by Schoen and Yau [41, page 106], Du and Mao [17] firstly
showed that one can ask the same question for the weighted Laplacian (or
drifting Laplacian) and the nonlinear p-Laplacian (1 < p < 0o), and moreover,

3 Here, M C, N means M is an immersed submanifold of the given complete manifold
N by the immersion ¢ : M < N, and By (p,r) denotes the geodesic ball in N with center p
and radius r. For more details, please check Bessa-Montenegro’s article [2].
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they successfully gave two interesting (strictly positive) lower bounds for the
first eigenvalue of submanifolds with bounded mean curvature in a hyperbolic
space, (one of) which generalizes Cheung-Leung’s lower bound estimate in [12].
After this, Mao and his collaborators have two continuous works on this topic
— see [33,34] for details.

Lemma 2.1, combining with the discussions in [4], can be used to show the
following existence theorem for harmonic functions with finite Dirichlet energy.

Lemma 2.3. Let M be given as in Lemma 2.1. If M has at least two ends,
then there exists on M a nonconstant bounded harmonic function with finite
Dirichlet energy.

We also need the following fact:

Lemma 2.4. ([5]) Let z1,..., 2y be m real numbers. Then we have

(2.3) i 212 < mT—l i 22,
1=2 i=1

Now we recall some known facts about harmonic maps between Riemannian
manifolds.

Let M and @ be complete Riemannian manifolds of dimension m and s,
respectively. Denote by y : M — @ be a harmonic map from M to ). Let
{e;}1™, and {el,}5_; be local orthonormal frame fields of M and @, respec-
tively. Suppose that {w;}I", and {04} _; are the dual coframes of {e;}/; and
{eq fo=1, respectively, and {wi;}7_; and {fap}; 5=, are the corresponding
connection forms. Denote by R;ji and K.gys the curvature tensors of M and
Q, respectively. Then we have the structure equations as follows:

dw; = E wij N\ Wy,
J
wij + Wi = 0,

1
dw;; = Zwik A wrj — 5 Z Rijrwr A wy,
k %l

and

0o = Oap A0,
B

eaﬁ + 0504 =0,
1
0o =Y Ooey M35 = 5 D Kaupraly Abs.
Y v,6

Define yo, 1 <a<s, 1 <i<m,by

(2.4) Y (0a) = Z YoriWi.-
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Then the energy density e(y) is given by
2
e(y) => vl
a,t
Taking the exterior differentiation of (2.4), we can get

y* (d@a) = Z (dym N w; + ymdwi) ,

)

which gives

(2.5) > | dyai — Zyajwij > "y (ap)ysi | Awi=0.

i J B

Define y4:; by
(2.6) dYai + Z ypiy* (0pa) + Z YajWyi = Z YaijWs -
B J J
Then (2.5) and (2.6) imply that ya;; = Yaji and y is harmonic means

Zycm':(), Va=1,...,s.

Exterior differentiating (2.6), we have

Z dYair + Z (Yaijwji + Yajiwi) + Z ypuy* (Opa) | Awr
(2.7) ! J A

1 1

=3 Z Rijryajwr Aw + 3 Z Ko 5ysYBiYykYsiwr A wy.
Ikl B,7,6,k,1
Define
Z YaijkWk = dYaij + Z (Yaikwrj + YakjWhi) + Z Ysijy" (0ap),
k k B

and then (2.7) implies that

Yoikl — Yoilk = Z Rijikyoj + Z K oprsYsiYy1Ysk-

J Byy:8

Set e = e(y) and let A be the Laplace operator acting on functions on M.
From the above equality, one can easily get the following Bochner type formula
for harmonic maps (which was first derived by Eells-Sampson [19]):

1
(2.8) Jhe= S V2t D RiYaivai — Y. KopyslaiVsiUriles:

Q,i,J a,i,j @,B,7,8,1,3
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where R;; stands for component of the Ricci tensor of M. Besides, it is also
known that (cf. [40])

1
. Z2.> — 2,
(29) it (1450 ) 19V
3. Proofs of the main results
All the proofs would be shown clearly in this section.

Proof of Theorem 1.1. Firstly, we consider the case (i). Denote by h the second
fundamental form of M in N which is given by

hMX,Y)=VxY — VY, VX,Y € TM,

where V is the Riemannian connection of M. Take an orthonormal frame field
{e1,...,em} on M. The mean curvature vector of M can be written as

H= %Zh(el,ez)

Let us deduce a lower bound for the Ricci curvature of M. From the Gauss
equation and Ric(,,—1)(N) > —(m — 1)¢, we know that the Ricci curvatures of

M in the directions e;, j = 1,...,m, satisfy
Ric(ej, ¢5)
= ) K(ejAey) + (mH, h(ej,e5)) = > (hlex,e;), hlex, e;))
(3.1) k=1,k#j k=1
> —(m— e+ (mH, h(ej,e;)) = > (h(ex, e;), hlex, e5)),
k=1

where K (e; A ex) denotes the sectional curvature of N on the plane e; A ey
spanned by vectors e; and eg, (-, -) is the inner product induced by the metric
of N.

Set

Q=2 Ih(exex).
k

For any fixed j € {1,...,m}, since

|mH - h(ej7€j)|2 = Z h(ekv ek)
k#3j

Z|h(ek7€k)|

k#j

(m—1) Y h(ex.ex)P

k]

2

IN

IA



194 Y. GAO, Y. L. GAO, J. MAO, AND Z. Q. XIE

= (m—1)(Q — |h(ej,e5)]*) ,
we have
(3.2) m?H|? — (m — 1)Q + m|h(ej, e;)|> — 2m(H, h(ej, e;)) < 0.
It is also easy to see from
> (hleie)) —H) =0, Y |h(e,e;) — HI* = Q — m|H],
i i

that
(3.3) |h(ej,e;) —HI> <

L@ mimp).
which, combining with (3.2), gives
0> m (|h(ej ;) —m(H, hej, e;)))
+ (m — 2)m(h(ej,e;) — H,H) +2(m — 1)m|H[* — (m — 1)Q
> m (|h(ej ;)] —m(H, h(ej, e;)))

(m— 2m|HMm (Q — m[H[2) + 2(m — Dm[H? = (m — 1)Q.
Hence,
(mH h<eJ’eJ (61761)‘2

>~ (m- 2|H|\/m (@ mIHP) + 2(m — DIHE - ™20,

Substituting the above inequality into (3.1) and noticing

S = |hlei,e)
i

(3.4) ,
=Q+2)_ |h(ei,e;),
1<J
one gets
Ric(ej, ;)
> —(m—1)e— ™18 4 2(m — D[HP — (m — 2)[H| /™1 (S — m[H]2)

)
m—1)e— 121G 4 2(m — 1)|Hy — L(Vf)L?
)

v
I

m—1)e— 1184 9(m—1)| H ; |+ 220 (V )2 - 22 g (V)Y

(
(

— (m —2)Hy — LN (S - mlH, — L(THL)
(
(

m— 2>|Hf\¢m7*1 (S —m|H?) — 25L|(V )42 + 22U H . (V)L

m—ﬂﬁf)%%l (S —m|H2) — 2LV )L 2 + 22D (H ., (Vf)L)
= —(m—1)c— B(S, \Hf|)
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Define a quantity B(S,|H ¢|) as in (1.3). Since the choice of the frame field
{e1,...,em} is arbitrary, we conclude that the Ricci curvature of M satisfies

(3.5) Ric(M) > —(m — 1)c — B(S, |H/|).

For any LP-harmonic 1-form w on M, 1 < p < oo, denote by g = |w| the length
of w. Let X be the vector field on M dual to w. The Bochner formula (see,
e.g., [29-31]) implies that

1
(3.6) §A92 > Ric(X, X) + |Vw|?.
It is also known that (cf. [30,31])
m
3.7 2> ——|vgl?.
(3.7 Vol > vy
Moreover,
1
(3.8) 389" = gAg +|Vgl*

For any positive number 1 < p < oo, we have
97 Ag? =g div (V(gg))

— o5div (P i-ly
- i(;v(ff 9

_ D 5,9
77—1)P2v2 Ep=20A
5 (5 g |9\+29 gAg

p—2 2 D
== IV(95)|2+§QP gAg.

From (3.5)-(3.7) and (3.8)-(3.9), we have

b
2(m —1)

2 2.2
ZWW(Q i

p P _2 P —
g5 8gE — FSIV(gF) + 5 ((m = Vet B(S, [Hy])) g > s\

that is,
310) g4ag8+5 (m-ver Bl B > (1242 [l
2 p p(m—1)
Fix a point zg € M and choose ¢ to be a nonnegative cut-off function with the
properties
1 on B(zg,r),

1
(3.11) Vol <~ ¢= {o on M\ B(xg, 3r).

Set
q = sup 3(57 ‘Hf|)(x)7
zeM
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and then (1.2) gives

2p((m —1)c+q) <272+ 2

(3.12) (m—1—md—ct)’ p pm—1)

Multiplying (3.10) by ¢? and integrating over M, one gets

(1_ m1 )/ Vig®)
< /Mgfﬁg%2 +5 ((m=1)c+q) /Mgp¢2~

Besides, the divergence theorem gives us

(3.14) / GBAgEe = 2 / Ve, V(gh) — [ [V(g5)Pe?
M M M

(3.13)

Substituting (3.14) into (3.13) yields

(1-24 25 ) [ vhee
(3.15) < -2 gtowo vty - [ viehpe
+5(m=1e+a) [ 70"

Since sup,en |[Hy| < d, supyen |[V(z) < ™ < %ﬁ, we know from
Lemma 2.1 that
(m—1-—md—c*)?

n )

A(M) >

which implies

2 4 £y12
(8.16) /Mgp(b = (m—l—md—cﬂz/MW(qsg )

Set

2p((m =1)c+q)

l= 5
(m—1—md—ch)

and take an € > 0 so that
2

I+el—-11<2 2+
€|l — -t .
p plm—1)

Since

/M 86(Ve, V(g%)) ‘<e/ V(520 + /|V¢|Zg,
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it follows from (3.15) and (3.16) that

(13 4 smy) [ vt
<z/ V(g |2—2/ g2o(Vp,V(g?)) /\V %)

:z/ IVo|2gP + 1—1/\v (92)¢” +21—1/¢g (V,V(g%))

<z71+e|171|/\v P2+ (1+ )/wg,
that is,
_g % _1| 2 p
(25 + gy~ rei=m) [ vt < (14 552) [ oot

which implies

IN

_ 512
= 1) (it 1|>) / (W)W(g )

ol
(o gy o) 0
( =1

1 u 1
-
B(z0,3r)\B(zo,r)

Since |w| € LP(M), the RHS tends to 0 when r — 0o, so g is constant. Since M
is a complete noncompact submanifold in a Hadamard manifold, it has infinite
volume (cf. [23]). We know from g € LP(M) that ¢ =0, 1 < p < co. Thus
M admits no nontrivial LP harmonic 1-form, and there exists no nonconstant
harmonic function with finite Dirichlet energy on M which, combining with
Lemma 2.3, implies that M has only one end.

The case (ii) can be proven by using almost the same argument as the case
(i) except only one thing. That is, in the case (ii), the following lower bound

vm—1
2

for the Ricci curvature (cf. [5, Lemma 3.1]) should be used to instead of (3.5).
In fact, by (3.1), one gets

m

(3.17) Ric(M) > —(m — 1)c — S
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so we know from Schwarz inequality and Lemma 2.4 that

m m

Ric(ej, ;) > —(m—=1)c— > |h(ej,ej)l[hlen,en) — Y |h(ex,e;)|
k=1k#j k=1 k#j
vm—1 i 9
2 —(m—1)e-— D hlenen)? = D |h(er,e))]
k=1 k=1,k#j
/m — 1 m m
2 —(m=1ec—-— D lhlerer)? +2 Y _Ih(ek,ej)l2
k=1 k=1,k#j
m—1 &
>—(m—1)c— 5 Z |h(e;, er)]
i,k=1
-1
=—(m-1)c— m2 S.
Summing up the above arguments, the conclusion of Theorem 1.1 follows nat-
urally. O

Proof of Theorem 1.3. Since M is a complete submanifold in a Hadamard man-
ifold, by [26, 36], there exists a positive constant a which depends only on m
such that

m—1

(L) ™ <a( [ avur+mion)

for any compactly supported ¢ € Hy 2(M). So we can get

([

m—1

. ™ 1 =
20) " <af (1wvlemy - L@nm)

<af volsaf (B4 21904 1)

—a [ (vol+ Bl + = [ (Tl
M M

By the Holder’s inequality, one has
m—1
)

JtE (/M|HM)’1" ([
JNCZEIE (/Ml(Vf)LI’");L (/M|w|)

Let ¢ = @, and then the assumptions

/ Hy|™ < co, / V™ < cay ca <m™ey,
M M
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2 ([ 10

2(m—1)
m—2

give
m—1

m) s/ 2
M

and using the Holder’s inequality, we can obtain

Replacing 1 by 1

m—1
1 om \ ™ 2(m—1)
([ i) 7 < [ ot
2a M M

B 2(m —1) m
= W/MW?NW =7 |

<Am=l) (/Mw 13’—”2); (/leﬁ)é,

which implies

m—2

2m 16a2(m — 1)2
([ o) 7 < B o
(3.18) M (m—2) M
—d / V2.
M
Here, of course, a’ = %. We take the constant ¢; in our Theorem 1.3
to be a fixed positive number less than Ww and set
5 2 2 2p(m — 1)c 2
3.19 c3 = 2—-—+4+ - .
(3.19) ° <3mpa’ ( p pm—=1) (m—1—-me — c+)2
Since sup,¢pr [Hyl(z) < c1, supyen V(@) < ¢t < Z(L\/%)‘/E , Lemma 2.1

implies that
(m—1—me; —ch)?

(M) = 1
Thus
54)2 4 54)P2
B20) [ 6hr < e [ VR
Let

Ay — (/ (S — mlH, P + mI(Vf)LIZ))'Z‘”) "
M

and then it follows from

[ (8= miE P+l (T
M

m
2

<c3

that

3pmApa’ 2 -1 2 2
_ pmifoa p(m —1)c 224

3.21 l —_.
(8:21) ' 8 (m—1—mey —ct)? p  p(m—1)
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One gets from Holder’s inequality and (3.18) that

/M¢2<S — [+ ml (V1))

(s = st *ml(VfVPﬁ)?" ([ etre=) "
Aod /N NGl

Take a positive €; > 0 such that

(3.22)

IN

IN

htalh—1<2-24 2
Lralh p pm—1)
It follows from (3.5) and the definition of B(S, |Hy|) that
(3.23) Ric(M) > —(m — 1)c — BTm (S —m|Hy|> + m|(Vf)J‘|2) .

Thus we get from (3.10) that

3m

st + % (-1t 2 (5 = ity P+ ml(T0) ) )
> (124 2 ) IR,

P pim

(3.24)

Multiplying (3.24) by ¢? and integrating over M, by using (3.19)-(3.23) we

have

2 by 2g?
(1-24 2 5) [ wahps
3 _
Bim—1)c /Mgp¢2 + [ G5 — i+ ml (V1) P
2 gF(vo.v(eh) - [ #VieH)
i —
<(-1alh-1) [ [9hPRe + <11 B2 [ vope.

Hence, we have

2 2 £ g2
(2_p+p(m ) (11+6111—1>/V IR

-1
i —1
< (ll+|1|)/ IVolg?,
€1 M

which implies

2 2 P
2- "4 =  _(htealh-1 /' V(g%
( p p(m - 1) ( ' 1| ' |)> B(xo,r) | (g )

<

| 2
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1 i —1
§2<l1+|1 |>/ gP.
r €1 B(x0,3r)\B(zo,7)

Taking r — oo, we conclude that ¢ = 0 and so M has only one end. This
completes the proof of Theorem 1.3. O

Proof of Theorem 1.5. Let g : M — @ be a harmonic map with finite energy.
Denote by e the energy density of g. It follows from (2.8), (2.9), (3.5) and the
non-positivity of the sectional curvature of @) that

L (1 n 1) DV = ((m — L)+ B(S, [Hy]))e

(3.25)
(1 T ) VVel — ((m— e + ).

where

q = sup B(S,|Hy|)(x).
reEM

Multiplying (3.25) by ¢? defined in (3.11) and integrating over M result in

(3.26) (1+2;8) [ 1V < (m-vera) [ otz [ Veolvieve).

Assume that the item (i) holds. Since

m—1 8s(m —1)c
3.27 H¢ <d —
(327) SSJ\%‘ slsd< m m(2ms + 1)’
and
= 8ms(m — 1)c
<ct —_—
fgﬁ\vf\(w) <ct < oms - 1

we know from Lemma 2.1 that

2
A (M) > (m_l_;nd_cﬂ ,
and so
2
(3:29) e MLl

By (3.27) and the fact

oms+ 1) (m —1—md — ¢t)? — 8ms(m — 1)c
<
8ms

)

one has
4((m —1)e+q)
(m—1—md—ct)? 2ms
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Let
4((m —1)e+q)
(m—1—md—ct)?

l2: )

and take an €5 > 0 so that

1
12+€2|12— 1| <14+ —-.
2ms

Since
9,0, 1 2
2‘/M\/E¢<V\/E, V(b)‘ < 62/M|V\/E| o° + - /Me|V¢| ,

we have from (3.26) and (3.28) that

(14 g ~ et altz=1D) [ wvaper < (1 2220) [ v

which implies
1
(145~ bl =) [ wver
2ms B(mo ,r)

<w (et
lg+ €.
r2 €2 B(z0,3r)\B(zo,r)

When r — oo, the RHS tends to 0 since g has finite energy. Thus, € is a
constant. We then conclude from E(g) < co and the infinity of the volume of
M that e = 0. Consequently, g is a constant.

In the case of item (ii), the conclusion of Theorem 1.5 can also be proven
by using almost the same argument as in the case of item (i) except the re-
placement of Ricci curvature bound estimate (3.17) to (3.5). This completes
the proof of Theorem 1.5. O

It is not hard to see that by using similar arguments to those in the proofs
of Theorems 1.3 and 1.5, one can easily prove Theorem 1.6 and we prefer to
omit the details here.
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