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STABLE AUTOMORPHIC FORMS FOR
THE GENERAL LINEAR GROUP

JAE-HYUN YANG

ABSTRACT. In this paper, we introduce the notion of the stability of
automorphic forms for the general linear group and relate the stability of
automorphic forms to the moduli space of real tori and the Jacobian real
locus.

1. Introduction

We let
P, = {YER(”’")| Y = tY>O}

be the open convex cone of positive definite symmetric real matrices of degree
n in the Euclidean space R™"*t1/2 where F*!) denotes the set of all k x [
matrices with entries in a commutative ring F' for two positive integers k and
I and *M denotes the transpose of a matrix M. Then the general linear group
GL(n,R) acts on &2, transitively by

(11) gYZthga geGL(naR)v Yegzn

Therefore &7, is a symmetric space which is diffeomorphic to the quotient space
GL(n,R)/O(n,R), where O(n,R) denotes the real orthogonal group of degree
n. Atle Selberg [18] investigated differential operators on %2, invariant under
the action (1.1) of GL(n,R) (cf. [14,15]). Using these invariant differential
operators on &, automorpic forms for GL(n,R) were investigated thereafter
(cf. [2,8,11,13,25]). The Siegel ® operator plays an important role in the theory
of Siegel modular forms (cf. [4,6,7,15]). Douglas Grenier [11] constructed an
analogue of the Siegel ® operator called the Grenier operator for automorphic
forms for GL(n,R). The Grenier operator is applied to study the Maass-Selberg
relation for GL(n,R).

The goal of this article is to introduce the notion of stable automorphic forms
for the general linear group using the Grenier operator and relate the stability
of automorphic forms to the study of the moduli space of polarized real tori and
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the Jacobian real locus. This paper is organized as follows. In Section 2, we
briefly review the geometry of the symmetric space &, = GL(n,R)/O(n,R)
and spherical functions on &,. In Section 3, we review some results on real
polarized abelian varieties and then recall the notion of polarized real tori
introduced by the author [26]. In Section 4, we roughly outline the moduli
space of polarized real tori and the Jacobian real locus. In Section 5, we review
the Fourier expansion of an automorphic form for GL(n,R) and the Satake
compactification of GL(n,Z)\ <, obtained by Grenier [10-12]. In the final
section, we introduce the notion of stable automorphic forms for the general
linear group using the Grenier operator and relate the stability of automorphic
forms for GL(00) to the study of the moduli space of polarized real tori and the
Jacobian real locus. We also give an example of a stable automorphic form for
GL(c0). We prove that (E,(a,,Y)|n > 1) is a stable automorphic form for
I, where E,(a,,Y) denotes the Selberg Eisenstein series defined by Formula
(5.5). See Theorem 6.2 for the precise statement. This subject adds a new area
to the theory of automorphic forms for the general linear group.

Notations. We denote by Q, R and C the field of rational numbers, the field
of real numbers and the field of complex numbers, respectively. We denote by
Z and Z7 the ring of integers and the set of all positive integers respectively.
R* (resp. C*) denotes the group of nonzero real (resp. complex) numbers.
The symbol “:=” means that the expression on the right is the definition of
that on the left. For two positive integers k and I, F(*! denotes the set of
all k x I matrices with entries in a commutative ring F'. For a square matrix
A € FF) of degree k, Tr(A) denotes the trace of A. For any M € F(:U 1
denotes the transpose of M. For a positive integer n, I, denotes the identity
matrix of degree n. For A € F(®) and B € F*F) we set B[A] = ‘ABA
(Siegel’s notation). For a complex matrix A, A denotes the complex conjugate
of A. diag(ay,...,a,) denotes the n x n diagonal matrix with diagonal entries
ai,...,an. For a smooth manifold, we denote by C.(X) (resp. C°(X)) the
algebra of all continuous (resp. infinitely differentiable) functions on X with

compact support.
_(0 I
w4, 1)

denotes the symplectic matrix of degree 2g.
H, = {QeCY¥ Q=10 ImQ>0}
denotes the Siegel upper half plane of degree g.
Sp(g,R) = {M € R®2) ['A[J,M = J,}
denotes the symplectic group of degree g and
Iy = {y € 299 |'yJyy = Jg} C Sp(g, R)

denotes the Siegel modular group of degree g.
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2. Review on the geometry of GL(n,R)/O(n,R)

For Y = (y;;) € &», we put

dY = (dylj) and i = (

oy
For a fixed element A € GL(n,R), we put
Y,=A-Y=AY'A, Y € 2,.

1+ 52']' 0
2 6yij '

Then
0 0
¢ tg—1 ~1
(2.1) dY,=AdY'A and oy, A 3 A

We can see easily that
ds* = Tr((Y~'dY)?)

67

is a GL(n,R)-invariant Riemannian metric on &2, and its Laplacian is given

by

s=rr((v)),

where Tr(M) denotes the trace of a square matrix M. We also can see that

(2.2) dpin (V) = (det V)% [] dys

i<j
is a GL(n,R)-invariant volume element on 2,,.
Theorem 2.1. A geodesic a(t) joining I, andY € P, has the form
a(t) = exp(tA[V]), t €10,1],

where
Y = (exp A)[V] = exp(A[V]) = exp(*V AV)

is the spectral decomposition of Y, where V € O(n,R), A = diag(ay,...

with all a; € R. The distance of a(t) (0 <t < 1) between I,, and Y is

n
2
Z aj
j=1

Proof. The proof can be found in [25, pp. 16-17].

1

We consider the following differential operators

9 k
(2.3) Dk:TT((YaY) ), k=1,2,...,n.

By Formula (2.1), we get

a\" o\
(viy) =4 (vop) 4

7an)
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for any A € GL(n,R). So each D; (1 < i < n) is invariant under the action
(1.1) of GL(n,R).

Selberg [18] proved the following.

Theorem 2.2. The algebra D(2,,) of all GL(n,R)-invariant differential oper-
ators on £, is generated by Dy, Ds, ..., D,. Furthermore D1,Ds,..., D, are
algebraically independent and D(P,,) is isomorphic to the commutative ring
Clx1,z2, ..., x,) with n indeterminates x1,xa, ..., Ty.

Proof. The proof can be found in [15, pp. 64-66]. O

For s = (s1,...,s,) € C", Atle Selberg [18, pp. 57-58] introduced the power
function p, : &, — C defined by
(2.4) ps(Y) =[] (detY))™, Y €2,

=1

where Y; € &2; (1 < j <n) is the j x j upper left corner of Y. Let

t1y ti2 - tip
O t22 R tZTL )
(25) T, :=qt= 0o - . | EGL(,R)|t;; >0, 1<j<n

0 0 0 tun

be the subgroup of GL(n,R) consisting of upper triangular matrices. For r =

(r1,...,7m5) € C™, we define the group homomorphism 7, : T,, — C* by
(2.6) () =[]t t=(ty)€Tn
j=1

For z = (21,...,2,) € C", we define the function ¢, : T,, — C* by

2t
73 ’

(27) ¢z(t) = t= (tij) e’T,.

=

Il
=

j
We note that ¢,(t) = ps(I,[t]) for some s € C™.

Proposition 2.1. (1) For s = (s1,...,8,) € C", we put r; = 2(sj +--- +
Sn), j=1,...,n. Then we have

ps(Inlt]) = 7:(t), t€T,.

(2) ps(Y[t]) = ps(In[t]) ps(Y) for any Y € &, and t € T,,.
(3) For any D € D(2,,), we have Dps = Dps(I,,) ps, that is, ps is a common
eigenfunction of D(Z,,).

Proof. The proof can be found in [25, pp. 39-40]. O

Hans Maass [15] proved the following theorem.
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Theorem 2.3. (1) Let Dy,...,D, € D(Z,) be algebraically independent in-
variant differential operators given by Formula (2.3). Then

where \j(z) is a symmetric polynomial in z1,. .., 2z, of degree j and having the
following form:

(21, s 20) = 20 4+ -+ + 20 + terms of lower degree.

(2) The effect of D € D(P,) on power functions ps(Y) determines D
uniquely.

Proof. The proof can be found in [15, pp. 70-76] or [25, pp. 44-48]. O

A function h : &, — C is said to be spherical if h satisfies the following
properties (2.8)-(2.10):

(2.8) h(Y[k]) = h(*'kYk) = h(Y) forall Y € &, and k € O(n,R).
(2.9) h is a common eigenfunction of D(Z,).

(2.10) h(I,) = 1.
For the present, we put G = GL(n,R) and K = O(n,R). For s = (s1,...,s,)
€ C™, we define the function

(2.11) ha(Y) ;:/ (Y] dk, Y € 20,
K

where dk is a normalized measure on K so that [ ¢ dk = 1. Tt is easily seen that
hs(Y) is a spherical function on 22,,. Selberg [18, pp. 53-57] proved that these
hs(Y) are the only spherical functions on &,. If f € C.(£,), the Helgason-
Fourier transform of f is defined to be the function #f : C* x K — C:

(2.12) H [(s, k) 1=/ fY)ps(Y[E]) dpn(Y),  (s,k) € C" x K,

P
where ps is the Selberg power function (see Formula (2.4)) and du,(Y) is a
GL(n,R)-invariant volume element on &7, (see Formula (2.2)).

Proposition 2.2. (1) The spherical function h on £, corresponding to the
eigenvalues Ay, ..., \, € C with

is unique. Here D1,..., D, are invariant differential operators on 22, defined
by Formula (2.3).

(2) Let f € C(Z,) be a common eigenfunction of D(Z2,,), that is, Df =
Apf(Ap € C) for all D € D(Z,,). Define s € C™ by

Dps = )\me De D(L@n)
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If g € C*(K\G/K) is a K-bi-invariant function on G satisfying the condition
g(z) = g(z™1) for all z € G, then

fxg=23(5f,

where x denotes the convolution operator and

0= [ o) PV da (V).
Conversely, suppose that f € C>®(Z,) is a K-invariant eigenfunction of all
convolution operators with g € C°(P,). Then f is a common eigenfunction

of D(22,).

Proof. The proof can be found in [18, pp. 53-56] or [25, pp. 67-69]. O

The fundamental domain R, for GL(n,Z)\ %, which was found by H.
Minkowski [16] is defined as a subset of &, consisting of ¥ = (y;;) €
satisfying the following conditions (M.1)—(M.2) (cf. [15, p. 123]):

(M.1) aY ta > ygi for every a = (a;) € Z"™ in which ay, ..., a, are relatively
prime for k =1,2,...,n.
(M.2) ygpt1 >0fork=1,...,n—1.

We say that a point of R, is Minkowski reduced or simply M-reduced. R,
has the following properties (R1)-(R4):

(R1) For any Y € &, there exist a matrix A € GL(n,Z) and R € R,, such
that Y = R[A] (cf. [15, p. 139]). That is,

GL(n,Z) o R, = £,.

(R2) M, is a convex cone through the origin bounded by a finite number of
hyperplanes. R, is closed in &7, (cf. [15, p. 139]).

(R3) 'Y and Y[A] lie in R, for A € GL(g,Z) with A # +1I,,, then Y lies on
the boundary 99R,, of R,,. Moreover R,, N (R,[4]) # 0 for only finitely
many A € GL(n,Z) (cf. [15, p. 139]).

(R4) 'Y = (yi;) is an element of R, then

1
y11 <yo2 <o <ypp and |y < Vi for 1 <i<j<n.
We refer to [15, pp. 123-124].

P, parameterizes principally polarized real tori of dimension n (see Section
3). The arithmetic quotient GL(n,Z)\ 4, is the moduli space of isomorphism
classes of principally polarized real tori of dimension n. According to (R2) we
see that R,, is a semi-algebraic set with real analytic structure.
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3. Polarized real tori

In this section, we recall the concept of polarized real tori (cf. [26]).
We review basic notions and some results on real principally polarized abelian
varieties (cf. [9,20,22-24]).

Definition 3.1. A pair (2, 5) is said to be a real abelian variety if 2 is a
complex abelian variety and .S is an anti-holomorphic involution of 2 leaving
the origin of 2 fixed. The set of all fixed points of S is called the real point of
(2, .S) and denoted by (A, S)(R) or simply A(R). We call S a real structure on
2A.

Definition 3.2. (1) A polarization on a complex abelian variety 2 is defined
to be the Chern class ¢1(D) € H?(2,Z) of an ample divisor D on 2. We can
identify H2(2,Z) with A\ HY(,Z). We write A = V/L, where V is a finite
dimensional complex vector space and L is a lattice in V. So a polarization
on 2 can be defined as an alternating form E on L & H; (%, Z) satisfying the
following conditions (E1) and (E2):

(E1) The Hermitian form H : V x V — C defined by

(3.1) H(u,v) = E(iu,v) + i E(u,v), u,v €V

is positive definite. Here E can be extended R-linearly to an alternating form
onV.
(E2) E(L x L) C Z, i.e., E is integral valued on L x L.
(2) Let (A, S) be a real abelian variety with a polarization E of dimension
g. A polarization F is said to be real or S-real if

(3.2) E(S.(a),8:(b)) = —E(a,b),  a,be Hi(,7).

Here S, : H1(A,Z) — H1(,Z) is the map induced by a real structure S. If
a polarization E is real, the triple (2, E,S) is called a real polarized abelian
variety. A polarization E on 2 is said to be principal if for a suitable basis
(that is, a symplectic basis) of Hy (21, 7Z) = L, it is represented by the symplectic
matrix Jy (cf. see Notations in the introduction). A real abelian variety (2, .S)
with a principal polarization F is called a real principally polarized abelian
variety.

(3) Let (2, F) be a principally polarized abelian variety of dimension g and
let {a; |1 <7 < 2g¢} be a symplectic basis of Hy(2(,Z). It is known that there
is a basis {w1,...,w,} of the vector space H°(2, Q') of holomorphic 1-forms

on 2 such that
(/ wi> = (Q,1,) for some Q2 € H,.

The g x 2¢ matrix (2, I,) or simply Q is called a period matriz for (U, E).

The definition of a real polarized abelian variety is motivated by the following
theorem.
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Theorem 3.1. Let (A,S) be a real abelian variety and let E be a polarization
on A. Then there exists an ample S-invariant (or S-real) divisor with Chern
class E if and only if E satisfies the condition (3.2).

Proof. The proof can be found in [23, Theorem 3.4, pp. 81-84]. O

Now we consider a principally polarized abelian variety of dimension g with a
level structure. Let N be a positive integer. Let (2 = C9/L, E) be a principally
polarized abelian variety of dimension g. From now on we write 2l = CY9/L,
where L is a lattice in C9. A level N structure on 2 is a choice of a basis
{Ui, V;} (1 <i,j < g) for an N-torsion points of 2 which is symplectic, in the
sense that there exists a symplectic basis {u;,v;} of L such that

Uq

U, = i (mod L) and V; =

Y
N

For a given level N structure, such a choice of a symplectic basis {u;,v;} of L
determines a mapping

(mod L), 1<4,j<g.

F:RI@RI — CY

such that F(Z9 @ Z9) = L by F(e;) = u; and F(f;) = vj, where {e;, f;} (1 <
i,j < g) is the standard basis of RY @ R9. The choice {u;,v;} (or equivalently,
the mapping F') will be referred to as a lift of the level N structure. Such a
mapping F is well defined modulo the principal congruence subgroup I'y(IV),
that is, if F” is another lift of the level structure, then F’ o F~1 € T'(N). A
level N structure {U;, V;} is said to be compatible with a real structure S on
(2, E) if, for some (and hence for any) lift {u;,v;} of the level structure,

S (%) = —% (mod L) and S (%) = UNJ (mod L), 1<4,57<g.

Definition 3.3. A real principally polarized abelian variety of dimension g
with a level N structure is a quadruple A = (2, E, S, {U;,V;}) with A = C9/L,
where (2, E, S) is a real principally polarized abelian variety and {U;, V;} is a
level N structure compatible with a real structure S. An isomorphism

A= (leEa Sa{UuVJ}) = (Ql/aE/ws/ﬂ{U‘/ V/}) =A

1))

is a complex linear mapping ¢ : C9 — C9 such that

(3.3) o(L) =L,
(3.4) ¢«(E) = E,
(3.5) $.(S) = §', that is, poSo¢p ! =9

/

, : L
(3.6) & <UN) = UN (modL') and ¢ (UNJ) = 2 (modL), 1<ij<g

for some lift {u;,v;} and {uj,v;} of the level structures.
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Now we show that a given positive integer /N and a given Q € H, determine
naturally a principally polarized abelian variety (2, Eq) of dimension g with
a level N structure. Let Ejy be the standard alternating form on RY & RY with
the symplectic matrix J,; with respect to the standard basis of RY @ RY. Let
Fo : RI @ RY — C9 be the real linear mapping with matrix (2, I,), that is,

(3.7) Fq <;§) =Qx+y, z,y € RY.

We define Eq = (Fq).«(EFo) and Lq := Fo(Z9®Z7). Then (Aq = C9/Lq, Eq)
is a principally polarized abelian variety. The Hermitian form Hg on CY9 cor-
responding to Fq is given by

(3.8) Ho(u,v) = 'u(ImQ)~'5, Eq=ImHgq, u,veCY.

If z1,...,24 are the standard coordinates on CY, then the holomorphic 1-forms
dz1,...,dzg have the period matrix (2, 1;). If {e;, f;} is the standard basis
of RY @ RY, then {Fn(e;/N), Fo(f;j/N)} (mod Lg) is a level N structure on
(A, Eq), which we refer to as the standard N structure. Assume that ©; and
Q, are two elements of H, such that

1;0 : (9191 = (Cg/LQUEQl) — (2[92 = CQ/LQW EQQ)

is an isomorphism of the corresponding principally polarized abelian varieties,
ie, ¥(La,) = La, and . (Eq,) = Eq,. We set

h=(rtevorn) = (4 p)-

Then we see that h € I'y. And we have

(3.9) O =h-Qy= (AQy + B)(CQy + D) !

and

(3.10) Y(Z) = "CQ + D)Z, Z e .
Let

(-1, 0
(1)
We define the involution 7 : Sp(g, R) — Sp(g,R) by
7(x) := Lal,, x¢€ Sp(g,R).

Precisely 7 is given by

A B A -B A B
T (c D) = (c D)’ (0 D) € Sp(9,R).
We note that 7 : Sp(g,R) — Sp(g,R) passes to an involution (which we

denote by the same letter) 7 : H, — H, such that
T(x- Q) =7(x)r(Q) for all z € Sp(g,R), Q@ € H,.



74 J.-H. YANG

In fact, we can see easily that the involution 7 : H, — H, is the anti-
holomorphic involution given by

Q) =-0, QeH,.
Its fixed point set is the orbit
i?, = GL(g,R) - (il,) C C99.
We refer to [26, pp. 274275, 278].

Let 2 € H, such that v-Q = 7(Q) = —Q for some v = (é g

> eI’ We
define the mapping S, o : C9 — CY by
(3.11) S,a(Z2):="CQ2+D)Z, Z e .

Then we can show that S, o is a real structure on (q, Fq) which is compatible
with the polarization Eq (that is, Eq(Sy,a(u),Sy,0(v)) = —Eq(u,v) for all
u,v € CY9). Indeed according to Comessatti’s Theorem (see Theorem 3.1),
S,.a(Z)= Z,ie., S,q is a complex conjugation. Therefore we have

Eq(Sy.0(u), Sy.0(v)) = Eo(u,v) = —Eq(u,v)
for all u,v € C9. From now on we write simply oo = 9, a.

Theorem 3.2. Let (A, E,S) be a real principally polarized abelian variety of
dimension g. Then there exists Q = X + 1Y € Hy such that 2X € 799 and
there exists an isomorphism of real principally polarized abelian varieties

(Q[a Ev S) = (Q[Qa Eﬂv UQ)?

where oq is a real structure on Aq induced by a complex conjugation o : CI9 —»

C9.

The above theorem is essentially due to Comessatti [5]. We refer to [22, 23]
for the proof of Theorem 3.2.
Theorem 3.2 leads us to define the subset S of H, by

(3.12) Hy = {0 eH, |2ReQ 20D},

We note that 7 is a countable union of analytic subsets (see [24] or [26,
p. 280]). Precisely

%z{Q:x—Fiy:tQM,y e R99), y>0, 22;€7Z, y; €R, 1 <1 <5< g},
where » = (7;;) =tz € R¥99) and y = (y;;) =ty € R¥99) with y > 0, or

Hy = U (x+iP),
22€S4(Z)

where
Sg(Z) == {:E € RW9) | z is integeral, = = tx}
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and
Py = {y e R(9:9) |z ="'2 >0, positive deﬁnite} .
g may be considered as a countable union of semialgebraic subsets.
Assume Q = X + iY € . Then according to Theorem 3.2, (%, Eq, 0q)
is a real principally polarized abelian variety of dimension g. The matrix M,

for the action of a complex conjugation o on the lattice Lo = QZ9 4+ Z9 with
respect to the basis given by the columns of (9, ;) is given by

— _Ig 0
019 w3 )

Since
¢ (-1, 2X I, 0\ _
My JgM, = ( 0 1, Jg oX 1,) Jg,

the canonical polarization J, is o-real.

Theorem 3.3. Let Q and Q. be two elements in 7. Then §2 and ), represent
(real) isomorphic triples (A, E, o) and (s, Ex, 0.) if and only if there exists an
element A € GL(g,Z) such that

(3.14) 2Re, = 2A(ReQ) A (mod 2)
and
(3.15) ImQ, = A(ImQ) *A.

Proof. Suppose (U, E,o) and (2, E., o) are real isomorphic. Then we can

B
C D) € I'y such that

find an element v =
Q. = (AQ+ B)(CQ+ D)™

The map

Q: (Cg/LQ* = QLQ* — Ao = (Cg/LQ
induced by the map

p:CI — (9, Z— YCQ+D)Z

is a real isomorphism. Since ¢ o0, = oo @, i.e., ¥ commutes with complex
conjugation on CY, we have C' = 0. Therefore

Q. =(AQ+B)'A= (AX'A+ B'A) + i AY 'A,

where 2 = X 4 Y. Hence we obtain the desired results (3.14) and (3.15).

Conversely, we assume that there exists A € GL(g,Z) satisfying the condi-
tions (3.14) and (3.15). Then

O, =~-Q= (AQ+B)'A
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A B . (9:9) o t t
0 ta-1) € I'y with B € Z'99) with B*A = A'B. The map
P Ao — Aq, induced by the map

p:CI—CY Z+— AT'Z

is a complex isomorphism commuting complex conjugation o. Therefore 1 is

for some v = <

a real isomorphism of (2, F, o) onto (U, Ey,0x). O
According to Theorem 3.3, we are led to define the subgroup I'; of I'y by

(3.16) I = { (‘3 tfl) €l, |Bez¥w9, A'B= BtA}.

It is easily seen that I'; acts on ¢ properly discontinuously by

(3.17) v-Q= AQ'A + B'A,

where 7 = 81 tABl) € I'; and 2 € J7;.

Now we define the notion of polarized real tori.

Definition 3.4. A real torus 7' = R™/A with a lattice A in R™ is said to
be polarized if the associated complex torus 2 = C"/L is a polarized real
abelian variety, where L = Z™ + i A is a lattice in C". Moreover if 2 is a
principally polarized real abelian variety, T is said to be principally polarized.
Let @ : T'— 2 be the smooth embedding of T into 2 defined by

(3.18) P(v+A):=idiv+ L, veR”

Let £ be a polarization of 2, that is, an ample line bundle over 2{. The pullback
®*£ is called a polarization of T. We say that a pair (T, ®*£) is a polarized
real torus.

Example 3.1. Let Y € &, be an n x n positive definite symmetric real
matrix. Then Ay = YZ" is a lattice in R®. Then the n-dimensional torus
Ty = R™/Ay is a principally polarized real torus. Indeed,

Ay :Cn/Ly, Ly =7Z" + iAy
is a princially polarized real abelian variety. Its corresponding hermitian form
Hy is given by

HY(xvy) = EY(vay) +7’EY(‘ray) = tIY?lyv SC,yGCn7

where Ey denotes the imaginary part of Hy. It is easily checked that Hy is
positive definite and Ey (Ly x Ly ) C Z (cf. [17, pp. 29-30]). The real structure

oy on 2y is a complex conjugation. In addition, if detY = 1, the real torus
Ty is said to be special.

Example 3.2. Let Q = (g _\\//gg) be a 2 x 2 symmetric real matrix of

signature (1,1). Then Ag = QZ? is a lattice in R?. Then the real torus Tg =
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R?/Ag is not polarized because the associated complex torus 2l = C?/Lg, is
not an abelian variety, where Lo = Z2 + i Ag is a lattice in C2.

Definition 3.5. Two polarized tori T} = R"/A; and T, = R"™/A, are said
to be isomorphic if the associated polarized real abelian varieties 2; = C"/L,4
and 20y = C"™/Ls are isomorphic, where L; = Z"™ + iA; (i = 1,2), more
precisely, if there exists a linear isomorphism ¢ : C* — C™ such that

(3.19) ¢(L1) = Lo,
(3.20) «(E1) = Ea,
(3:21) pe(01) =pooiop™ = o,

where F; and E, are polarizations of 20; and %Ay, respectively, and o1 and
o2 denotes the real structures (in fact complex conjugations) on 20 and 2s,
respectively.

Example 3.3. Let Y7 and Y5 be two n X n positive definite symmetric real
matrices. Then A; := Y; Z"™ is a lattice in R™ (i = 1,2). We let

Ti = Rn/AZ, Z:1,2
be real tori of dimension n. Then according to Example 3.1, T3 and 15 are

principally polarized real tori. We see that T} is isomorphic to T5 as polarized
real tori if and only if there is an element A € GL(n,Z) such that Yo = AY; 'A.

4. The moduli space of polarized real tori

For a given fixed positive integer n, we let
H,={QeC™ Q=1 ImQ>0}
be the Siegel upper half plane of degree n and let
Sp(n,R) = {M e R | ‘AL ], M = J,}

be the symplectic group of degree n, where

0 I,
= (55,

Then Sp(n,R) acts on H,, transitively by
(4.1) M-Q=(AQ+ B)(CQ+ D)™

A B

where M = <C’ D

> € Sp(n,R) and 2 € H,,. Let

I .= Sp(n,Z) = {(g g) € Sp(n,R) | A, B,C,D integral}

be the Siegel modular group of degree n. This group acts on H, properly
discontinuously.

Let A, := FEL\Hn be the Siegel modular variety of degree n, that is, the
moduli space of n-dimensional principally polarized abelian varieties, and let
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M,, be the the moduli space of projective curves of genus n. Then according
to Torelli’s theorem, the Jacobi mapping

(4.2) Tp: Mp — Ap
defined by
C +—— J(C) := the Jacobian of C

is injective. The Jacobian locus J, := T,(M,) is a (3n — 3)-dimensional
subvariety of A,, if n > 2. We denote by Hyp,, the hyperelliptic locus in A,,.
IfY € £, according to Example 3.1, Ty = R™ /Ay is a principally polarized
real torus of dimension n and 2y = C"/Ly is a principally polarized abelian
variety of dimension n. Here Ay = YZ" is a lattice in R™ and Ly = Z™ + iAy
is a lattice in C™. We denote by [2dy] the isomorphism class of 2y .
The arithmetic quotient

2, :=T,\GL(n,R)/O(n,R), T, :=GL(n,Z)/{+I,}

is the moduli space of principally polarized real tori of dimension n.
We define

Jn,g ={Y € &, | Uy is the Jacobian of a curve of genus n, i.e., Ay € J,}
and
Jn.m :={Y € &, | Uy is the Jacobian of a hyperelliptic curve of genus n}.

We see that I',, acts on both J,, s and J,, g properly discontinously. So we may
define
EDn,J = Fn\:jn,J and gjn,H = Fn\:jn,H-
Dn,s and Y, g are called the Jacobian real locus and the hyperelliptic real
locus, respectively.
The following natural problem may be regarded as the real version of the
Schottky problem.

Problem. Characterize the Jacobian real locus 9y, ;.
For any positive integer n € Z%, let
G,=GL(n,R), K,=0(n,R) and T,,=GL(n,Z)/{xl,}.
For any m,n € Z™ with m < n, we define

gm,n : Gm — Gn

by

A 0
(1.3 e = (i 10 ) A€Gw
We let

G :=1lim G, Ky =limK, and Iy :=Ilml,
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be the inductive limits of the directed systems (G.,&m.n), (Kn,&m.n) and
(T, &mon), respectively.

For any two positive integers m,n € Z* with m < n, we embed £, into
P, as follows:

Vn : Pon — P, YH@ IO>7 Yed
We let
,@msz@n

be the inductive limit of the directed system (%, ¥m n). We can show that
Poo = Goo/ Koo

Let 27 be the Satake compactification of 2),, (cf. Theorem 3 in [12, pp. 62—
65] or Theorem 5.2 in this article). We denote by ij;J (resp. QJ;O;H) the Satake

compactification of ), s (resp. YD, ir). We can show that 9 ; (resp. D 5) is
the closure of 9),, 7 (resp. Yy, i) inside 5. We have the following sequences

VI — V3 — V5 —

s s s
D — Dy, — D5, —> -

and
‘We put
@go = @@Sv fo,J = h_I)nQ.)'rSLJ and Q)E@H = Mggfl
5. Automorphic forms for GL(n,R)
Let

B, = {Y e R |Y = 1y > 0, det(Y) = 1}

be a symmetric space associated to SL(n,R). Indeed, SL(n,R) acts on R,
transitively by

(5.1) g-Y =gY'lg, g€ SL(n,R), Y €PB,.

Thus 3, is a smooth manifold diffeomorphic to the symmetric space SL(n,R)/
SO(n,R) through the bijective map

SL(n,R)/SO(n,R) — Py, gSO(n,R) — g'g, g€ SL(n,R).

For Y € 13,,, we have a partial Iwasawa decomposition
(5.2)

v — vl 0 1 iz B vt vl
“Lo Vb 0 I,1/)| \wlz o lzgtz4+ oV />
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where v > 0, z € R®=LD and W € 9B,,_;. From now on, for brevity, we
write Y = [v,x, W] instead of the decomposition (5.2). In these coordinates
Y = [v,z, W],

n

—— v 2dv? + 207 D W de] + ds?y

ds? =
%y n—1

is an SL(n,R)-invariant metric on *B,,, where dz = *(dx1,...,dr,_1) and dsi,
is an SL(n — 1,R)-invariant metric on B,,_;. The Laplace operator A, of
(B, ds?) is given by

n-1,0* 10 0

O 10 ey [ 9] A
Yoz T now v W {8:}3] T An

inductively, where if z = *(21,...,2,_1) € RO*=11),

o0 _fo
or  \0x, " 0rp_:

and A,,_; is the Laplace operator of (P,,—1,ds%,).
— - (n+2)/2

A, =

dpiy, dvdz dpn,—1

is an SL(n, R)-invariant volume element on B,,, where dz = dzy - - - dx,,—; and
djtn—1 is an SL(n — 1, R)-invariant volume element on B, 1.

Following earlier work of Minkowski, Siegel [21] showed that the volume of
the fundamental domain SL(n,Z)\B,, is given as follows:

oy SR
(5.3) Vol(SL(n, Z)\'B,,) = / dppy, =n2" | =25,
SL(n.Z)\ B, ,};[2 Vol(S+=1)
where i
L2V
1 k—1y _
Vol(S"77) T(6/2)
denotes the volume of the (k — 1)-dimensional sphere S¥~1 T'(z) denotes the

usual Gamma function and ((k) = >°°_, m~* denotes the Riemann zeta func-

tion. The proof of (5.3) can be found in [8, pp. 27-37] and [21].
If we repeat this partial decomposition process for W, we get the Iwasawa
decomposition

(5.4)
1 z90 - 11y
—13: 2 2 2 0 1 Ton
Y =y diag (1,41, (11y2)%, .., (y1y2 -+ Yn—1)?) 0 0 . : ,
0 0 0 1

where y > 0, y; e R(1 < j<n-—1)and z;; € R1 <i < j <n) Here
y = yf(nfl) ~-y2_, and diag(ay,...,a,) denotes the n x n diagonal matrix
with diagonal entries aq, ..., a,. In this case we denote Y = (y1,...,Yn—1, %12,

N 7xn—1,n)~



STABLE AUTOMORPHIC FORMS FOR THE GENERAL LINEAR GROUP 81

Define I',, = GL(n,Z)/{%I,}. We observe that T, = SL(n,Z)/{£I,} if n
is even, and T',, = SL(n,Z) if n is odd. An automorphic form for T, is defined
to be a real analytic function f:93,, — C satisfying the following conditions
(AF1)-(AF3):

(AF1) f is an eigenfunction for all GL(n,R)-invariant differential operators

on B,

(AF2) f(hY'vy) = f(Y) for all v € SL(n,R) and Y € *B,,.

(AF3) There exist a constant C' > 0 and s € C"~! with s = (s1,...,8,_1) such
that |f(Y)| < C'|p—s(Y)] as the upper left determinants detY; — oo,
j=1,2,...,n, where

pa(v) = [ (et ;)

is the Selberg’s power function (cf. [18,25]).

We denote by A(T',,) the space of all automorphic forms for T',,. A cusp form
f € A(T,,) is an automorphic form for T, satisfying the following conditions:

/ f(YKIf X)Ddxzo, 1<j<n-1.
Xe(R/Z)n—4) 0 Inj

We denote by Ag(T',,) the space of all cusp forms for T',,.

For s = (s1,...,8,_1) € C""1, we now consider the following Eisenstein
series
(5.5) En(s,Y):i= > p(Y[]), YeP,,
~€T, /Ty

where T'y is a subgroup of I',, consisting of all upper triangular matrices.
E,(s,Y) is a special type of the more general Eisenstein series introduced
by Atle Selberg [19]. It is known that the series converges for Re(s;) >
1, 5 =1,2,...,n— 1, and has analytic continuation for each of the variables
S1y..+ySn—1 (cf. [19,25]). It is seen that E,(s,Y) is a common eigenfunction
of all invariant differential operators in ID(Z2,,). Its corresponding eigenvalue
of the Laplace operator A,, is given by

n—1

A= (51+§1)(31—1+§1—ni1>
n—2
+

n—1

1 1
-1 = ceed Zg -9
(82 + &) (Sz + &2 n_2> + + 28n 1(8n—1 ),

where &,_1 = 0 and

n—1

1 .
(5.6) fj:ﬁ Z(n—k‘)sk, j=1,2,...,n—2.
J S
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Let f € A(T',) be an automorphic form. Since f(Y) is invariant under the
action of the subgroup { <(1) Ina1> ’ a € Z(L"_l)} of I';,, we have the Fourier
expansion
(5.7) f)y= > an(u,w)ermiN,

NeZ(n—1.1)
where Y = [v, 2, W] € B,, and

an(v,W) = /01 /01~~/01 f(v,z, W])efzmltINd:c.

For s € C"~! and A, B € B,,, we define the K-Bessel function

(5.8) K,(s|A,B) = / ps(Y) eTT(AY"'BYil)dun,
where dp, is the GL(n,R)-invariant volume element on &2, (see (2.2)).

Let f € A(T',,) be an automorphic form for T',,. Thus we have n differential
equations D; f = \;f (1 < j <n). Here D1, ..., D, are GL(n,R)-invariant dif-
ferential operators defined by (2.3). We can find s = (s;) € C"~! satisfying the
various relations determined by the A; (1 < j < n). D. Grenier [11, Theorem
1, pp. 469-471] proved that f has the following Fourier expansion

fY) = f(lv,z,W])
(5.9) = ag(v,W) + Z Z (v, W)o(n=1/2
0#£mezZr—1 ~vel 1 /P

% Kn—1(=§ | vl/(nfl) t’)/W"}/, ’/T2’Umtm) e27rita:'ym’
where § = (51 - %, 82, .., sn_l) and P denotes the parabolic subgroup of I';,_

consisting of the form (ZEl Z) with d € I'y,_o.
D. Grenier [10,12] found a fundamental domain §, for I',, in 3,,. The

fundamental domain §,, is precisely the set of all Y = [v, z, W] € 9B, satisfying

the following conditions (F1)-(F3):

th

(F1) (a+ tzc)? + 0™/~ DW(c] > 1 for all (Z J

)GanithaGZ, b,ce

Z(=L and d € Z(n—1n=1),

(FQ) Wegn_1-

(F3) 0 <z < %, |z;| < 2for2<j<mn-—2 Herexz= “(z1,...,2,-1) €
R(n—l,l).

For a positive real number ¢ > 0, we define the Siegel set ;1,2 by

1
Sy = {Yemn|yi2t1/2(1ﬁién—1), |Iij|S2(1§i<j§n)}-
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Here we used the coordinates on B, given in Formula (5.4).
Grenier [12] proved the following theorems:

Theorem 5.1. Let
S’Bl = U Snlv] C B,
YE€Dn
where Dy, is the subgroup of I'y, consisting of diagonal matrices diag(+1,...,£1).
Then
A2 C 3"51 C Sus3,1/2-

Proof. See Theorem 1 in [12, pp. 58-59]. O
Theorem 5.2. Let
S =8 UFn1 U UF2 U

and
V,: = VnUVn_lLJ"'UVl U‘/O7 Vn = Fn\‘pn.
Then §;, is a compact Hausdorff space whose topology is induced by the clo-

sure of §n in Py, and V.7 is a compact Hausdorff space called the Satake
compactification of V,,.

Proof. See Theorem 3 in [12, pp. 62-65]. O

6. Stable automorphic forms for the general linear group

In this section, we introduce the concept of the stability of automorphic
forms for the general linear group using the Grenier operator, and relate the
stability of automorphic forms to the moduli space of principally polarized real
tori and the Jacobian real locus.

Definition 6.1. Let f € A(T,,) be an automorphic form for I';, with eigenval-
ues determined by s = (s1,...,8,-1) € C(=1) We set
n—1
1

& = — nZ::Q(n —k)sg (cf. Formula (5.6)).

We define formally, for any f € A(T,,),
(6.1) £, f(W):= lim vTITEAY), >0, WEeP,, Y EP,,

where Y, v, W are determined by the unique partial Iwasawa decomposition of
Y given by

1 0 v! 0 1ty
Y‘(x In_l)<o vnllVV) (0 In_1> (see (5.2).

D. Grenier [11] defined the formula (6.1) and proved the following result.

Theorem 6.1. If f € A(T,), then £,f € A(T,—1). Thus £, is a linear
mapping of A(Ty,) into A(Ty—1). Moreover if f € Ag(T',) is a cusp form, then
£,.f =0. In general, ker £,, # Ao(T').
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Proof. The detailed proof can be found in [11, Theorem 2, pp. 472-473]. For
the convenience of the reader, we sketch Grenier’s proof. We consider the
Fourier expansion (5.9) of f. Using the properties of the K-Bessel functions
(cf. Formula (5.8)) and the Selberg power functions, Grenier showed that as
v — 00,

FO0) = £, 2, W) ~ ao(0, W),
Therefore it suffices to show that

Lnf(W) = ILm UﬁSliElaO(%W)

satisfies the properties (AF1), (AF2) and (AF3).

(1) Since ag(v, W) contains no x = *(z1,...,2,_1) terms, each D; reduces
to Dj =Dj,+ Djw (1 <j<n), where D;, operates on v alone and D; w is
the corresponding GL(n — 1, R)-invariant differential operator on %3,,_;. Thus
£, f(W) is a joint eigenfunction of D(P,—1).

(2) It is easily seen that an(v, W[y]) = a,n(v, W) for all v € T'),_1 (see
Formula (5.7)). Taking N = 0, we get ag(v, W[y]) = ag(v, W) for all y € T, 5.
Thus £,f(W[y]) = £,f(W) for all v € '), _;.

(3) There exist a constant C' > 0 and s € C"~! with s = (sy,...,c,—1) such
that | f(Y)| < Clp—s(Y)| as detY; — oo (1 < j < n). Since

ao(v,W)2/01/01---/01f([v,:c,W])dx

we get
1 1 1
oWl < [ [ [ wplas
1 1 1

SC/ / / |p,s([v7m,W])|d$

o[ [ / [0 o (W) d

= C "8 |p_y (W),
where s’ = (s2,...,5,_1). Hence |£nf(W)\ < Clp_s(W)]. O

Remark 6.1. The reason that ker £, # Ay(T';,) in general is that £, is only
one of several such operators associated with the various maximal parabolic
subgroups.

For any m,n € Z* with m < n, we define
Enm Ly — Ty,
by

(7 O
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We let
I =l T,
be the inductive limit of the directed system (I'y, &m,n)-

Definition 6.2. A collection (fy,),>1 is said to be a stable automorphic form
for T if it satisfies the following conditions (6.2) and (6.3):

(6.2) fn€AT,), n>1

and

(6.3) Cnt1fos1=fo, n>1
Let

Ao = A(T's) = lm A(T,)

be the inverse limit of the directed system (A(T,,), £,,), that is, the space of all
stable automorphic forms for I'.

We propose the following problems.
Problem 6.1. Discuss the injectivity, the surjectivity and the bijectivity of
L.
Problem 6.2. Give examples of stable automorphic forms for I'..

Problem 6.3. Investigate the structure of A.

Remark 6.2. In the classical case of Siegel modular forms, Freitag [6] showed
that the ring structure of stable Siegel modular forms corresponding similarly to
A is the polynomial ring in the theta series associated to irreducible, positive
definite, unimodular even quadratic forms.

We give an example of stable automorphic forms for I',.

Theorem 6.2. Let {a,} be the sequence such that if a, = ($1,82,...,8n-1) €
C"=L, then a1 =52, 83, -,80-1) EC""2 for anyn € Z*. Then (E,(a,,Y))
is a stable automorphic form for T'. Here E,(ay,,Y) is the Selberg Eisenstein
series defined by Formula (5.5).

Proof. We prove the above theorem using the Grenier’s result [11, p. 472]. Let

vl 0 1tz
Y = [U7£L',W] = ( 0 1}1/("_1)W> |:<0 In—1>:| ’

t

Let s = (s1,...,8,-1) € C"~L. For any v = (CCL b) el,, withaeZ, bce

D
Z(=11) and D € Z("~1"=1 | we have

_t (> 4
Yl = vY7—<tq R>,
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where
a=v"Ya+ tex)? + 0/ DWW,
g=v""(a+ tex)('b+ txD) + oY/ "V teWwD,
R=v"Y(b+ 'Dz)(*b+ 'zD) + v/~ DW[D].
We observe that

Y[ = (f)“ R—o?ltqf) [(é ?n_—lf)]

Let o, = (81,...,80_1) €C"71. Set & = ﬁ Z;é(n—k)sk By Proposition
2.1, we see that

2

Poa,(Y[]) = a5 p - ((va) "1 Y2,
where o, _1 = (s2,...,8,_1) € C"2 and
Y, = W((a+"'xc)D — c('b + *zD)].
It is easily seen that
P, (Y[]) = 01781 (va) ~srtsstoatotmBonny (V).
We note that
va = (a+ tze)? + 0™ DWW,
Thus we have

E,(a,,Y)
> pea, (YR

Y€ /T

— 1T Z (,Ua)731+83+284+--~+(n73)sn,1p_an_l (Y*)
~y€l, /Ty

_ Us1+€1 Z {(a+ tC.’E)2 +vn/(n—1)W[C]}
'Yel—\n/r*

X pa,_,(Wl(a+"tzc)D — c('b+ ‘zD))),

where T'y is a subgroup of I';, consisting of all upper triangular matrices. As
v —> 00, if s is chosen to make the exponent negative, all the terms with ¢ # 0
a b
0 D

—s1+s83+2844+(n—3)sn_1

approach to zero. If ¢ = 0, then v = ( ) €I, and so a = £1. Thus as

v — 00, we have
Ep(an,Y) ~ v51t8 Z Dov s (WH]) =09 E, (ap_1, W),
Y€, —1 /T

where T’y is a subgroup of I',,_; consisting of all upper triangular matrices.
Therefore

LB (an,Y) = lim v~ FIE, (0, Y) = By (-1, W).

v—00
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Hence (Fy,(an,,Y)) is a stable automorphic form for T'o. O

Let
G, =SL(n,R), K,=S50(n,R) and T, =GL(n,Z)/{£l,}.
We observe that T',, = SL(n,Z)/{%I,} if n is even, and T;, = SL(n,Z) if n is
odd.
Let
(6.4) X =T\ By = 0 \Gn/ Ko

be the moduli space of special principally polarized real tori of dimension n.
For any m,n € ZT, we define

gm,n : Gm — Gn

by
A 0
We let

Go = lian, Ky = li_ngKn and Ty := ligfn

be the inductive limits of the directed systems (G.,&m.n), (Kn,&m,n) and
(T, &m.n), respectively.

We recall the Jacobian locus J,, (resp. the hyperelliptic locus Hyp,,) in the
Siegel modular variety A, (see Section 4). We define
I, 5 ={Y € P, |2y is the Jacobian of a curve of genus n, i.e., [Ay] € J,}
and

Inm={Y € P, | Ay is the Jacobian of a hyperelliptic curve of genus n} .

See Example 3.1 for the definition of 2y. We see that I',, acts on both _#,, ;
and _#, y properly discontinuously. So we may define

xn,J = Fn\fn,] and xn,H = Fn\fn,H

X,,7 and X, g are defined over the real numbers. X, ; and X, gy are called
the Jacobian real locus and the hyperelliptic real locus, respectively.

Problem 6.4. Characterize the Jacobian real locus X,, ;. This problem may
be the real version of the Schottky problem.

Let XJ be the Satake compactification of X,,. We denote by %E’J (resp.
%EH) the Satake compactification of X, ; (resp. X, ). We can show that
Z{EJ (resp. %;‘SH) is the closure of X, ; (resp. X, x) inside X7. We have the
following sequences

S s S
X, — X, — X5, —
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and
As far as the author knows, nobody proved or disproved so far that the Sa-

take compactifications Z{JS (j > 1) are projective and also normal. We propose
the following problems.

Problem 6.5. Are f{f (j =1,2,3,...) projective and normal?

Problem 6.6. Discuss the injectivity and the surjectivity of the maps f{f —

X7, =1,2,3,...).

Remark 6.3. For the classical Satake compactification A5 := I',,\H,, (n > 1),
Baily [1] proved that each A% (n > 1) is a projective and normal subvariety.
For the more detailed discussion of this subject, we refer to Freitag’s book
[7, pp. 111-124].

We put

X5 =l Xy, X5 5 =limXy ; and X3 g =l X7 g

For any two positive integers m,n € Z* with m < n, we embed ‘B,, into 3,
as follows:

Vmm : PBm — Pn, V= (g IO ) Y e X
We let
moo - h%nlmn
be the inductive limit of the directed system (B, m,n). We can show that
PBoo = Goo/Koo-
Now we have the Grenier operator
L, A(T,) — AT —1)
defined by the formula (6.1).
Definition 6.3. An automorphic form f € A(T',) is said to be a Grenier-
Schottky automorphic form for the Jacobian real locus (resp. the hyperellip-
tic real locus) if it vanishes along X, ; (resp. X, m). A collection (fy)n>1 is
called a stable Grenier-Schottky automorphic form for the Jacobian real locus

(resp. the hyperelliptic real locus) if it satisfies the following conditions (SGS1)
and (SGS2):

(SGS1) fy, is a Grenier-Schottky automorphic form for the Jacobian real locus
(resp. the hyperelliptic real locus) for each n > 1.
(SGS2) £, fn = fn1 for all n > 1.
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The following natural question arises:

Question 6.1. Are there stable Grenier-Schottky automorphic forms for the
Jacobian real locus (resp. the hyperelliptic real locus)?

Remark 6.4. In the classical case for the Jacobian locus, Codogni and Shepherd-
Barron [4] showed that there do not exist stable Schottky-Siegel modular forms.
In the classical case for the hyperelliptic locus, Codogni [3] showed that there
exist nontrivial stable Schottky-Siegel modular forms.
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