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GEOMETRY OF THE MODULI SPACE OF HIGGS PAIRS
ON AN TRREDUCIBLE NODAL CURVE OF
ARITHMETIC GENUS ONE

SaNG-BuMm Yoo

ABSTRACT. We describe the moduli space of Higgs pairs on an irreducible
nodal curve of arithmetic genus one and its geometric structures in terms
of the Hitchin map and a flat degeneration of the moduli space of Higgs
bundles on an elliptic curve.

1. Introduction
1.1. Motivations and results

The moduli space of Higgs bundles on a smooth curve has been intensively
studied in view of mirror symmetry that was first raised over an elliptic curve by
M. Thaddeus in [18] and over any smooth curve by T. Hausel and M. Thaddeus

n [11]. Our work in this paper provides concrete ingredients to be useful later
when we prove or disprove a mirror symmetry phenomenon over a singular
curve.

The purpose of this paper is to describe the moduli space of Higgs pairs on
an irreducible nodal curve of arithmetic genus one and its geometric structures
in terms of the Hitchin map and a flat degeneration of the moduli space of
Higgs bundles on an elliptic curve explicitly.

Throughout this paper, Y denotes a reduced irreducible projective curve
of arithmetic genus one, with only one ordinary node p, defined over C, let
v : X — Y be the normalization map and let v=1(p) = {p1,p2}. Note that
X > Pl

There are two ways to study Higgs pairs on Y like torsion-free sheaves on Y’
(see [9,15]). One is to compare them with generalized parabolic Higgs bundles
on X in order to give the Hitchin map on the moduli space of Higgs pairs on
Y (see [6]). Another is to compare them with Gieseker-Hitchin pairs on X
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attached with a chain of projective lines in order to give a flat degeneration of
the moduli space of Higgs bundles on an elliptic curve (see [3]).
For a positive integer n and an arbitrary integer d, we consider the following
moduli spaces.
o Let Uy (n,d) be the moduli space of semistable torsion-free sheaves of
rank n and degree d on Y.
e Let U$PB(n, d) be the moduli space of semistable generalized parabolic
vector bundles of rank n and degree d on X.
e Let My (n,d) be the moduli space of semistable Higgs pairs of rank n
and degree d on Y.
e Let M§SPH(n, d) be the moduli space of semistable good generalized
parabolic Higgs bundles of rank n and degree d on X.

We describe My (n,d) and M${CGPH(n, d) as follows.
Theorem 1.1 (Theorem 3.2). If ged(n,d) = 1, then My (n,d) = Uy (n,d) x
C=Y xC.
Theorem 1.2 (Theorem 3.3). If ged(n,d) > 1, then there is no stable Higgs
pairs of rank n and degree d on'Y .

Theorem 1.3 (Theorem 3.11). Let ged(n,d) = h.
(1) There exists a bijective morphism
Sym" (Y x C) = My (n,d).
(2) My (n,d) is irreducible.

Theorem 1.1 follows from a simplified stability of Higgs pairs on Y and a de-
scription of Uy (n, d) by [7] in the case ged(n, d) = 1. The proof of Theorem 1.2
is given by considering a degeneration of the moduli space of semistable Higgs
bundles of rank n and degree d on an elliptic curve and using the nonexistence

of stable Higgs bundles of rank n and degree d on an elliptic curve in the case
ged(n,d) > 1. Theorem 1.3 follows from a family of semistable Higgs pairs of

rank n and degree d on Y parametrized by (Y x C) x Mox (Y x C) induced
from the universal family of stable Higgs pairs of rank 7 and degree % onY
parametrized by Y x C in the case ged(n,d) = h.

Theorem 1.4 (Theorem 3.7). (1) If ged(n,d) = 1, then MGSPH(n, d) =
UGPB(n,d) x C= P! x C.
(2) If ged(n,d) > 1, then the stable locus MGSPH(n,d)* of MGSPH(n, d)
18 empty.
Theorem 1.5 (Theorem 3.14). Let ged(n,d) = h.
(1) There exists a bijective morphism
Sym" (P! x C) — MGCPH(n, d).
(2) Sym" (P! x C) is the normalization of MEGEPH(n d).
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(3) M§CPH(n, d) is irreducible.

Theorem 1.4(1) follows from a simplified stability of generalized parabolic
Higgs bundles on X and the known result that U$PE(n, d) is the normalization
of Uy (n, d) in the case ged(n,d) = 1. Theorem 1.4(2) follows from the nonexis-
tence of stable Higgs bundles of rank n and degree d on an elliptic curve in the
case ged(n, d) > 1. Theorem 1.5 follows from the normality of Sym”(P! x C)
and a family of semistable generalized parabolic Higgs bundles of rank n and

degree d on X parametrized by (P! x C) x Mox (P! x C) induced from the
universal family of stable generalized parabolic Higgs bundles of rank 7 and
degree % on X parametrized by P! x C in the case ged(n, d) = h.

We also describe all fibers of the Hitchin maps H on My (n,d) and HSGPH

on MSGCEPH(n, d) as follows.

Theorem 1.6 (Corollary 4.7). Let ged(n,d) = h. The generic fiber of the
Hitchin map HECPH on M)G(GPH(n, d) is set-theoretically isomorphic to P x

Mo PL. The fiber over an arbitrary point of the base is set-theoretically iso-

morphic to P™ x Mo P™  where h = mqy + --- +my;. The fiber over an
arbitrary point of the base is isomorphic to P! for the case ged(n, d) = 1.

Theorem 1.7 (Corollary 4.8). Let ged(n,d) = h. The generic fiber of the

Hitchin map H on My (n,d) is set-theoretically isomorphic to Y x Mox Y.
The fiber over an arbitrary point of the base is set-theoretically isomorphic to

Sym™Y x - Lx Sym™Y , where h = mq+---+my. The fiber over an arbitrary
point of the base is isomorphic to Y for the case ged(n,d) = 1.

We define the Hitchin map HECPH on M{SPH(n, d) and then it induces
the Hitchin map H on My (n,d) by a surjective birational morphism f :
MGCEPH(n d) — My (n,d). HOCSPH is set-theoretically identified with the
projection

7, : Sym” (P! x C) — Sym"C,

[(.Tl,tl), ceey (Ih,th)]gh — [tl, e ,th]gh.
Then the identification of fibers of HESPH and 1), gives Theorem 1.6. The-
orem 1.7 follows from Theorem 1.6 and the surjective birational morphism
[ MSCSPE(n, d) — My (n,d).

We finally describe a flat degeneration of the moduli space of stable Higgs
bundles of rank n and degree d on an elliptic curve for the case ged(n,d) =
1. Let Z — T be a flat family of irreducible complex projective curves of
arithmetic genus one parametrized by a smooth curve T such that for all ¢ # ¢,
the fiber Z; is an elliptic curve and Z;, = Y. Let G5 /r(n,d) — T be a flat
family of the moduli spaces of stable Gieseker-Hitchin pairs of rank n and
degree d over Z parametrized by T, which is constructed in [3, Proposition
5.13]. Let HM be the Hitchin map on Gz/r(n,d).
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Theorem 1.8 (Theorem 5.8). (1) Gzyr(n,d) = Z x C as T-schemes.
(2) vEH . Gzr(n,d) — Mg p(n,d) is identified with the identity map
idzxc: Z xC— Z xC, where Mz,p(n,d) — T is the relative moduli
space of stable Higgs pairs of rank n and degree d on Z.
(3) The fiber of the Hitchin map HSH on Gz/r(n,d) is isomorphic to Z.

1.2. Organization of the paper

In Section 2, we describe Uy (n,d) and U$PB(n,d) explicitly. In Section
3, we describe My (n,d) and M{SPH(n, d) explicitly. In Section 4, we give
descriptions of all fibers of the Hitchin maps on M§{SPH(n, d) and My (n,d),
respectively. In Section 5, we prove that G, (n,d) = Z x C as T-schemes and
the fiber of the Hitchin map on G, (n,d) is isomorphic to Z.

Acknowledgements. The author thanks Young-Hoon Kiem for his comments
and suggestions on an earlier draft. This work was supported by the National
Research Foundation of Korea grant funded by the Korea government(MSIT)
(No. 2021R1F1A1062436).

2. Torsion-free sheaves and generalized parabolic vector bundles

In this section we aim to describe the moduli space of torsion-free sheaves on
Y and that of generalized parabolic vector bundles on X explicitly by relating
these moduli spaces.

Definition ([5]). A generalized parabolic vector bundle (GPB) of rank n and
degree d on X is a pair (E, F1(F)), where E is a vector bundle of rank n and
degree d on X and Fi(F) is an n-dimensional subspace of E,, ® E,,.
Definition ([5]). A GPB (E, F\(FE)) is semistable (respectively, stable) if for
every proper subbundle N C E,
deg N + dim(F1(E) N (Np, & Np,)) < (<)degE + dim Fy (F)
rank N - rank F ’

Consider a GPB (FE, F1(E)) of rank n and degree d on X. To (E, Fy(F)), we
associate a torsion-free sheaf F' of rank n and degree d on Y by the following
short exact sequence:

0—F—>v.F—v.(E)®C(p)/Fi1(E) — 0.

Proposition 2.1 (Proposition 4.2 of [5]). (E, F1(F)) is semistable (respectively,
stable) of rank n and degree d if and only if F is semistable (respectively, stable)
of rank n and degree d.

Let Uy (n,d) be the moduli space of semistable torsion-free sheaves of rank
n and degree d on Y and let U)%PB (n,d) be the moduli space of generalized
parabolic vector bundles of rank n and degree d on X. Denote the stable loci
of Uy (n,d) and UYB(n, d) by Uy (n,d)* and UGB (n, d)®, respectively.

We begin with referring to the results of a classification of stable torsion-free
sheaves on Y in [7].
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Proposition 2.2 (Lemma 2.2 and Theorem 2.5 of [7]). (1) Ifged(n,d) =
1, then Uy (n,d) 2 Y.
(2) If ged(n,d) > 1, then there is no stable torsion-free sheaf of rank n and
degree d over'Y, that is, Uy (n,d)* is empty.

Let us denote ¥ —— Uy (n,d) of Proposition 2.2(1) by ¢, 4.
Next we classify stable GPBs on X. Combining Proposition 2.1 with Propo-
sition 2.2(2), we have the following statement.

Lemma 2.3. If ged(n,d) > 1, then there is no stable GPB of rank n and
degree d over X.

The following result relates Uy (n, d) to UGB (n, d).

Proposition 2.4 (Theorem 1 and Theorem 3 of [5], Proposition 2.1 of [17]).
USTB(n, d) is the normalization of Uy (n,d).

The following classification is immediately obtained from Proposition 2.2(1),
Lemma 2.3 and Proposition 2.4.

Proposition 2.5. (1) If ged(n,d) = 1, then USTB(n,d) = PL.
(2) If ged(n,d) > 1, then USPB(n,d)* is empty.

Denote P! — U$PB(n,d) of Proposition 2.5(1) by S’,SB-

Now we classify semistable torsion-free sheaves on Y and semistable GPBs
on X. By Proposition 2.2(2) and Lemma 2.3, the Jordan-Holder filtrations for
torsion-free sheaves and GPBs imply the following observations.

Lemma 2.6. Assume ged(n,d) = h.

(1) Any semistable torsion-free sheaf F' of rank n and degree d over Y is
S-equivalent to Fy @ --- @ Fy, where each F; is stable of rank 3 and
degree %

(2) Any semistable GPB (E, F1(E)) of rank n and degree d over X is S-
equivalent to (B, F1(E1))®- - ®(Ey, F1(Ey)), where each (E;, F1(E;))

is stable of rank 3 and degree %.

When ged(n,d) = 1, there exist universal families of stable torsion-free
sheaves and stable GPBs of rank n and degree d.

Lemma 2.7. Assume that gcd(n,d) = 1. Then there exists a universal family
Vn,a of stable torsion-free sheaves of rank n and degree d parametrized by Y
such that for everyy € Y,

Cnd(y) = [(Vn.a)yls,
where [(Vn.,a)yls is the S-equivalence class of (Vi.a)y-

Proof. Since x(E(m)) = nm + d for any E € Uy (n,d) and ged(n,d) = 1, by
[12, Corollary 4.6.6] and Proposition 2.2(1), we prove the statement. O
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Lemma 2.8. Assume that gcd(n,d) = 1. Then there exists a universal family
Wh.as Fi(Wh.a)) of stable GPBs of rank n and degree d parametrized by X
such that for every x € X,

S (@) = [(Wnas FtWan.a))als
where (Wi, a4, F1(Wh.a))z]s is the S-equivalence class of Wi, a, F1(Wh.a))z-

Proof. By Proposition 3.16 of [5] and Proposition 2.5(1), we prove the state-
ment. O

If ged(n,d) = h > 1,7’ = # and d’ = ¢, then we can consider the families

h
Vn,d = Vn’,d’ X X Vn’,d’
Y Y

. . h
of polystable torsion-free sheaves parametrized by Y x --- x Y and

Whas FrWha)) = Warar, Ft W ar)) )>§ 3 ; War,ar, Fi (Wi a))

of polystable GPBs parametrized by P! x LN 25
The following maps induced by V,, ¢ and Wy, 4, F1(Wh.q4)),

vy, Y X Py o Uy (n,d)

and

V(Wn,d7F1(Wn,d)) : ]Pl X .I:L. X ]P)l — U}G(PB(n7d)

are surjective by Lemma 2.6 and factor through Sym”Y and Sym"P!. Now we
complete the classification as follows.

Proposition 2.9. (1) For ged(n,d) = h, there exists a bijective morphism
Sym"Y — Uy (n, d).
(2) For ged(n,d) = h, U$PB(n,d) = Sym"P! = P,
Proof. (1) vy, ,:Y x My o Uy (n,d) induces a bijective morphism
Sym"Y — Uy (n, d).
(2) VoW asFr W) : P - x P = U$GPB(n, d) induces a bijective morphism
CGEB L Sym"P! — USFB(n, d).

Since Sym"P! = P" is connected and U$PB(n,d) is normal, ¢$EB is an isomor-
phism by Zariski’s main theorem. (I



GEOMETRY OF MODULI OF HIGGS PAIRS ON A NODAL CURVE 167

3. Higgs pairs and generalized parabolic Higgs bundles

In this section we describe the moduli space of Higgs pairs on Y and that of
generalized parabolic Higgs bundles on X explicitly. Note that the dualizing
sheaf wy 1is trivial.

Definition ([6]). A Higgs pair of rank n and degree d on Y is a pair (E, ¢g),
where F is a torsion-free sheaf of rank n and degree d on Y and ¢ is a global
section of EndFE.

Definition ([6]). A Higgs pair (E, ¢g) is semistable (respectively, stable) if for
every proper ¢p-invariant subsheaf N C F,

w(N) < (<)u(E),

where p(E) = 22 g the slope of E.

Definition ([6]). A generalized parabolic Higgs bundle (GPH) of rank n and
degree d on X is a triple (E, ¢g, F1(E)), where E is a vector bundle of rank n
and degree d on X, ¢ is a global section of EndE and F; (E) is an n-dimensional
subspace of E,, & E,,. A GPH (E,¢g, F1(E)) is good if ¢g|p,+p,(F1(E)) C
Fi(E).

Definition ([6]). A GPH (E, ¢g, F1(E)) is semistable (respectively, stable) if
for every proper ¢p-invariant subbundle N C F,

dog N + dim(Fy (E) (1 (Ny, @ Nyu)) _ () dog B+ dim Fy (F)
rank N - rank E '

Let My (n,d) be the moduli space of semistable Higgs pairs of rank n and
degree d on Y and My (n,d)* denotes the stable locus. Let MGFH(n,d) be the
moduli space of semistable GPHs of rank n and degree d on X and MG H (n, d)*
denotes the stable locus. Let MG9FH(n, d) be the moduli space of semistable
good GPHs of rank n and degree d on X and MGSFH(n,d)* denotes the
stable locus. Note that MG{%FH(n, d) is a closed subscheme of M§GFH(n, d) by
Theorem 4.8 of [6].

The triviality of wy gives a simplicity of the study of the semistability of
Higgs pairs on Y.

Lemma 3.1. (1) A Higgs pair (E,¢) is semistable if and only if E is
semistable.
(2) If ged(n,d) = 1 and (E,¢) € My (n,d), then (E,¢) is stable if and
only if E is stable.

Proof. Since the dualizing sheaf wy is trivial, the proof is same as that of
Proposition 4.1 of [8]. O

We start with classifying stable Higgs pairs on Y.
Theorem 3.2. If gcd(n,d) =1, then My (n,d) =2 Uy(n,d) x C=2Y x C.
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Proof. Since My (n,d) - My (n,d+ndegM), (E,¢g) — (EQM, ¢pp ®idp)
is an isomorphism for some fixed line bundle M on Y, we may assume that
d > n as [14, page 281].

Let U be the restriction of the universal sheaf to Y x R®, where R is the
open subset of the quot scheme parametrizing quotient sheaves of rank n and
degree d in [14, Section 3]. Applying [14, Lemma 3.5] with F = &d U, we get
a linear scheme F' — R® given by

F = SpecSymg,, (7gs+EndU)",

where mrs : Y X R® — R® is the projection onto R*. Since wgs.EndU = Ops
by [12, Lemma 4.6.3], we have F' = R® x C. It follows from Lemma 3.1 that
Fs = R® xC.

Hence by the construction of [14, Section 3] and Proposition 2.2(1),

My (n,d) = F°//PGL(d)
~ (R°//PGL(d)) x C
~ Uy (n,d) x C
=Y xC.

Let us denote Y x C ——» My (n,d) of Theorem 3.2 by 1y, 4.

Theorem 3.3. If gcd(n,d) > 1, then there is no stable Higgs pairs of rank n
and degree d over Y. In other words My (n,d)® is empty.

Proof. Let Z — S be a flat family of irreducible complex projective curves of
arithmetic genus one parametrized by a smooth curve S, and let sg € S be a
base point such that for all s # sq, the fiber Z; is an elliptic curve and Z,, = Y.
Let M — S be the relative moduli variety over S such that M, is the moduli
space of semistable Higgs bundles of rank n and degree d on Z; for all s # s
and M,, = My (n,d) (see [16] for the existence of M).

Let M?® C M denote the subset corresponding to stable Higgs pairs. By the
openness of the stability condition, M* is an open subset of M (see Proposition
3.1 of [14]). Assume that there is a stable Higgs pair on Y of rank n and degree
d in an irreducible component M;,, of M. Then M?® N M,y N M, is nonempty,
hence M*NM;,, is nonempty. Then M*N(M;,,\ M, ) is a nonempty open subset
of M;.,. Consequently, M is nonempty for some s # sg. This contradicts the
fact that there are no stable Higgs bundles of rank n and degree d on an elliptic
curve ([8, Proposition 4.3] and FACT of [19]). This completes the proof. [

Next we classify stable good GPHs on X. We first recall an equivalence of
semistabilities between good GPHs on X and Higgs pairs on Y. Consider a
good GPH (E, ¢, F1(E)) of rank n and degree d on X. To (F, ¢g, F1(FE)), we
associate a Higgs pair (E, ¢g) of rank n and degree d on Y by the following
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commutative diagram of short exact sequences:

(3.1) 0 F v E v, E®@C(p)/F1(E) ——0
¢FJ/ V*(bEJ (v dE)p
0 F v E v, B ®C(p)/F1(E) —— 0.

Proposition 3.4 (Theorem 2.9 of [6]). A good GPH (E, ¢g, F1(E)) is semi-
stable if and only if (F,¢r) is semistable.

Indeed we also have an equivalence of stabilities between good GPHs on X
and Higgs pairs on Y.

Proposition 3.5. A good GPH (E, ¢, F1(E)) is stable if and only if (F, ¢F)
is stable.

Proof. Assume that (E, ¢, F1(F)) is stable of rank n and degree d. Then
deg F' = deg v . B — dim(v. E @ C(p)/F1(E)) =deg E+n — (2n —n) =deg F

and ¢ = v*¢p. Let K; be a ¢p-invariant subsheaf of F' of rank r. Let K be
the subbundle of E generated by the image of v* K /torsion in E. Then K is
a ¢p-invariant subbundle of F of rank r and K is obtained by

0— K1 - K - v.K®C(p)/Fi(K) =0,
where F1(K) = F1(E) N (Kp, @ Kp,). Let s = dim F;(K). Then we have
deg K1 = deg v, K —dim(v, KQC(p)/F1(K))=deg K+r—(2r—s)=deg K+s—r.
Hence 98545 — (F) + 1 if and only if 9851 < y(F). 0

Combining Proposition 2.1 and Lemma 3.1 with Proposition 3.4, the semista-
bility of good GPHs is simplified.

Proposition 3.6. A good GPH (E,¢g, F1(E)) is semistable if and only if
(E,F1(E)) is semistable.

We complete the classification as follows.

Theorem 3.7. (1) If ged(n,d) = 1, then MG (n,d) = USPB(n,d) x
C=P!xC.
(2) If ged(n,d) > 1, then MSGSPH(n, d)* is empty.

Proof. (1) Note that if (E, F1(E)) is stable, then any endomorphism of (E,
Fi(E)) is a scalar (see Corollary 3.9 of [5]). The proof is similar to that of
Theorem 3.2. Proposition 3.6 and the construction of MGSFH(n, d) of [6] are
applied to the proof.

(2) The statement is an immediate consequence of Theorem 3.3 and Propo-
sition 3.5. g
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Denote P! x C —— MSGCEPH(n d) of Theorem 3.7(1) by nﬁg’PH.
Now we classify semistable Higgs pairs on Y. By Theorem 3.3 and using
Jordan-Holder filtration for Higgs pairs, we have the following observation.

Lemma 3.8. Assume ged(n,d) = h. Then any semistable Higgs pair (F,dF)
of rank n and degree d over Y is S-equivalent to (Fi,¢p ) ® -+ ® (Fn, 5, ),
where each (F;, ¢r,) is stable of rank % and degree .

When ged(n, d) = 1, there exists a universal family of stable Higgs pairs.

Lemma 3.9. Let ged(n,d) = 1. There exists a universal family E,q =
(Vn.d; ©n.q) of stable Higgs pairs of rank n and degree d parametrized by Y x C.

Proof. Consider the family of stable Higgs pairs &, ¢ = (Vn,d4, Pn.q) over Y x C
such that

t_.
Endly x(y,t) = (Vn,d)ys o ® ld(vn,d)y)
Then for any (y,t) € Y x C, we have
Mn,a((Y:1)) = [Enaly xw.p)ls:

where [E€n.dly x(y,0)]5 is the S-equivalence class of &£, aly x (y.¢)-
Any family F — Y x T induces canonically a morphism

ve: T — My(n,d).

Then f = (9y,4) "' o vz is a morphism 7' — Y x C such that F is S-equivalent
to f*gn,d~ Il

If ged(n,d) = h > 1,n' = and d’ = £, then we can consider the family

h
gn,d = gn’,d/ X X gn’,d/
Y Y

of polystable Higgs pairs parametrized by (Y x C) x o (Y x C).

Remark 3.10. The action of the symmetric group &5 on Y x My induces
an action of &y, on (Y x C) x Mox (Y x C). If w; and wy are two points of
(Y xC) x o (Y x C), the Higgs pairs (E,,4)w, and (€, 4)w, are S-equivalent
if and only if wy = 7y - wy for some v € Gy,.
The following map induced by &, 4,
ve, (Y X C) x "+ x (Y x C) = My (n, d),

is surjective by Lemma 3.8 and factors through Symh(Y x C) by Remark 3.10.
Now we complete the classification of semistable Higgs pairs as follows.

Theorem 3.11. Let ged(n,d) = h.
(1) There exists a bijective morphism

Nn.d : Sym™ (Y x C) = My (n, d).
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(2) My (n,d) is irreducible.
Proof. (1) vg, , induces a bijective morphism
Nn.d 2 Sym™ (Y x C) — My (n, d).

(2) Since vg, , is continuous and (Y x C) x Mox (Y x C) is irreducible, we
get the result. O

Finally we classify semistable good GPHs on X. By Theorem 3.7(2) and
using Jordan-Holder filtration of GPHs, we have the following observation.

Lemma 3.12. Assume ged(n,d) = h. Then any semistable good GPH (E, ¢,
Fi(E)) of rank n and degree d over X is S-equivalent to (E1, ¢p,, Fi(E1)) ®
- @ (B, ¢5,, F1(En)), where each (E;, ¢p,, F1(E;)) is stable of rank 3 and
degree %.

When ged(n,d) = 1, there exists a universal family of stable good GPHs.

Lemma 3.13. Let ged(n,d) = 1. There exists a universal family
Wh.d, Pr.a, F1(Wh.a)) of stable good GPHs of rank n and degree d parametrized
by X x C.

Proof. Consider the family of stable good GPHs EFGTH = (W, 4, ®n.d, Ft (Wh.a))
over X x C such that

.
EFTH X sty = (Whd)as - © idow, 2)es (F1Whd))e)-
Then for any (z,t) € X x C, we have

ng,ng((xat)) = [ sSPH|X><(z,t)]Sa

GGPH _
gn,d -

where [EﬁSPH|XX(x7t)]S is the S-equivalence class of SS)SPH\XX(%Q.
Any family 7 — X X T induces canonically a morphism
ve: T — MSGPH(n, d).
Then f = (nﬁSPH)’l ovr is a morphism 7" — X x C such that F is S-equivalent
to f *SgSPH. O

If ged(n,d) = h > 1,7’ = and d’ = ¢, then we can consider the family

GGPH _ ~GGPH h GGPH
gn,d — n’,d’ )>§ A )>§ 5n17d/

of polystable good GPHs parametrized by (P! x C) x Dy (P! x C).
The following map induced by gﬁgPH’

h

Vesgrn : (P! x C) x -+ x (P! x C) = M§“FH(n, d),

is surjective by Lemma 3.12 and factors through Sym” (P! x C). We complete
the classification of semistable good GPHs as follows.
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Theorem 3.14. Let ged(n,d) = h.

(1) There exists a bijective morphism
n,cf’fi;PH : Sym" (P! x C) — MSCEPH(n, d).

(2) Sym™ (P! x C) is the normalization of MGSPH (n, d).
(3) M§CPH(n, d) is irreducible.

Proof. (1) vecern induces a bijective morphism
nS)SPH : Sym™ (P! x C) - MGCPH(n, d).

(2) Since Sym" (P! x C) is normal, the result follows by Zariski’s main the-
orem.

(3) Since VngPH is continuous and (P* x C) x Mox (P! x C) is irreducible,

we get the result. (I

4. Hitchin map

In this section, we give descriptions of all fibers of the Hitchin maps on
MGCEPH (. d) and My (n, d), respectively.

Definition (Section 5 of [6]). The Hitchin map on MGFH(n,d) is defined by
HOCPH . MG (n,d) - A= @H HO(X, 0x),

i=1

(E7¢E7F1(E>) = (a1(¢E)7 EEE an<¢E))7
where the characteristic polynomial det(A — ¢g) of (E,¢r, F1(FE)) is A" +
ar(pp)AN" 4+ an(dp).

There is a result relating My (n, d) to MGSPH(n, d).

Proposition 4.1 (Theorem 4.9 of [6]). There ezists a birational morphism

£ MEEPH(n,d) = My (n,d), (B, ¢E, Fi(E)) = (F, ér),

where (F,¢r) is given by (3.1).

Remark 4.2. If ged(n,d) = 1, then f is surjective (see Theorem 3 of [5]).
Indeed f is surjective in any case.

Proposition 4.3. f is surjective.

Proof. For each (F,¢r) € My (n,d), it follows from Lemma 3.8 that

(F1,01,) @ -+ & (F, ¢, ),

where each (Fj, ¢r,) is stable of rank 7 and degree %. By Remark 4.2, there ex-
ists (Etv ¢E1 ) Fl (EZ)) € M%GPH(%7 %) such that f((E“ ¢Ez ) Fl (El))) = (Fi7 QSFL)
Then we have the following commutative diagram of short exact sequences:
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h h h h
0—— @, Fi —— v, (B, B) — v (D) i) © Cp)/ By Fi(B:) —— 0
@?:1 oF; @?:1 vidE; (@?:1 ”*¢Ei)p

0—— @, Fi — v, (B Bi) — v (D) i) © Clp)/ By Fi(E:) — 0.

Hence

f((E13¢E17F1(E1)) S - (Ehvd)Eh,vFl(Eh))) = (F17¢F1) S - (Fhvd)Fh)l':l

Proposition 4.4 (Corollary 5.2 of [6]). (1) HECPH » MGCPH(n d) — A
1S proper.
(2) HESPH defines a proper morphism
H: f(MSH (n,d)) — A,
where [ is given in Proposition 4.1.
Proposition 4.3 and Proposition 4.4(2) imply the following statement.

Corollary 4.5. HSSPH defines a proper morphism
H: My(n,d) = A.

This H : My (n,d) — A is the Hitchin map on My (n,d).

Now we describe all fibers of HEGPH : MGSPH (1 d) — A and H : My (n,d)
— A. To describe all fibers of HECPH : MGSPH(n d) — A, we follow the
arguments of [8, Section 5].

Set h = ged(n,d), ' = % and d' = £. If (E, ¢, F1(E)) is a polystable good
GPH of rank n and degree d, then we have

(E7 ¢Ea FI(E)) = (Ela ¢E17F1(E1)) DD (Eh, ¢Eh7F1(Eh))7
where each (F;, ¢p,, F1(FE;)) is stable of rank n’ and degree d’ by Lemma
3.12. Then (E;, F1(E;)) is stable by Proposition 3.6 and ¢p, = Lridg,, where
nSS (i, 1)) = [(Ei, ¢5;, F1(Ei))]s. Then

h
ai(dp) =Yt
i=1

: t n’ th n’
won=(3) ()
Denote the image of H GGPH by A, 4. If Dy is the diagonal matrix with eigen-
values A = (A1,...,An), then the following morphism

g : Sym"C = A, 4,
[ﬂ@h = [tla cee ?th}Gh = (al(Dn%f)’ s ’an(Dnif))
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is bijective.
Define the projection
7 Sym” (P! x C) — Sym"C,

[(xlatl)a ) (xhvth)]eh = [th R ’th]eh'
Then the following diagram

Symh(]}»l x C) - Sym"C
HSSPHJLl ltlJan,d
[ GGPH

MGEPH(n d) ——— Ay 4

commutes.

The set G = {(t1,...,tn) € C"|t; #t; if i # j} forms an open dense subset
of C". A point of A, 4 is called generic if it is the image under ,, 4 of the
Sp-orbit of some t, € G. An arbirtrary point of A, 4 is the image under a, 4
of a h-tuple of the form

2?{1 = (t17 Moty .t 'n}l'atl)a
where h =mq1 +--- + my.

Proposition 4.6.

10y h
T ([fglen) 2P x -+ x P!
and
1 ([Fale,) = Sym™ P! x -1 x Sym™ Pl 2 P x o P
Proof. The proof is same as that of Proposition 5.1 of [8]. O

Corollary 4.7. The generic fiber of HGSPH o MGCPH(n d) — A, 4 is set-
h
theoretically isomorphic to P! x --- x P1. The fiber over an arbitrary point of

the base s set-theoretically isomorphic to P™1 x Mo P™ . The fiber over an
arbitrary point of the base is isomorphic to P! for the case ged(n,d) = 1.

Proof. By Theorem 3.14, there exists a bijective morphism from the fiber of
7, to the fiber of HEGGPH  So the first and the second statements follow from
Proposition 4.6. The last statement follows from Theorem 3.7(1). O

Corollary 4.8. The generic fiber of H : My (n,d) — A, 4 is set-theoretically
isomorphic to 'Y X M x Y. The fiber over an arbitrary point of the base is

set-theoretically isomorphic to Sym™Y X Lo Sym™Y . The fiber over an
arbitrary point of the base is isomorphic to Y for the case ged(n,d) = 1.

Proof. Note that the normalization map v : P! — Y induces the surjective map
g : Sym" (P! x C) — Sym"(Y x C),

[(‘Tlvtl)a R (xh7th)]6h = [(V(Il)’t1)7 s (V(xh)vth)]Gh'
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By Theorem 3.11(1) and Theorem 3.14(1), set-theoretically f : MGSPH(n, d)
— My (n,d) and g coincide. The map 7, and g induce

Tn - g(Sym" (P! x C)) = Sym™ (Y x C) - Sym"C,

[(yl,tl), ey (yh,th)]gh — [tl, . 7th]6h~

Then we have the following commutative diagram:

Sym" (Y x C) — ™ sSym"C

nn,dll;l I:IJ/an,d

My (n,d) — 5 A, 4

So f(P! x ox P =Y x M XY and F(Sym™ Pt x Lx Sym™Pl) =

Sym™'Y x Lx Sym™Y. By Theorem 3.11 and Corollary 4.7, there exists a
bijective morphism from the fiber of 75, to the fiber of H. The last statement
follows from Theorem 3.2. O

5. A flat degeneration

Assume that ged(n, d) = 1. In this section we consider a flat degeneration of
the moduli space of stable Higgs bundles of rank n and degree d on an elliptic
curve, which was constructed in [3].

We show that the moduli space of stable Higgs bundles of rank n and degree
d on an elliptic curve degenerates to Y x C in a flat family. We also show that
the fiber of the Hitchin map on the moduli space of stable Higgs bundles of
rank n and degree d on an elliptic curve degenerates to Y via the same flat
family.

Let Y (™) be the curves which are semistably equivalent to Y, i.e., X is a
component of Y™ and if v : Y™ — Y is the canonical morphism, v~ (p) is
a chain R of projective lines of length m, passing through p; and ps.

Definition ([13]). A Gieseker vector bundle of rank n and degree d on Y (™)
is a vector bundle E of rank n and degree d on Y™ such that

e If m > 1, then E|p is strictly standard,
e . I is a torsion-free sheaf on Y.

A Gieseker vector bundle E on Y (™) is stable if v, E is a stable torsion-free
sheaf on Y.

Definition ([3]). A Gieseker-Hitchin pair of rank n and degree d on Y (™) is
a pair (E,¢) such that E is a Gieseker vector bundle of rank n and degree d
on Y™ ¢ is a global section of &nd E and v, (E,¢) is a Higgs pairon Y. A
Gieseker-Hitchin pair (E, ¢) on Y (™) is stable if v, (E, ¢) is a stable Higgs pair
onY.
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Let Gy (n,d) be the moduli space of stable Gieseker vector bundles of rank
n and degree d on Y™ for some 0 < m < n (see [13, Theorem 1]) and let
Gy (n, d) the moduli space of stable Gieseker-Hitchin pairs of rank n and degree
d on Y™ for some 0 < m < n (see [3, Proposition 5.13]).

By Lemma 3.1, the stability of Gieseker-Hitchin pairs can be simplified as
follows.

Lemma 5.1. A Gieseker-Hitchin pair (E,$) on Y™ is stable if and only if
the underlying Gieseker vector bundle E on Y™ is stable.

We can see that any endomorphism of a stable Gieseker-Hitchin pair is a
scalar.

Lemma 5.2. For a stable Gieseker vector bundle E on Y™ End E = C.

Proof. Since any finite dimensional division algebra over C is C, it suffices to
show that any nonzero ¢ € End E is an isomorphism.

Consider a nonzero ¢ € End E. If ¢|x : E|x — E|x is zero, then ¢ is zero
at p; and pa. Then ¢|g : E|r — E|gr is zero, which is a contradiction. So
¢|lx : E|lx — E|x is nonzero. Since End(F|x) = End(v.E) by [13, Remark
4], ¢|x is an isomorphism. Then ¢ is an isomorphism at p; and ps. Since
(det(E|g))™! @ (det(E|g)) is trivial, det ¢ is nowhere zero and then ¢ is an
isomorphism (see [9, The proof of Proposition 3.1]). O

Now we define a flat family of Gieseker vector bundles, that of Gieseker-
Hitchin pairs and their stabilities. Let R be a discrete valuation ring with
quotient field K and residue field C. Let T' = Spec R, Spec K the generic point
and tg the closed point of T. Let Z — T be a proper flat family such that the
generic fiber (Zx,0 : Spec K — Zk) is an elliptic curve and the closed fiber
Zy, 2Y.

Definition ([3]). Let Z(m°Y) — T be a flat morphism such that there exists
a nonnegative integer m satisfying that (Z™°), = Y("™) for each t € T with
the commutative diagram:

where v restricts to the morphism which contracts the chain R of P'’s on Y (™),
(1) A Gieseker vector bundle on Z(™°9 is a vector bundle & on Z(mod)
such that its restriction to the fiber (Z(™°9), over t € T is a Gieseker
vector bundle on Y™ for some m.
(2) A Giescker vector bundle £ on Z™°9d) is stable if v,Er is a family of
stable torsion-free sheaves on Z — T
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(3) A Gieseker-Hitchin pair on Z(™°9 is a pair (Er,¢7) on ZM°d) such
that &p is a vector bundle on Z(™°d)  »r is a global section of
(pr)«End E7 and its restriction to the fiber (Z(™°d), over t € T is
a Gieseker-Hitchin pair on Y™ for some m.

(4) A Gieseker-Hitchin pair (Er,pr) on Z™°d is stable if v, (Er, pr) is a
family of stable Higgs pairs on Z — T.

Let Gz/r(n,d) — T be the relative moduli space of stable Gieseker vec-
tor bundles of rank n and degree d on Z(™m°% (see [13, Theorem 2]) and let
Gz/r(n,d) — T the relative moduli space of stable Gieseker-Hitchin pairs
of rank n and degree d on Z(™M°d) (see [3, Proposition 5.13]). Note that
Gz/r(n,d) = T and Gz p(n,d) — T are flat over T (see [3, Proposition 5.15]
and [13, Theorem 2]). Moreover G z/7(n, d); is the moduli space of vector bun-
dles on the elliptic curve Z; for all t # to, G z/7(n,d)s, = Gy (n,d), Gz/r(n,d);
is the moduli space of Higgs bundles on the elliptic curve Z; for all ¢ # ¢ty and
Gz/r(n,d), = Gy (n,d).

Now we describe Gy (n,d) and Gy (n, d) explicitly.

Lemma 5.3. Gy(n,d) =Y.

Proof. Let G = Gz;r(n,d). Then G — T is flat over T such that G; = Z; for
all t # to (see [2]) and Gy, = Gy (n,d).

By [13, Theorem 1 and Theorem 2|, G, = Gy (n,d) is a singular curve of
arithmetic genus one.

If éto is the normalization of G, with the normalization morphism 7 :
Gi, — Gy,, then it follows from [10, Corollary V.3.7 and Proposition V.3.8]
that

T
Pa(Gty) = pa(Gt,) — ,Z; 61(6371)7
where p, denotes the arithmetic genus and e; are the multiplicities of the in-
finitesimally near points of the singular points of Gy,. Since po(Gy,) = 1, then
pa(éto) =0, r =1 and e; = 2, which implies that G;, has a unique ordi-
nary double point, that is, a node or a cusp. Since éto is nonsingular and
pa(Gt,) = 0, Gy = PL.
By [4, Lemma 3.1], the natural stratification of G, = Gy (n,d)

(GtO)O = Gto ) (Gto)l 2D (Gto)n ) (Gto)n+1 = @a

where (Gy,)"t! is the singular locus of (Gy,)" for every 0 < r < n has the
following property:
o (Gy,)! = {x € (Gy,)° | cardinality of the set m=1(x) > i+ 1} for every
0<i1<n.
o (Gy,)""! is a Zariski-closed subvariety of (Gy,) of pure codimension 1,
if non-empty.
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Since Gy, is a curve, (Gy,)? = () and

(Gi,)' = {x € (Gy,)° | cardinality of the set 7~ !(x) = 2}.
Hence the unique singular point of Gy, is a node and then G;, = Y. (]
Lemma 5.4. Gy(n,d) 2 Gy(n,d) x C=2Y x C.

Proof. The proof is same as that of Theorem 3.2 and Theorem 5.8(1). We use
Lemma 5.1, Lemma 5.2 and Lemma 5.3. (I

The Hitchin map on Gz/7(n, d) is defined as follows.

Definition (Definition 6.2 of [3]). The Hitchin map on Gz r(n,d) is defined
by
HM : Gyyp(n,d) — Ar,
(ET, QOT) = (al(cpT)v s aan(wT))a
where Ar — T is the affine T-scheme representing the functor

S+ @ H(Z x1 8,0zx,5)

i=1
and the characteristic polynomial det(A — 1) of (Er, pr) is
A"+ al(gaT)Anfl + -+ an(goT).

Proposition 5.5 (Theorem 6.6 of [3]). H™ : G5 7 (n,d) — Ar is proper over
T.

By [13, Theorem 1 and Theorem 2], there exist proper and birational mor-

phisms
VeV Gy (n,d) = Uy(n,d), E v v.E
and
&V Gzr(n,d) = Ugz/r(n,d), Er — vilr,

where Uy (n, d) denotes the relative moduli space of stable torsion-free sheaves
of rank n and degree d on Z. By [3, Corollary 5.14], there exist proper and
birational morphisms

Ve Gy (n,d) — My (n,d), (E,¢)— v.(E,)
and
v Gyir(n,d) = My r(n.d), (Er,¢1) = vi(Er, o1),
where Mz,p(n,d) denotes the relative moduli space of stable Higgs pairs of

rank n and degree d on Z.
Indeed we have the following observation.

Proposition 5.6. (1) v8Y . Gy(n,d) — Uy(n,d) is identified with the
identity map idy : Y — Y.
(2) vSH . Gy (n,d) — My (n,d) is identified with the identity map idy xc :
YxC—-Y xC.
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Proof. By [4, Proposition 3.1] and Lemma 5.3, the singular locus of Gy (n,d)
consists of stable Gieseker vector bundles on Y(!) and it corresponds to the
single node p of Y. Moreover the image of the singular locus of Gy (n,d)
under v&V is exactly the singular locus of Uy (n,d) by [7, Remark 2.3]. Thus
vSV . Gy(n,d) — Uy(n,d) is identified with the identity map idy : Y —
Y. Moreover vSH : Gy (n,d) — My (n,d) is identified with the identity map
idyxc:Y xC — Y x C by Theorem 3.2 and Lemma 5.4. [l

Lemma 5.3 is relativized as follows.
Lemma 5.7. Gz /r(n,d) = Z as T-schemes.

Proof. We first see that Uz, (1,d) = Z as T-schemes. Let 7" =T\ {to}. For
any T’-scheme S, we have the following isomorphism

Z|7/(S) = Uzyr(1,d)|7(S), 0+ Oz, (0) @ Oz, (0)!

on S-valued points, where 0 : S — Z|p is a section which makes (Z|7,0)
a flat family of elliptic curves. Then we have an isomorphism v : Z|p —
Uzyr(1,d)|7 by [1, Lemma 5.7]. By [1, Corollary 5.4], v extends uniquely to
an isomorphism Z — Uz,r(1,d) over T.

Next we see that Uz r(n,d) = Z as T-schemes. Consider the relative de-
terminant morphism dety;,; : Uz r(n,d) — Ugz/r(1,d). Since (detz,r): :
Uz/T(Tl,d)t — Uz/T(l,d)t is an isomorphism for all ¢t € T/, detz/T |T’ :
Uzyr(n,d)|rw — Uz;r(1,d)|7 is also an isomorphism by [1, Lemma 5.7]. By
[1, Corollary 5.4], detz/p |7 extends uniquely to an isomorphism dety 7 :
Uzyr(n,d) — Ugz/p(1,d). Since we have seen that Uz p(1,d) = Z, we get an
isomorphism Uz,r(n,d) — Z over T.

Now we claim that G'z,r(n,d) = Z as T-schemes. Consider the morphism

l/f’v : GZ/T(TL7d) — UZ/T(TL,d), Er — v.Er.

For all t # to, (VSY), : Gz/r(n,d)y — Uzr(n,d), is the identity map idz, :
Zy — Z;. By Proposition 5.6(1), (vSV)y, : Gz/r(n,d)y, — Uzjr(n,d)y, is
also the identity map idy : Y — Y. Thus vZV : Gz/r(n,d) — Uzr(n,d) is
the identity map idz : Z — Z by [1, Corollary 5.4 and Lemma 5.7]. Since
we have seen that Uz p(n,d) = Z as T-schemes, we get Gz /p(n,d) = Z as
T-schemes. O

‘We have a conclusion as follows.

Theorem 5.8. (1) Gzyr(n,d) =2 Gz/r(n,d) x C= Z x C as T-schemes.
(2) vSH : Gyir(n,d) — Mg r(n,d) is identified with the identity map
idgxc: ZxC— Z xC.
(3) The fiber of the Hitchin map H®® on Gz /7 (n,d) is isomorphic to Z.

Proof. (1) By using the construction of Gz r(n,d) in [3, Section 5], we show
that Gz/r(n,d) = Gz/r(n,d) x C.
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Note that Uz,r(n,d) = R5//PGL(d) for some T-scheme Ry. The Gieseker
functor Gg,. is represented by a PGL(d)-invariant open subscheme ) of the T-
scheme Hilb" (Z xGr(d, n)) for some Hilbert polynomial P; and Gz/r(n,d) =
Y¢//PGL(d). Let Ay C Z x7 Y xr Gr(d,n) be the universal object defining
the functor Gr,.. The embedding Ay C Z x1 Y X1 Gr(d,n) gives the natural
projection of T-schemes:

Ay — 1 5y

NS

Let U be the universal vector bundle on Ay|ys obtained from the tautological
quotient bundle on Gr(d,n). Applying [14, Lemma 3.5] with F = &ndU, we
get a linear scheme YSH — Y* given by

YEH = Spec Symp,,, (q«€ndU)".

Since g.&ndU = Oys by Lemma 5.2 and the same argument of the proof of
[12, Lemma 4.6.3], we have Yt 22 )% x C. Lemma 5.1 implies that (YGH)s =
Y x C.

Hence by the construction of [3, Section 5] and Lemma 5.7,

Gzyr(n,d) = (VM) //PGL(d) = (V* //PGL(d)) xC = G z/7(n,d)xC =2 ZxC.

(2) We first show that Mz, r(n,d) = Uz r(n,d) x C by the same argument
as in the proof of item (1). Note that Uy r(n,d) = R5//PGL(d) for some
T-scheme Rp as mentioned. Let U/ be the restriction of the universal sheaf to
Z xr R%. [14, Lemma 3.5] with F = &ndU, the fact ﬂRsT*SndU = ORsT from
[12, Lemma 4.6.3], Lemma 3.1 and the proof of Lemma 5.7 implies that

Mz/T(TL,d) = Uz/T(n,d) xC=2ZxC.
Now we describe vS™ : G5 7 (n,d) = Mz r(n,d). Since
gz/T(’rL d) = GZ/T(” d) x C

in item ( ) and Mzr(n,d) = Uzr(n,d) x C as shown previously, vCH is
exactly vSV x idc : Gz/r(n,d) x C = Ugz/p(n,d) x C. In the proof of Lemma
5.7, we have seen that vGV : Gzr(n,d) — Ugz/p(n,d) is the identity map
idz : Z — Z. Thus we get the statement.

(3) By the definition of H®® and Gz,7(n,d) = Z x C in item (1), HH is
identified with the projection Z x C — C onto the second factor. Thus we get
the result. O
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