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4-TOTAL MEAN CORDIAL LABELING OF ARROW GRAPHS
AND SHELL GRAPHS

R. PONRAJ*, S. SUBBULAKSHMI

ABSTRACT. In this paper we investigate the 4-total mean cordial labeling
behavior of arrow graphs, shell-Butterfly graph and graphs obtained by
joining two copies of shell graphs by a path.
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1. Introduction

All graphs in this paper are finite, simple and undirected graphs only. The cordial
labeling was introduced by Cahit [9]. Subsequently cordial related labeling was
studied in [1, 2, 4, 5, 6, 7, 8, 10, 11, 12, 16, 17, 29, 30]. The notion of k-total
mean cordial labeling has been introduced in [20]. The 4-total mean cordial
labeling behavior of several graphs like cycle, complete graph, star, bistar, comb
and crown have been studied in [20, 21, 22, 23, 24, 25, 26, 27, 28]. In this paper
we investigate the 4- total mean cordial labeling behavior of arrow graphs, shell-
butterfly graph and graphs obtained by joining two copies of shell graphs by
a path. Let x be any real number. Then [z] stands for the smallest integer
greater than or equal to . Terms are not defined here follow from Harary[14]
and Gallian[13].

2. preliminaries

Definition 2.1. The graph P,, X P, is called the grid.

Let V(P XP,) ={u;; : 1 <i<m;lj <n}and

E (PmXPn) = {Ul,ju1’j+17u2’ju2’j+1, oty Umy jUm, 41 ¢ 1 S ] S n— 1}
U {0, 1%ig1,15 Ui 2UWig 1,2, 5 Ui pUipin 2 1 <0 <m — 1}

Definition 2.2. [3] An arrow graph A,, , with width n and length m ia obtained
by joining a vertex v to the vertices uq 1, u2,1, -+, Up,1 of PpXP,.
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Definition 2.3. [3] A double arrow graph DA,, ,, with width n and length m ia
obtained by joining a vertices u to the vertices uy,1, u2,1, -+, Un,1 and a vertex
v to the vertices w1 m, U2,m, ** s Un,m Of PnXPy.

Definition 2.4. [15] A shell graph S, is defined as a cycle C,, with n—3 chords
sharing a common end point called the apex. Clearly the shell S,, is the fan
graph F,,_1.

Definition 2.5. [15] A double shell graph DS,, is defined to be a collection of
edge disjoint shells that have their apex is common.

Definition 2.6. [15] A shell-butterfly graph SB,is defined as a double shell
with exactly two pendent edges at the apex.

3. Main results
Theorem 3.1. The graph A, » is 4-total mean cordial for all n > 2.

Proof. Let V (Ap2) = {u,u;,v;: 1 <i<n}and E (A, 2) = {uu,uvn } U
{uiui+lavivi+1 01 S ) S n — 1} @] {’U,i'l)l' 01 S ) § n}
Clearly, |V (An2)| +|E (Ap2)| = 5n + 1.

Assign the label 0 to the vertex w.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Consider the vertices uy, us, ..., usr. Assign the label 0
to the r vertices uj, uo, ..., u,. Next assign the label 1 to the r vertices w41,
Upy2, -« -, Ugr. We now assign the label 2 to the r vertices uoyr41, Ugpt2, ..., Usy.
Now we assign the label 3 to the r vertices us,y1, usry2, - -, Udr.

Consider the vertices vy, v, ..., vg,. Assign the label 0 to the r vertices vy, va,
..., Up. Then we assign the label 1 to the r vertices v,41, Vr42, ..., V2. Now we
assign the label 2 to the r vertices vo, 41, v2r42, ..., v3,. Finally we assign the
label 3 to the r vertices vs,+1, Vsrt2, - - ., Vgp-

Case 2. n =1 (mod 4).
Let n =4r + 1, r € N. Assign the label to the vertices u;, v; (1 <i <4r) asin
Case 1. Finally we assign the labels 0, 2 to the vertices ug,41, Vari1-

Case 3. n =2 (mod 4).
Let n = 4r 4+ 2, r € N. Label the vertices u;, v; (1 <i <4r 4 1) as in Case 2.
Next we assign the labels 1, 3 to the vertices u4,12, Var42.

Case 4. n =3 (mod 4).

Let n = 4r 4+ 3, r € N. In this case, we assign the label for the vertices u;, v;
(1 <4 <4r)asin Case 1. We now assign the labels 1, 1, 0, 3, 3, 0 to the vertices
Ugr41, Udr+2, Udr+3, UVir+1, V4r42, U4r43-



4-total mean cordial labeling of arrow graphs and shell graphs 365

This vertex labeling f is a 4-total mean cordial labeling of A,, 5 follows from
the Tabel 1

Order of n | tymys (0) | tig (1) | timyg (2) | tims (3)
n=4r 5r +1 5r 5r or
n=4r+1|5r+2 | 5r+1 | 5r+2 | 5r+1
n=4r+2 | 5+2 | 5r+3 | br+3 | 5r+3
n=4r+3 | 5r+4 | 5r+4 | 5r+4 | br+4

TABLE 1

Case 5. n=2,3.
A 4-total mean cordial labeling of A,, 5 is given in Tabel 2

Valveof n | w | uy | us | us | v1 | vo | v3
2 0210 312
3 Ol1]0|0]2]3]3
TABLE 2

Theorem 3.2. The graph A, 3 is a 4-total mean cordial for all n > 2.

Proof. Let V (Ay,3) = {u, us, v, w; 1 1 <i<n}and E(A,3) = {uur, uvr, vw; }
U {uv, viw; = 1 <@ <n} U {uittisr, 00401, wiwipq : 1 <i<n—1} .
Obviously |V (An3))| + |E (An3)| = 8n + 1.

Assign the label 0 to the vertex u. Now we assign the label 2 to the vertex

u1. Next we assign the label 0 to the n — 1 vertices uo, us, ..., u,. We now
assign the label 3 to the n vertices vy, va, ..., v,. Next we assign the label 0 to
the vertex wy. Finally we assign the label 1 to the n— 1 vertices ws, ws, ..., wy,.

Clearly ¢, r(0) =t s (1) =t s(3) = 2n; £y (2) = 2n + 1.
O

Theorem 3.3. The graph A, 4 is 4-total mean cordial for all n > 2.

Proof. Let V (Apa) = {u, ui, v, 25,y 0 1 <i<n}and E(A,4) =
{witip1, vivip1, Tixig 1, Yiyiyr © 1 <d <n— 1} U {uug, woy, uxy, uy }
U {uivi, vz, 2y 0 1 <i < n}.

Note that |V (Ap4)] + |E (Ap4)| = 11n+ 1.

Assign the label 0 to the vertex u.
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Case 1. n =0 (mod 4).

Let n = 4r, r > 2. Assign the label 0 to the 4r vertices uy, ug, ..., ug-. Consider
the vertices v1, va, ..., v4. Then we assign the label 2 to the 3r vertices vy, vs,
..., V3. We now assign the label 0 to the r vertices vs,41, Usr42, ..., Ugp.

Next we assign the label 3 to the 4r — 2 vertices x1, %2, ..., T4r—2. Now we
assign the label 2 to the 2 vertices z4,_1, T4, We now assign the label 1 to the
4r — 2 vertices y1, Y2, - - ., Yar—o. Finally we assign the label 3 to the 2 vertices
Yar—1, Yar-

Case 2. n=1 (mod 4).

Let n =4r + 1, r € N. Now we assign the label 0 to the 4r + 1 vertices uy, us,

..., Ugr+1. Next we assign the label 0 to the r vertices v1, v, ..., v,. Then we

assign the label 2 to the 3r + 1 vertices vy41, Upyo, ..., Ugrt1. Now we assign

the label 2 to the vertex 1. We now assign the label 3 to the 4r vertices xs, x3,
.y Tary1. Next we assign the label 3 to the vertex y;. Finally we assign the

label 1 to the 4r vertices ya, ys, ..., Ydar+1-

Case 3. n =2 (mod 4).

Let n = 4r + 2, r € N. Label the vertices u;, v;, z;, y; (1 <i<4r+1) as in
Case 2. Next we assign the labels 0, 2, 3, 1 to the vertices ug,12, Vart2, Tari2,
Yar42-

Case 4. n =3 (mod 4).
Let n = 4r 4+ 3, r > 0. Assign the label 0 to the 4r + 3 vertices w1, uo, ...,

Uugr4+3. Next we assign the label 0 to the r vertices vy, v, ..., v,. We now
assign the label 2 to the 3r + 3 vertices v,41, Upy2, ..., Vart3. Now we assign
the label 3 to the 4r + 3 vertices x1, x2, ..., T4r4+3. Next we assign the label 0 to

the vertex y;. Finally we assign the label 1 to the 4r+2 vertices ya, ys, - . ., Yar+3-

This shows that vertex labeling f is a 4-total mean cordial labeling of A, 4
follows from the Tabel 3

Size of n tmf (0) tmf (1) tmf (2) tmf (3)
n=d4r 11r 11r 11r 11r
n=4r+1|11r+3 | 11lr+3 | 11r+3 | 11r+3
n=4r+2 | 1lr+5|11lr+6 | 11r+6 | 11r +6
n=4r+3|11lr+9 | 11r+8 | 11r+9 | 11r + 8

TABLE 3

Case 5. n=2,3.
A 4-total mean cordial labeling of A,, 4 is given in Tabel 4
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S
IS

Up | U2 | U3 | Uq | V1 | V2 | V3 | Vg | X1 | T2 | T3 | T4 | Y1 | Y2 | Y3 | Y4

[\
o
o
an)
—_
[\

313 113

410{0(0j0j0(2|2}2|0(3|3 3|3 |1]1|1]3

TABLE 4

Theorem 3.4. The graph DA,, 5 is 4-total mean cordial for all n > 2.

Proof. Let V(DA 2) = {u,v,u;,v;: 1 <i<n}and E(DA,2) =
{uw; : 1 <i <n} U {uuirr, v 0 1 <i<n—1} U {uuy, uvr, vy, vo, .
Clearly, |V (DA, 2)| + |E (DA, 2)| = 5n + 4.

Assign the label 0, 1 to the vertices u, v.

Case 1. n =0 (mod 4).
Let n = 4r, r > 2. Consider the vertices ui, us, ..., u4,. Assign the label 0 to
the r vertices u1, ug, ..., u,. Next assign the label 1 to the r vertices u, 1, t,42,
.., Ugr. We now assign the label 2 to the r — 1 vertices uo,41, Uor42, - .., Usr—1-
Now we assign the label 3 to the r 41 vertices us,, ugr41, - . ., uar. Consider the
vertices v, va, ..., V4. Assign the label 0 to the r vertices vy, v, ..., v,.. Then
we assign the label 1 to the r vertices v,41, vyy2, ..., v2,. Now we assign the
label 2 to the r 4 1 vertices va41, V2r42, .., U3r4+1. Finally we assign the label
3 to the r — 1 vertices vs, 42, U3r43, ..y V4r.

Case 2. n=1 (mod 4).

Let n = 4r + 1, » € N. Assign the label 0 to the r vertices uy, usg, ..., up.
Next assign the label 1 to the r vertices u,4+1, Urt2, ..., u2,. We now assign
the label 2 to the r vertices woriy1, U2r42, ..., ug,. Now we assign the label
3 to the r vertices us,y1, Usrt2, - .., Ugr. Next we assign the label 0 to the
vertex ugr+1. We now assign the label 0 to the r vertices vy, va, ..., v,. Then
we assign the label 1 to the r vertices v,41, vpy2, ..., v2,. Now we assign the
label 2 to the r vertices va,11, vary2, - .., V3. Next we assign the label 3 to the
r vertices v3;41, Vsr42, - . ., V4. Finally we assign the label 3 to the vertex vy,41.

Case 3. n =2 (mod 4).
Let n = 4r 4+ 2, r € N. Label the vertices u;, v; (1 <i <4r+1) as in Case 2.
Now we assign the labels 0, 2 to the vertices wg,12, V4ri2.

Case 4. n =3 (mod 4).
Let n = 4r + 3, r € N. As in case 2, we assign the label to the vertices u;, v;
(1 <4 <4r). Finally we assign the labels 1, 0, 0, 3, 3, 2 to the vertices w441,
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Udr+2, Udr43, Var4+1, Vir42, V4r43.

This vertex labeling f is a 4-total mean cordial labeling of D A,, 5 follows from
the Tabel 5

7 Tt ) [ fg (U [ g @) [y B)
n=d4r 50+1 | br+1 | br4+1 | 5br+1
n=4r+1|5r+2 | 5r+2 | 5r+3 | br+2
n=4r+2 | 5r+4 | 5r+3 | br+4 | 5r+3
n=4r+3 | 5r+4 | 5r+5 | br+5 | br+5

TABLE 5

Case 5. n=2,3.
A 4-total mean cordial labeling of DA,, 5 is given in Tabel 6

Value of n

UV | UL |U2 | U3 | Ug | V1 | V2 | V3 | Vg
2 0j1]0 |1 3|3
3 01121010 31213
4 o(1jo0(1{3|2|0|1|2]3
TABLE 6

Theorem 3.5. The graph DA, 3 is a 4-total mean cordial for all n > 2.

Proof. Let V (DA, 3) = {u,v,u;,v;,w; : 1 <i<n}and Let E (DA, 3) =
{withir1, 005401, w1 < i <n—1} U {uv;,viw; : 1 <i<n}U
{uuy, wvr, uws, Vg, VUL, vwy, }. Note that |V (DA, 3)| + |E (DAy3)| = 8n+ 5.

Assign the labels 0, 2 to the vertices u, v respectively. Next we assign the

label 0 to the n vertices uy, us, ..., u,. We now assign the label 2 to the vertex
v1. Now we assign the label 3 to the n — 1 vertices vg, v, ..., v,. Then we
assign the label 1 to the n — 1 vertices wy, wa, ..., w,_1. Finally we assign the

label 3 to the vertex w.,.
Obviously tmf(O) = tmf(l) = tmf(2) =2n+1; tmf(3) =2n+ 2.

Theorem 3.6. The graph DA, 4 is 4-total mean cordial for all n > 2.

Proof. Let V (DA, 4) = {u,v,u;,v;, 2,y 1 1 <i<n}and E(DAp4) =
{uitig1, Vivig1, TiTig1, YiYit1 - L <0 <n—1} U {wvs, vz, zy; 0 1 <i <n}
U {’U/Uq, UV, UT1, UY1, VUn, VUn, Vn, Uyn}
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Clearly [V (DAy4)| + |E (DApn.4)| = 11n + 6.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the labels 0 and 3 to the vertices u and v respectively.
Now we assign the label 0 to the 4r vertices ui, us, ..., ugr. Next we assign
the label 0 to the r vertices vy, vo, ..., v,.. We now assign the label 2 to the 3r
vertices vy11, Ury2, ..., V4. Next we assign the label 3 to the 4r vertices z1, x2,
..., T4r. Finally we assign the label 1 to the 4r vertices y1, yo, ..., Yar-

Case 2. n =1 (mod 4).

Let n =4r + 1, r € N. Now we assign the labels 0 and 3 to the vertices u and
v respectively. Next we assign the label 0 to the 4r vertices ui, ua, ..., U4,
We now assign the label 1 to the vertex ug,41. Now we assign the label 0 to
the r» + 1 vertices vy, va, ..., v,41. Next we assign the label 2 to the 3r ver-
tices vy49, Ur43, - .., Varq1. Then we assign the label 3 to the 4r + 1 vertices zy,
Za, ..., T4r+1. Finally we assign the label 1 to the 4741 vertices y1, Y2, - - -, Yar+1-

Case 3. n =2 (mod 4).

Let n =4r 42, r € N. We now assign the labels 0 and 1 to the vertices v and v
respectively. Now we assign the label 0 to the 47 + 2 vertices uy, ug, ..., Ugrio.
Next we assign the label 2 to the 3r + 1 vertices vy, v, ..., V3,41. We now
assign the label 0 to the r + 1 vertices v3,42, U3r43, - .., Var+2. Then we assign
the label 3 to the 4r vertices x1, x2, ..., x4,. Now we assign the labels 3 and 2
to the vertices z4,+1 and x4,12. We now assign the label 1 to the 4r vertices vy,
Yo, - .., Y4r. Finally we assign the labels 2 and 3 to the vertices y4,+1 and y4,42.

Case 4. n =3 (mod 4).

Let n = 4r + 3, r > 0. Assign the labels 0 and 3 to the vertices u ans v respec-
tively. Then we assign the label 0 to the 4r + 3 vertices uy, usg, ..., ugrt+3. Now
we assign the label 0 to the r 4+ 1 vertices vy, vg, ..., v.41. We now assign the
label 2 to the 3r + 2 vertices vy42, Upy3, ..., Vart3. Next we assign the label 3 to
the 41 + 3 vertices x1, 22, ..., Z4r43. Finally we assign the label 1 to the 4r + 3
vertices Y1y Y25 « ooy Yar43-

Thus shows that this vertex labeling f is a 4-total mean cordial labeling of
DA, 4 follows from the Tabel 7

Case 5. n = 2.
A 4-total mean cordial labeling of DA,, 4 is given in Tabel 8
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Size of n ting (0) |ty (1) | tmys (2) tmg (3)
n=4r 11r4+1 |1lr+1 | 11r+2 | 11r4+2
n=4r+1| 1lr+4 |11lr+4| 11r+5 | 11r+4
n=4r4+2| 1lr+7 | 11lr+7| 1lr+7 | 1lr+7
n=4r+3|11r+10 | 117 +9 | 11+ 10 | 11r 4+ 10

TABLE 7

n|iu|lv|iu |u | v |V2 | X1 |T2| Y1 | Y2
212130303 |0]1]0]2

TABLE 8

Theorem 3.7. All shell-Butterfly graphs SB,, with shell order n (n > 3) is
4-total mean cordial.

Proof. Let SB,, be a shell Butterfly graph. Let V (V) = {u,v,w,2;,y; : 1 <i<n}
and E (V) = {uzg,uy; : 1 <i<n}U{xiziz1,yiyir1: 1 <i<n—1} U{uv,uw}.
Obviously |V (V)| + |E (V)| = 6n + 3.

Assign the labels 1, 1, 2 to the vertices u, v, w respectively.

Case 1. n =0 (mod 4).

Let n = 4r, r € N. Assign the label 0 to the 3r 4+ 1 vertices x1, zo, ..., T3;41.
Next we assign the label 1 to the r — 1 vertices z3,42, 3742, - .., T4r. NOW We
assign the label 3 to the 3r vertices y1, ya, ..., y3.- We now assign the label 2
to the r vertices ys,y+1, Ysr+2, - - -y Yar-

Case 2. n=1 (mod 4).

Let n =4r + 1, r € N. Now we assign the label 0 to the 3r 4 2 vertices x1, xo,
.+, T3r4+2. Then we assign the label 1 to the » — 1 vertices 3,43, 3,44, - .

Z4r41. We now assign the label 3 to the 3r + 1 vertices y1, yo, ..., Y3r+1. Next

we assign the label 2 to the r vertices ysr+2, Ysr+3, « -, Ydrt1-

Case 3. n =2 (mod 4).

Let n = 4r 4+ 2, r € N. We now assign the label 0 to the 3r + 2 vertices x1, x2,
.+, T3r4+2. Then we assign the label 1 to the » — 1 vertices 3,43, 3,44, - .

ZT4r41. Next we assign the label 2 to the vertex u4,42. Now we assign the label

3 to the 3r + 2 vertices y1, y2, - . -, Ysr+2. we now assign the label 0 to the vertex

Ysr+3. Finally we assign the label 2 to the » — 1 vertices ys,y+4, Ysr+5, - - -5 Ydri2.

Case 4. n =3 (mod 4).
Let n = 4r + 3, € N. Assign the label 0 to the 3r 4 3 vertices x1, x2, ..., T3r43.
Next we assign the label 1 to the r — 1 vertices zsy 44, T3r+5, -+ ., Tart2. We
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now assign the label 2 to the vertex x4,+3. Now we assign the label 3 to the
3r + 3 vertices y1, Y2, - .., Ysr+3. LThen we assign the label 0 to the vertex ys,44.

Finally we assign the label 2 to the r — 1 vertices ys,+5, Ysr+6, -

-y Y4r43-

This shows that f is a 4-total mean cordial labeling follows from the Table 9.

Example 3.8. A 4 - total mean cordial labeling of SBg is given in figure 1.

FIGURE 1. SBg

Order of n | £y p(0) | tinp(1) | tmp(2) | tmyp(3)
n=4r 6r+1|6r+1|6r+1 6r
n=4r4+1|6r+3|6r+2|6r+2|6r+2
n=4r+2 | 6r+4 | 6r+4 | 6r+4 | 6r+3
n=4r+3|6r+6 | 6r+5|6r+5|6r+5
TABLE 9

O

Theorem 3.9. The graph obtained by joining two copies of shell graph by a
path of arbitrary length is 4-total mean cordial for all n > 3.

Proof. Let G be a graph obtained by joining two copies of shell graph by a
path of length. Let V (G) = {u,v,u;,x;,y;:1 <i<nyu=uj;v=u,} and
E(G) = {uxs,vy; : 1 <i<n} U{ziTit1, YilYit1, Wittigr : 1 <i<n—1}.

Obviously |V (G)| + |E (G)] = 8n — 3.

Assign the label 3 to the n vertices uy, us, ..

Y1, Y25 - Yn-

., Un. We now assign the label 0
to the n vertices z1, xs, ..., x,. Finally we assign the label 1 to the n vertices

O
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4. conclusion

Mean cordial labeling was defined in [19]. The total mean cordial labeling
graphs was introdced in [18]. Motivated on these two concepts, we have in-

troduced k- total mean cordial labeling of graphs. In this paper we investigate
the 4-total mean cordial labeling behaviour of arrow graphs, shell butterfly and
two copies of shell joining by a path. Presently, it is difficult to investigate the
4-total mean cordial labeling behaviour of olive tree,parachutes and Subdivided
the rim of whell graphs. The 4-total mean cordial labeling behaviour of slanting
ladder, mongolial tents, friendship graph, flower snark graph are open problem
for future research work.
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