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AVERAGE ENTROPY AND ASYMPTOTICS

TATYANA BARRON AND MANIMUGDHA SAIKIA

ABSTRACT. We determine the N — oo asymptotics of the expected value
of entanglement entropy for pure states in Hy n ® Ha n, where H;  and
Hy n are the spaces of holomorphic sections of the N-th tensor powers
of hermitian ample line bundles on compact complex manifolds.

1. Introduction

There are various mathematical notions of entropy. It quantifies chaos, mix-
ing, disorder or complexity. The Shannon entropy used in information theory
has a probabilistic interpretation or it can be viewed as a way to quantify in-
formation. The Shannon entropy of a probability measure Px on a finite set
X = {x1,...,z,} with masses {p1,...,p:} (p; = Px(z;), 1 < j <) equals
_Z;:1 p;Inp;, with the convention p;lnp; = 0 when p; = 0. Let H; and
H> be finite-dimensional Hilbert spaces. The partial trace try is the linear
map try : End(H; ® Hy) — End(H;) given by tro(A ® B) = tr(B)A and ex-
tended by linearity. The entanglement entropy E(v) of a vector v € H; ® Ho is
Ew) =- Z;"Zl Ajln Aj, where Aq,... A\, are the eigenvalues of tra(P, ), the lin-
ear map P, is the orthogonal projection from H; ® Hs onto the one-dimensional
linear subspace spanned by v, and as before we use the convention 0ln0 = 0.
Note: P, = vv*. The vector v is decomposable if and only if E(v) = 0. Calcu-
lations of entropy on the Hilbert spaces of geometric quantization or Toeplitz
quantization lead to interesting insights [1,2]. In [9], the main result is the
k — oo asymptotics of the Shannon entropies of ¥, where k € N, 2 € M, M
is a toric Kihler manifold with an ample toric hermitian line bundle, and u*
are the Bergman measures that were introduced by Zelditch in [8] to define
generalized Bernstein polynomials and were subsequently used in [7,10]. In a
series of papers on random sections of line bundles, starting with [6], Shiffmann
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92 T. BARRON AND M. SAIKTA
and Zelditch worked with the probability space

(oo}

[ sE (1, L%),

k=1
where L — M is an ample holomorphic hermitian line bundle on a com-
pact complex manifold M and SH°(M, LF) is the unit sphere in the finite-
dimensional Hilbert space H°(M, L¥). In this paper, we consider instead the
probability space

(1) ﬁ (H°(M, L*) ® H°(M, L*))

and a sequence of random variables (R-valued functions on Q) E}, o pg, where
pr is the projection to the k-th component in the product [y~ above in (1),
and FE}j is the entanglement entropy. We find the & — oo asymptotics of the
sequence of expected values of these random variables. In fact, we prove a more
general result.

Theorem 1.1. Let L; — My and Ly — My be positive holomorphic hermitian
line bundles on compact complex manifolds My and My of complex dimensions
d1 and dgy, respectively. Assume without loss of generality dy < do. Let duy,
for each N € N, be the measure on the unit sphere Sy = S(H®(My, LY) ®
HO(Msy, LY)) induced by the hermitian metrics. There are the following N —
oo asymptotics for the average entanglement entropy

Js En(0)dpin (v)
fsN dun(v)

c1(Ly 4

J

forj € {1,2}. As N — oo,

I fi+di N =2+ (3= £ (3= %)) £ +0(3h), if di = da;

(EN) ~ < 1nBi+d; 1nN+(f72%)%+0(m), it dy = dy — 1;

I f1+di N+ 5 +0(5z), if di —do < =2

(En) =

Let

Remark 1.2. We observe that a statement analogous to Theorem 1.1 holds
for semipositive line bundles L; on Moishezon manifolds M;, j € {1,2}. The
following is true. Let L; — M; and Ly — M> be holomorphic hermitian
line bundles on compact connected complex manifolds M; and M of complex
dimensions d; and ds, respectively. Assume without loss of generality d; < ds.
Assume M; and M, are Moishezon and Li, Lo are semipositive. Let duy,
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for each N € N, be the measure on the unit sphere Sy = S(H®(M;,LY) ®
H°(Msy, LY)) induced by the hermitian metrics. There are the following N —
oo asymptotics for the average entanglement entropy on the Hilbert spaces
HO(My, LY) ® HY(My, LY): as N — o0

Inpy +diInN — 2 4 0(1), if dy = dy;
<EN> ~ 282
Infy +diInN +o(1), if di < da,

where, as before, 8; = fM Cl(L ) for j = 1,2. The proof is similar to the

proof of Theorem 1.1 in Sectlon 2.2 below, with (17), (18) replaced by (from
Th. 1.7.1 [3])

L)%
m =m(N) = dim H*(M,, L) = N% /M % 4 o(N%),
) !
Ly)d
n=n(N) = dim H*(M,, LY) = N% /M % + o(N%),
. !

2. Asymptotics

In this section, we establish the background and write the proofs needed
for Theorem 1.1. An expression for the average entanglement entropy for the
tensor product of two finite-dimensional Hilbert spaces is the statement of
Page conjecture [4]. There were several derivations of this formula in physics
literature, including [5]. They assume the equality (2) (see below) as a starting
point. Our Theorem 2.2 below is a proof of (2). Then, our proof of Theorem
2.3 follows the idea of Sen [5]. We rely on the semiclassical methods, together
with the statement of Theorem 2.3, to prove our main result, Theorem 1.1
above.

2.1. Preliminaries

Let Hy and H> be two complex Hilbert spaces of complex-dimension m and
n, respectively, with m < n. We note that H; ® Hy = C™ @ C* = R?™»,
Let S?™n~1 = {v € H; ® Hy : ||v|| = 1} C H; ® Hy be the unit sphere in
H, ® Hy and du be the standard spherical measure on S?™"~!, normalized so
that [,.,—1 du = 1. We fix an orthonormal basis {e1, ez, ..., en} for H; and
{f1,f2y--., fn} for Hy. Then we have a canonical isomorphism A : H; ® Hy —
M, %m(C) given by v = Z?=1 Yoy air(v)er @ fi = A(v) = (ajk(v))nxm (this
is also a diffeomorphism). Using M, %, (C) & R?™ we identify an n x m
matrix with a point in R?*™", For v € H; ® Hs, we have the Singular Value
Decomposition (SVD) of A(v) = U(v) (Zg”)) V(v)*, where U(v) € U(n) and
V(v) € U(m) and X(v) = diag{o1(v),02(v),...,0m(v)} is a diagonal matrix
with 0 < 01 < g9 < -+ < 04y, called the singular values of the matrix A(v).
Note that in the SVD of a matrix, the diagonal matrix 3(v) is unique (up to
permutation), however the choice of U(v) and V(v) is not unique.
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The Schmidt coefficients of v are the same as the singular values of A(v).

If o1(v),02(v),...,0m(v) are Schmidt coefficients of v € B>™" (where B2™"
is the closed unit ball in R*""), then Y 7", 0;(v)* = [jv]* < 1, ie., for

every v € B?™" there exists a triple (U(v),X(v),V(v)) such that A(v) =
U(v) (ng)) V(v)*, where U(v) € U(n) and V(v) € U(m) are unitary matrices
and X (v) = diag{o1(v),02(v),...,om(v)} a diagonal matrix with 0 < o;(v) <
o2(v) < -+ < o (v) and Z;n:l 0;(v)? < 1. Conversely, if A(v) € M,,xm has a
SVD A(v) = U(v) (*(")) V(v)* such that Yoit 0% <1, then v € B>

Lemma 2.1. Singular value decomposition A = U (§)V* of a matriz A €
M xm (C) is not unique. However, if we put the condition that diagonal entries
of ¥ are in the ascending order, the diagonal entries of the unitary matriz V.
are non-negative and consider U as an element of the complex Stiefel manifold

VE(C)(=U(n)/U(n —m)), then this “Modified SVD” is unique.

Proof. Let A = U(%)V* be an SVD of A. Let U = (U1 Ug), where U;
is the matrix whose columns are the first m columns of U and Uy is the
matrix whose columns are the last n — m columns of U. Then we see that
A = U XV*. To see that SVD is not unique, let 7 = diag{e®1, e, ... ¥}
for —m < 601,02,...,0,, < 7. Let V' = V7 and U' = U (]9) be unitary ma-
trices respective size and U'SV"* = (Uy Us) (359)(5) (V7)* = UitSr*V* =
U Xm7*V* = U 2V* = A is also an SVD of A.

Let V = [vj] € U(m). For each j € {1,2,...,m}, we can write vj; =
|vj;]e?, where 0; € (—m,7]. Then

\vn[ v1ge 102 vlme_’?m it 0o ... 0
voe 1 |vaal e Ugpe m 0 ez . 0
Umie" 01 wp0e” 02 [Vmm] 0 0 ... eifm
=V (say).

Therefore, we get that any unitary matrix V' can be factored into a product
of unitary matrix V with diagonal entries being non-negative and a unitary
diagonal matrix 7. The factorization is unique and this gives us the one-to-one
correspondence U(m) = (U(m)/(U(1))™) x (U(1))™.

If A=U(¥)V*is an SVD of A and V = Vr is the factorization of V as
above and U = (U1 Uy) (7 9) = (Uhr* Us) = (T Ug) (say), then let us
call A = U (3¥)V* the “modified SVD” of A. Because of the uniqueness of
the factors V and 7, the modified SVD gives the unique triple (U, %, V) with
U € V(C), ¥ € R? (with ascending diagonal) and V € U(m)/(U(1))™.

This modified SVD gives one-to-one correspondence (up to permutation of
the diagonal entries of the diagonal matrix) between M,,x,(C) and V,7(C) x
RZx(U(m)/(U(1))™) via the map V3 (C)xRZ x (U (m)/(U(1))™) = Mpnxm(C)
by (U, 5, V)=U(3)V*. 0
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Theorem 2.2. Let f be a continuous function on S*™"~! that depends only on
the squares of the Schmidt coefficients. For v € B*™" let o1 (v),...,0m(v) be
the Schmidt coefficients of v and p1(v), ..., pm(v) be the eigenvalues of tra(vo*)
(i.e., pj(v) = af(j)(’u) for some T € Sy,). Then

/Szmn,l f(u)dp(u)

. p1(v) Pm (v) T L 2 1T o () s
@ = JTmf(zg;lpk<u>*"'vzzglpw))1§jgcgm(m(v) p;(v)) J_l;[lm(v) p;(v)
- m m )
Jr,,  II  (er(@)=p;(0))? 1 p;j ()"~ mdp;(v)
1<j<k<m i=1

where Ty = {(21,...,2m) ER™ 21, ..., 2 >0 and x1 + -+ + xp, < 1}

Proof. We will use the Lebesgue measure v of the ambient Euclidean space
R?™" and then for X C 2™~ ;(X) = v({tx|r € X and t € [0,1]}). Then
for an integrable function defined on S~ !, we have

/SZ,WI fu)dp(u) = /B T (val) dv(v).

For v € B?™" let A(v) be the matrix of v as above. We will change variables
using “modified SVD” A(v) = U(v) (EE)“)) V(v)*, where U = (U; U,) with
U 1 and UQ the matrices with columns the first m columns of U and last n —m
columns of U, respectively. Let ;(v) be the j-th column of U(v) and 9y, (v) be
the k-th column of V(v). Now,

Aw =0 (%) 7
hence

dA(v) = dUT (v) (zg})> 7*(v) + U(v) (dZO(”)) 7 (0) + U (v) (28’)) A7 ().

The volume measure at vy € B>™" can be written as U*(vo)dA(v)V (v0)|v=u,
(as U*(vp) and V(vg) being unitary matrices do not affect the volume). Let

dB(vo) = U*(v0)dAW)V (v0) ly=u, -
Then
dB(’U()) = ﬁ*(vo)dU(Uo) <E(8}O)) + (dz(()UO)> + (Z(go)> d‘?*(vo)f/(vo)
_ (Uf (Uo)dﬁl (00)2(})0) + d;(vo) + E(’Uo)dv*(’l}o)f/(vo))
U3 (vo)dUi (vo) % (vo) '
As vy was an arbitrary point in B?™", so we have

_{(Uf(v)dUy (v)2(v) 4+ dE(v) + Z(v)dV*(0)V (v)
a2 = ( U3 (0)d01 (0)3(0) )
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For notational convenience, we drop the “(v)” to write
i — <deﬁlzjr s + EdV*V) .
UsdU 2
Since U U, = I, it follows that dU;U; + U;dU; = 0, then
UrdU, = —dU U, = —(Uzd0h)*,
S0 Ul*dﬁl is an anti-hermitian matrix. Similarly, V*dV is also anti-hermitian.

Denote E = UfdU, and F = V*dV, then for j, k € {1,2,...,m} we have
Ejk = ﬂ;dﬂk and ij = @;d’f}k NOW7
EY +d¥ - XF
B = ( O3d0, 5 ) :
As F and F are anti-hermitian, the diagonal elements of E' and F are imaginary.
It follows that the real parts of diagonal elements of dB are exactly the diagonal

elements of d¥ and imaginary parts of the diagonal elements of dB come from
the matrix Y — X F| i.e.,

R(dBj;) = d¥j; = doy,
S(dBj;) = 0;(S(ujdu;) — (05 dvy))
for j € {1,2,...,m}. Let j € {1,2,...,m} with j > k, then
dBji, = oxEjr, — 0jFj, dByj = 0By — opFr; = —crjEijk—&— o’km.
We get
(dBj) (Ejk) — o R(Fj),
S(dBjk) = ox3(Eji) — 0;3(Fji),
(dBy;) = =0 R(Ejk) + orR(Fjr),
S(dByj) = 0;S3(Eji) — 0k SFjg.
Computing the wedge of real parts,
R(dBjr)R(dBrj) = (o} — 03 )R(Ejr) R(Fjr)
and the imaginary parts,
3(dBj)3(dByy) = (07 — 03)S(Fjie) 3(Ej)
we get that
R(dB;r)S(dBjr)R(dBy;)S(dB;)
= — (0} — 02)*R(@; ditg,) S (W} divg ) R(T; dy,) S (] d ).
Combining all these and ignoring the sign, we get the form

AR@By)  /\ R(dBj)3(dBjr)

j=1 Jk=1,j7k
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= /\ do; H (o3 —O‘?)277 /\ R(ujduy)S () dug),
Jj= 1<j<k<m 1<j<k<m

where

n= /\ R(7 dy ) (05 dog ).

1<j<k<m

We note that 7 is a volume form of U(m)/(U(1)™). For the imaginary part of
the diagonal entries, for j, k € {1,...,m} with j # k, let’s look at the following

SdBj; A SdByy
= 0 (S(ujdi;) — 3(05dv;)) N ow(S(tgdig) — I(0pdog))
= 001 3(u;duy)I(ugdig) + K,
where r = 0;0%[S(05d0;)S(05dvy) — (@} diy)S(05doy) — (g diy) (0} dvy)].
We note that n is the volume form of the compact group U(m)/U(1)™

kAn =0 (as n already contains all the independent variables coming from V).
Therefore,

/\ R(dBjx)S(dBjx)

k=1
m m m m

= [I (k-0 N\ R@du)S(@dig) )\ S(igdiy) )\ do;.
1<j<k<m 1<j<k<m j=1 j=1

Now, for k € {1,2,...,m} and j € {m+1,m+2,...,n}, we have
dBji = (U2dULS)j—m s = 0%l diig.

Therefore,

n n

/\ (dBjx)S(dBj) = /\ /\ orR(u Fduy)S () diy)

Jj=m+1k=1

7’" i(” ™) /\ /\§Ruduk (a;diy).

j=1 Jj=m+1k=1

Gathering all these and ignoring sign, we get that

pP= /\ §R(dBJk)%(dBﬂv)
j=1k=1
= H o H (02 — 0?)2 H Ji(n_m)nw /\ doj,
j=1 1<j<k<m j=1 j=1

where

w= 7\ R(a;dig) (0] diy,) 7\ S(ajdiy) /”\ 7\ R(a;dig )3 (a)diy)

1<j<k<m

.
Il
—
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is a form independent of o;’s. We have

S2m,’n— 1
= / dv
]B2m,n

- o :
U(m)/(U1)™)xBL, x Vi (C)

m

m
vy Jvge) H ! Jl;[l ’ ’

m >og 1 1<]<k<m

where ¢(m,n) is a constant due to the requirement that fszmn,l dp =1 and

Brzno = {(x17"'7x'rn) € R™ :x1,...,2p > 0 and «f% + - +-T3n < 1} For
. 2(n—

the integral fB;"’o [1% o5 11%cham ok — a2 TTTL, gj(n m)daj7 we change

variables to p; = o7 to get

m

/ H o (03 — U?—)2 ﬁ Ui(nfm)daj

>0] 1 1<j<k<m

/ H (Px — pj) Hp? "dp;.

Tm 1<j<k<m

We note that for v € B2™" if py,..., p, are the eigenvalues of tro(vv*), then
P1 Pm : . vv* :
Sy Sy ATe the eigenvalues of tlrg(—uv”2 ). Therefore, for a function

f on S?™"~1 that depends only on the squares of the Schmidt coefficients o (u)
of u € S*™"~! (in other words, depends only on p;(u)’s), we get

/Smn,l fu)dp(u)

= Lot ()

v
C(ma n) f — | P
(U(m)/(U(1))™) xBZ, x V2 (C) [[v]]

elm ) Ji iy wymyxez, <va©) I (1) 7

e(m,n f(U(m)/(Uu))m)me xvp ()P

(as the denominator is / dp=1)
S

p1(v) prm (v) T o (o2 TT 1 (0) ™ dip.
mef(z;ﬂzlpkw)’“"z;gl:lpm)) <ch§ (Pr(v)—p;(v)) jglp;(v) p;i(v)
v))?

Jr T @e@)=ps@)? T 2y mdp; ()
1<j<k<m j=1 O
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Theorem 2.3. The expected value of the entropy of entanglement of all the
pure states in Hy @ Hy s

E'
(mm) Z k 2n
k=n-+1

Proof. We base our proof on the general idea of the proof in [5]. The expected
value of the entropy of entanglement is given by

/S%nnﬂ Em ) (u)dps(u)

= [ B (g ) )

Pj Pj ua _ u n m
(3) me< Z Zm 1pk R Pk) 1<; gcg (pr—p;)* 1;[ dp;
Jr,, II  (x—p3)* 1 P}~ ™dp;
1<j<k<m j=1

We change variables to (q1, ..., ¢m—1,7) such that g1 +-- -+ ¢m_1+q¢m =1,
and g = rp; for k = 1,2,...,m (le., r = ﬁ), so r € [1,00). Then for
j=1Pj

je{l,...,m} we have,
9

=d§rforke{l,...,m—1},
apj jk { }

or 0 < 1 ) -1 5
—_— = = —Tr".
Op;  Opj \ Xk Pk (X Pr)?
We denote F,, = {(21,Z2,...,Zm) € R™ : x1,22,...,2m > 0 and 21 + z2 +
-+ 4 x;, = 1}. So, the integral becomes

m m m m—1
. a4 g5 \n—m
I e, (* _Zl g; In ‘b’) ) I1 (-2 T1(4) —mgT A7 _l_[1 dg;
Ji= j=

<j<k<m j=1

o nem P
S5 e, I (GE=35)2 (%) —mgrdr [I dg;
1<j<k<m j=1 jet

co _ d o u PR
i —_
I it S, | - j; ¢ Ing; I (ax—ay) jl;[l q; jl;[l dg;

1<j<k<m

o a m m n—m m—1

i _

T § N C e O VY A
J= 1=

1<j<k<m

1<j<k<m

m m m m—1
Jen (* > 45 lnqj) [T (aw—g)® [ ay~™ II da;
o j=1 j=1 j=1

(4)

F,
M 1<j<k<m

m m n—m m—1
i} I (ae=qp)? IL a7 ™ TI da;
J= 1=

Let x = tqg for k =1,2,...,m with ¢t € [0,00), so that z1 + zo+ -+ x,, =1
and zy, € [0,00). Then, for j € {1,2,...,m}, we have
g

aim.j: jktfork€{1,27~-~,m_1}v



100 T. BARRON AND M. SAIKIA

ot

— =1
8l‘j

Using the determinant of the Jacobian, we get

1
dQ1/\/\dqm_1/\dt:t7”7_1dl'1/\/\dLUm_l/\dfl’m
1
= tm_ldml/\~~/\dxm_1/\d(:c1+~~+:cm_1+:nm)
1
(5) = delA'~-Adxm,1Adt.

Now, we use the gamma function I'(z) = fooo y*~le Ydy and the derivative of
the gamma function IV(z) = fooo y*~le ¥Inydy. In particular,

/ t™etdt = T(mn + 1) = (mn)!,
0
/ t"e " ntdt = T (mn + 1) = (mn)b(mn + 1),
0
where (N +1) = —y + Zszl % and < is the Euler constant. We have,

. m m 2 m n_m m—1
Je, | — X a5 Ing; I (oe=9y)” T 7™ T1 daj
J= 1= J=

1<j<k<m

m mo o m—1
fF I1 (ar—a;)2 1 q; [T dag;
M 1<j<k<m j=1 j=1

oo mn —t " U uc 2 ua n—m m=1
' Jootmme T dt [ | — _Zl q;Ing; IT  (ax—aj) _1'[1 q; 1'[1 dg;
J= J= J=

_ (mn—-1)! 1<j<k<m
- (mn)! - L m y T gy el
Jo© tmn e tdt me [T (a—g¢;)? II g IT dg;
1<j<k<m j=1 j=1
morxy ) @ m = eiN2 M oxiNn—m _ m—1
— =L n( =L Tk _ZJ ks e~ tymn _dt dz;
1 f[O,OO)m< ng( t ( t )) 1§j<k§m( t t ) jl;ll( t ) Tm—1 ]1;[1 J
- mn m - N2 M p . m—1
Jo e ) () et iy '
’ 1<j<k<m j=1 t j=1

m o m mo L m-1
f[(),oo)'m (—j;le ln(TJ)> I  (zx—=;)? j];[la:j e~ tdt T] dzj

1<j<k<m j=1

mn m m nem m—1
Ji0,00ym [T (ze—=z;)? IT 2] Tetdt I da;
’ 1<j<k<m j=t j=1

M 2 17 . m—m_—t m—1
f[(],oo)"" tint T (zx—=z;) _Hl xy e dt _Hl dx;
= i=

_ 1<j<k<m i
- m m nem m—1
mn [ig oym [T (zp—=;)2 1 " Te tdt [] day
1<j<k<m j=1 j=t

m m m m—1
f[o oym | 2o Tjlnx; 1 (zn—z;)* T x?fmeftdt I1 dz;
6 ’ j=1 1<j<k<m j=1 j=1

( ) - m—1 °

m m
mn f[O,oo)m [T (ze—=;)? J1 2] e tdt [ dz;
1<j<k<m i=1 j=1
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Let the first and the second integral in equation (6) denoted by I; and Is,
respectively. We have

u 2 ™ mem g, Mt
f[o,oo)m tint . .<1_£< (xp—x5) _]_[1 z; e 'dt 'Hl dx;
<j<k<m j= j=
L = m mo m—1
mnf[oiw)m IT (xrp—x;)% T1 e ‘e—tdt [] dxj
: 1<j<k<m j=1 j=1

3

m m—1
I S, tnt TI (tak—tq;)? l(tqj)"_me_ttm_ldt l_[1 dg;

v J

H
IN
(S
A
~
IN
3

Ila
(REL

3

m
mn [0 [r T (taw—tg;)? TI (tg;)"~me—ttm—1dt
1<j<k<m j=1

1
dg;
1

J

00 ymn | —tq 1T —q.)2 o n-m ‘m_ld .
It nte”'dt [, IT  (ak—q;)" I1 g [T dg;
™ 1<i<k<m i= Jj=1

-

m m m—1
mn [ tmn=te=tdt [ TI  (ak—q;)* IT ¢ ™™ TI daj
1<j<k<m j=1 j=1
_ T(mn+1)
- mnI'(mn)
(7) — pmn+1),

Using equation (5), the second integral in equation (6) becomes

m m 2 m n—m —t m—1
Jio,00ym | 22 =i Ina; I (zp—=;)° [T 27" ™e "dt [] da;
i=1 1<j<k<m =1 =1

I =

m—1
IT dx;
j=1

m mo
mn f[o,oo)m (xfp—x;)? H @ ‘e—tdt
J

1<j<k< J

m =1
m m m m
> f[o coym Tt 10Ty [ (zn—z;)?TII :c;.l_me_(m1+"'+mm') I1 dz;
=t 1<j<k<m j=1 - je=1
(8) - m m n—m m
mn f[O,oo)m [T  (ze—=;)2 I1 ] e~ (w14 Fom) IT dz;
1<j<k<m j=1 j=1

We observe that the van der Monde determinant

1 - 1
m X1 Tm
ATy, Tm) = H (xg —x;) = det
1<j<k<m :
N L

As determinant remains unchanged after applying elementary row operations,
we see that

fo(LUl) fo(Im)
e filz) o fiam)
H (.’Ek - .’L‘j) = det . . . = det (fj*l(xk))
. . . mXm
1<j<k<m : : :
fmfl(xl) fmfl(xm)
for any set of polynomials {fo, f1,..., fm—1} with fo = 1 and f;’s are monic
with deg(fx) = k for k = 1,...,m — 1. We choose these polynomials cleverly
for the A(xy,...,2,,)? appearing in the numerator and the denominator in

equation (8). We use a class of orthogonal polynomials, generalized Laguerre
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polynomials, given by

roer
k! dxF

L (@) = (7" 2k,

where « € R and k& € N U {0}. These polynomials satisfy the orthogonality
relation,

0 e (e o Nk+a+1
(9) /0 x%e L,(c )(x)Lg )(m)d;v: %@k.

Using these polynomials,

Ay, ..., 2,) = det ( ja) (mk)> Z sgn(o HLa(k (@)

mxXm
oESm
The integral in equation (8) becomes
m m 2 77 pn—m —(e1++am) T
> f[O,oc)m z;Inxy I (ack—xj) H zy e m H dx;
=1 1<i<k<m
Iy = D
mnf[O o) ™M IT (zr—2;)2 H In e~ (@1t tem) H dz;
’ 1<j<k<m j=1

> f[O.oo)"L zyInzi A1, ) A(Z1 50T ) [ x?_meia:j dx;
=1 j=1

™
mn f[o‘x)m A(zy,...,xm)A(z1,..,Tm) [] w?_mef‘J'dwj
) i

121 f[ovoo)nz z;Inx; UTES sgn(o)sgn(r) l_[ Lg?;:nl))(zk)L(:(lzj"l)) ]:[ a "M i duy
= TESm =

m
mn f[[)_m)m >~ sgn(o)sgn(T) H L(T(Ll« m1)>(-l-k)L,_(k ml)) (z) T1 m;ime_lj dx;
o, TE€Sm =1

lg:l ;S sgn(o)sgn(7) fo soym T Inz; H ng;z"l))( )Lfr(k 1)(a:k)a:k e Tk dxy,

mn 5 san(@)smn(r) g eym [ L @I T em

o, TESm,

2, B, senlorsen(n) 115 (o tnan) LT (o) L 1 (ow)a ek do
=10,7ESm =

m
mn % sgn(@)sen(r) T1J5™ LG (i) LI (wr)ay ™ e hday,

g, TESm

m m
ZZ:1 EXS: knl S ()t [Lfﬁkf% (@2 e "k day
—10E8m k=

m
o 32 G e e ey
cESm k=1

(using the orthogonal property)

m

> e e L @0 den T [RILSGT (@)]Pe T e Tk day,
l=10€8m k=1,k#l

mn Y H f( E;E,::n&(:Ijk)]z:lj;:77rte_‘”k:d;1;k
ocESm k=

Z 2 f0°° gn—mtl lnx[LE:(Ll m)(w)] e Idm 1_[ fo ?kryll))(w)ﬁm"*me*zdz

i

m
mn Y. ] fOOC[Lf:E;ﬁ))(x)]zz"*me*mdm
6ESm k=1
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Em-nt & J5 e nal L @) e ﬁ SIS @) e e de

mn(m)! ]_[ 15 [L<77 m)(m)]Qz" me=dy

m
Z foo n— "‘Jrllna:[L(" m)(x)]z —T gy
m2n [°[ L(n m)(w)] - Mme—Tdy

pnqg

~

1 k=

—

m
Z f0°° ™ x[Ll(f;m)(w)]Qefzda;
m?2

[Lgﬁ;m)(z)]zz”*me*mdx

I
3

=1

,_.

m—

o0 pn—m+1 (n—m) 2 —x
(10) :LZ Is e Inz[L, (z)]%e dw.

mn —~ h L(" m)(x)]zx” me—dy

Let I,ga) =[xt lna:[L,(Ca) ()¢ "dx and Jy (o) = [;° z*T! [L,(Ca)(m)]Qe_zdx.
By properties of Laguerre polynomials, we have

Ck+a+1)T(k+a+1)

() Jela) = :
Now,
oo 00 (@)
%Jk(a) = /0 ot lnx[L,(Ca)(x)]Ze’””d:erQ/o x”*ngg)(x)isza(I)e’“dw
nemy _ | d > o AL (@)
(12) — Ili ) = {da,]k(a) — 2/0 :Ea+1L§€ )(I)]ZT(I)E ””dx} .
Using equation (11), we get
d _d (Rk+a+1)I(k+a+1)
aoH =53 ( k!
I'k+a+1) n 2k+a+1dl'k+a+1)
N k! k! da
Nk+a+1 2k+a+1
_ K kf‘ ) 4 kc,y T(k+a+ D)ok +a+1)
N'k+a+1
(13) DRt D gL ok at ekt at1).

k!

(@)
We use the property L,(Ca)(x) = L,(CO‘H)(Q:) - L,(Ca_tl)(x) and dL (w Z (x)

to compute

do
k—1
o0 L% (x
= / :ro‘“L,(:‘)(x) ]( )e_zd;v
0 =0 k—3j
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= — / 2L (2))2e P da
0
Dk+a+1)

(14) = (k—1)!

Using (13) and (14) in (12), we get

I = [RED [ (2K + o+ Dk + o+ 1)] + 2500 o

- {%(Hmﬁ(2k+a+1)¢(k+a+1))}

a=n—m

(15) :W[l—l—Qk—&-(%‘—l—n—m—i—1)w(k‘+n—m+1)].

Using equation (9) and (15) in equation (10), we get

m—1
1
I, = — 1+2k+2k+n—m+ DYk +n—m+1)]
mn =0
1 m—1 1 m—1 n—m+k
0 k=0 r=1
m+m(m —1) 1 1S & 2kt n—mt1
ZT—V%ICZ:O(%—Fn—m—&—l)—F%;) 2 -
m { mn mn mn—(n—m+1)
= ——+mn+—+--+ + +
n n—m n—m+1
+mnf(nfm+l)7(nfm+l+2)7---f((nfmfl)+2(mfl))) 1
n—m+m-—1 mn
n—1
_m 1 1 [n—=-m+1 (m—1)(n—m) + (m —1)2
T on ’Y+kzz:1k mn [n—m—}—l_'— + n—m+m-—1
n—l1 1
= — = -———1 -1
St e [ (m = 1)
k=1
=t 2 gt
k=1 k=n+1
(16) = y(mn + 1) % Lym-1
= ¢(mn - —
k 2n
k=n+1

Using equation (7), (16), (6) and (4), we get the expected value of Entropy of
Entanglement over the pure states is
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2.2. Proof of Theorem 1.1

For j € {1,2}, let (L;,h;) be a holomorphic hermitian line bundle on a
compact Kéahler manifold (M;,w;) of complex dimension d; > 1 such that the
curvature of the Chern connection on L; is —iw;, and di < da. For N € N, the
Hilbert spaces H; (of dimension m = m(N)) and Hs (of dimension n = n(N))
will be HO(My, LY) and H®(M,, LY). Let N — co. We have [3, Sec. 4.1.1]:

an) = m(N) = SN £y N1 4 O(N2),
(18) n= ’n,(N) = ﬂ2Nd2 +72Nd2_1 + O(Nd2_2)7
where

c1(L;)%
v = /Mj (cl(Lj) + %Cl(TMj)) %

for j € {1,2}.

We notice that m < n for large N. By Theorem 2.3, the average entan-
glement entropy (Ex) over all the pure states in H°(My, L) @ H°(My, LY)
equals

1) (> D"

k=n-+1

To figure out the asymptotics of (19), we apply the Euler-Maclaurin formula
to f(z) = 1, to conclude that

(5]

Y o) st Y G D+,
Pt n k=1 ’

where Bsj are the Bernoulli numbers, in particular By = %, and for the re-
mainder we have the estimate

Byl < 20 [T 10 @,

Therefore, (En) becomes
(5]

1 B _ -
(20) Inm + S % + ; (2;’;! (FP*D(mn) — fFP*=D(n)) + R,

In (20), let us set p = 2 in the part
[

WS

1

2mn

Bay,

2. )

k=1

(fE= (mn) — fEED (@) + R,
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and we can now conclude that this part is O(N~292), because

@) [ L1
ral < 55 [ 1@l = 5 (- ).

F(mn) = /() = ———s + —

m2n? ' n?

and by (17), (18).

It remains to consider the term Inm — £* in (20). By (17)
7l
pr N
If di = da, then by (17), (18), we get

Inm = In(B N4 (1 + — +0( )))Nlnﬂl+d11nN+ +0(

ﬁl N2)

m B+ R5+0(F)  p (1 (o 72)1) 0(1

- am(t 2L ok "2\ T T e v o)
Similarly, if d; = ds — 1, then

m  Bil+ 3y +O0(x)) Bl ol
LT ™ 1

2 2BN(1+ B4+

and if d; — dy < —2, then

N0
2n (N )
The statement of the theorem follows.

Acknowledgements. We are thankful to the referee for helpful suggestions.
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