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CONVOLUTION SUM OF DIVISOR FUNCTIONS GIVEN THE
CONDITIONS OF COPRIME'
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ABSTRACT. The study of convolution sums for divisor functions is an area
that has been extensively researched by many mathematicians including
Ramanujan. The aim of this paper is to find the formula for convolution
sum of divisor functions with coprime conditions.
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1. Introduction

Throughout this paper, N will be denoted by the set of natural numbers,
Ny := NU {0} and p be a positive prime integer. For d,l € N, s € Ny and
n € N — {1}, we define some necessary divisor functions and their convolution
sums for later use:

o) =>d° o(l):=01(1) =) _d, ((1):=1", ((1):=Coll) =1,

d|l d|l

Z mo(m)o(n —m).
m=1
ged(m,n—m)=1

n—1
K(n):= Z mo(m)o(n—m), U(n):=

-1

Glaisher ([3], [9, Theorem 12.7]) proved

n

I
-

o(m)o(n —m) = = (503(n) ~ (60— o(n)) (1)

3
I
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and
n—1 n
> ko(k)o(n — k) = 53 (503(n) — (61— 1o (n)) . (2)
k=1

Later Ramanujan [7] obtained (1) again, and appears also in [2, p. 300]. Recently,
in [4], S. Kong, Y. Li and D. Kim were considered convolution sums of the form

=

m=
ged(m,n—m)=1

In this paper, we prove the following theorem, which is slightly different form
of the convolution sums considered in [3, 4, 7].

Theorem 1.1. Let « € N— {1}. Then
24U(P*) e _ [ Blp—1)(oa(p") —pPos(ph)), ifa=2n+1,
( 1) - n 1)

p*i(p? - 1) 5(p—1)*(p+ Daa(p" 1), if o= 2n.
Corollary 1.2. If o € N— {1} then
- 24U (p)
— 2a—1 —
24U (p*) =0 (mod p**~") and oy (=1)* (mod 5).

2. Preliminaries

It is well known that arithmetical functions are rings for addition and Dirichlet
convolution sums [5, 6, 8]. Let h; and hg be arithmetical functions. The Dirichlet
convolution sum hy * hy of h; and ho is defined by

(h # ha)(m) = > hu(d)hy (%) (3)
djm

for all m € N. Here, d are positive divisors of m. Define the function § by
6(1) =1 and 6(m) =0 for m > 1. Then hy *0 = 0 * hy = hy. An arithmetical
function hi! is called an inverse of hy if hy * h7' = hy' % hy = 6. by is a unit if
and only if hy(1) # 0. It is well known that

n = (4)

and

1 1 _1/m
iy tm) = =3y Sl (@hi* () (5)

d|m
d>1

for all m > 1.

Let p be a prime and 1 < k < p™ — 1 with k,n € N. Let ged(k,p™ — k) = d.
Then there exist a,b € N such that k = ad, p® — k = db and p" = d(a + b).
Hence we obtain

ged(k,p" —k)=1lorpor ... or p" L. (6)
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If1<i<n-—1and

p'lk then p'|(p" — k). (7)
So, if ged(k, p"™ — k) = p* then gcd(ﬁ, p;?’“) =1,pt¢t pﬁ and p{ pT;k and
n i vy [ F k pr—k

ko(k)o(p" — k) = (p a(p') ) <pia (zﬂ) o ( pr )) . (8)
By (7) and (8), we deduce that

ph—1 n—1 p—1

Do koo k)= > ko(k)o(p" ~ k). (9)

k=1 i=0 k=1

ged(k,p™ —k)=p’

By (8) and (9), we have

K@p") =) ka(k)o(p" —k) =Y p'o(p)?Up"™") = [(C10%) *U)(p"). (10)
k=1 =0
Here, K(1) := U(1) := 0. By (2) and (10), we have
06" = (@o2) ™ 5 K) 0 = ((@0t) s (Gp00 - 160+ 3160 ) ) 07,

(11)

3. Convolution sums of divisor functions

Using (11), to obtain the result of Theorem 1.1, it is necessary to find the
inverse divisor function. In order to find the inverse divisor functions, we in-
troduce some properties of multiplicative functions that are mainly used in this
article.

Proposition 3.1. [5, Chapter 1]

(1) If f and g are multiplicative functions then f x g is also a multiplicative
function.

(2) If f is a multiplicative function then f~! is also a multiplicative function.
(8) If f and g are multiplicative functions then fg is a multiplicative function.
(4) A multiplicative function f is completely multiplicative if and only if
flg*h)= fgx* fh for all arithmetical functions g and h.

Remark. It is easily checked that
Cs(mn) = (mn)® = m®n® = (;(m)¢s(n)

with s € Ngy. So, (, is a completely multiplicative function. On the other hand,
we note that

autm) = = Y () = (Gx Om) (12)
d|lm

dlm
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Thus,
o5 is a multiplicative function (13)
by Proposition 3.1(1).
The Mobius function, which is well known to us and plays an important role

in the inverse arithmetical function, is introduced below. Mobius function p(n)
([1, Definition 6.2]), n € N, is defined by

1, if n=1,
u(n) =< 0, if n is not square-free, (14)
(=1)F, ifn=pipa---pr,
where p; are distinct prime integers.
It is easily check that

(Tr=poand =G (15)
So, we get

Lemma 3.2. Let py,...,p, be distinct primes. Then

1, ifn=1,
G'n)=< (=)"-n, ifn=pi--p,
0, otherwise.

Theorem 3.3. Let o € Ny. Then

1, if a =0,

-1/ o\ __ 7p715 ifOéil,

= P e (16
0, ifa>3.

Proof. By (13) and Proposition 3.1, ¢! is a multiplicative function. Thus,
the proof can be easily completed by examining only the case of o~!(p™) with

m € No. By (4) and (5), 071(1) = ﬁ =1,
1

-1 _ -1 (P\ _ -1 _
7)== gy oo (5) = oo (1) ==+ 1)

and

By (5), we obtain
o (p°) = = (o(p)o ™ (p?) + o (p*)o (p) + o (p*)o (1)) = 0.
Using the mathematical induction, we want to show that
ol (p™) =0
with m > 2. Assume that ‘
o' (p') =0 (17)
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with 3 <i <m — 1. By (5) and (17),

_ 1 _4,D
1, m\ _ 1
O =y 2 o )
pdd
=— (@™ o' P*) + o™ o (p) + (P (1))
=0
with m > 3. Therefore, Theorem 3.3 is obtained. O

Corollary 3.4. Let p1,po,...,p: be distinct primes. If n is an integer then

1, ifn=1,
(—=D'o(n), if n=p1--pe,
o t(n) =1 Vn, if n=pi--pi,
(D ([T p)TLE (i 1)), if n=p3 - p2prsa - pr,
0, otherwise.

Theorem 3.5. Let o,k € Ng. Then

1, . if a =0,

- a 4 (p+1)v ifa:]-a
(Cro) 1(P )= p2htl ifoa=2,
0, if a > 3.

Proof. By Proposition 3.1, it is easily checked that
§=Cloxot) = (o) * (Ceo ).
So,
(Co) (™) = Ge(™)o ™ (p*).
The proof of Theorem 3.5 is completed by Theorem 3.3. O

Corollary 3.6. Let py,po,...,p; be distinct primes and k € No. Then (o)1 (n) =

11 Zf’fL = ]_,
(_1>tnka<n)7 an = szl Di,
; 1
nk\/ﬁ’ ' 21 an = Hi:l p37 ‘
(=1)*(ITi=y pi‘c(pi + 1))(Hj:s+1 p; * ), ifn=([l,— pi)(Hj:s-H P?)v
0, otherwise.
Theorem 3.7. Let o« € Ng. Then
17 Zf o = O,
2\—1/, o\ __ 7(p+1)2, Zf az]—v

2- (=D Hp+1)? if a=3.
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Proof. Since o is a multiplicative function, (¢2)~! is also a multiplicative func-
tion by Proposition 3.1. It is easily checked that (¢2)71(1) = 1,

==Y @@ (5) =+ 1) and

d|p
d>1

2
@76 = - @) (5 ) =2+ 3+ 2
d|p?

3
(@) 7' P") = = 2 o)) <Z> =2 (-’ + 1%
) =2 V1,

d>1

We use the same method as in Theorem 3.3, i.e., mathematical induction. As-
sume that for 3 <i<a—1,

%

(@70 = = oo (5 ) =2 (-1 s 11

d>1

Then we obtain

(M) (02 ) ia%pi)w?)-l(pa-i)

=-p (02(;0“1)(02)71(1) o (p*7)(0*) " (p) + (P ) (0 T (p?))

= (p*)(e*) 71 (1) = * (") (@) 7 (p)

— () (@) ) — () (@*) T P?) —p(a®) TP

=—p(e®) ') =2 (=) + 1%
This completes the proof of Theorem 3.7. (]
Corollary 3.8. Let p1,...,p; be distinct primes and ap(s +1 < k < t) €
N — {1,2}. Then (¢?)~*(1) =1 and

Qg1

(@) (p1 prpiyy - PEDAE pE)
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T s t

= (=027 [[wi + 0> TT @0F+3p3 +2p5) - J] (D (px + 1)
i=1 j=r+1 k=s+1
Theorem 3.9. Let a, k € Ng. Then
1, if a =0,
k 2 :

2\—1/, a\ __ _p(p+1)7 Zf&zl,
(Ckg ) (p ) - p2k,+1(2p2 + 3p + 2)7 ZfOé — 2’
(—1)e2pEre=l(p £ 1)2, ifa > 3.

Proof. Tt is trivial by Proposition 3.1 and Theorem 3.7. O

Corollary 3.10. Let k,r,s,t € No, aq,..., 00, € N={1,2}, p1, .., DryDrg1s- -,
Dsy Ds+1s - - -, Dt be distinct primes andn = pi™* - perpyiq - - -psp§+1 ---p?. Then

(Go®) (1) =1 and
(Cko®) " () = (1) trrerteTr 2’"0(p1p2 —ops)?
H (k+1)ai—1 H pj H p2k+1 2p52+3pl+2)~

j=r+1 l=s+1

Using these results, we will prove Theorem 1.1.
Proof of Theorem 1.1

Proof. Let f(p') := (C10) " (¢") and g(p*) == (5C103 — 6(f0 + C10)(p') with
i € No. By (11), it is easily checked that

24U (p*) = (g * f)(p™) = Zg(pi)f(p"‘i)~

Here, a € N. Assume that

[e3

24U (p*) = Zg(pi)f(p“’i) (19)

= PP - (D) + 5 — 1) (1)),

IvE

=1

Suppose that (19) holds up to @ — 1. Now we obtain

24U (p Zg D=9 1)+ ) f(p) (20)

+90* ) %) +9(p*?) +Zg P>

=g(@*)f(1) + 9" )f(p)+g(pa 2)f(p )+ 92 f(P°)
+ 0% (g ML) + 92 f(p) + 92 f(p%)) — p*24U (p* ")
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and
5(p—1)(p* ~ l)p““*” = g(pa)f(l) +9* N f(p) + 92 f(p?)
+ 9" ) fFP°) + PP (g (L) + 9™ ) f(p) + 9™ ) F(P7)). (1)
A comparison of (2 ( 0) and (21) ylelds the identity

d (
24U (p%) = 5(p — 1)(p* — 1)p"*° = 24p’U (p* ")
—1)(

=5(p—1)(p* = p** 7 = p*(p* — 1)p**?
% (71)(171+5(p71)oi(71)a71+ip2(i71)
i=1
= = 1) (S 45— 1) Y1)

Expanding and rearranging, we get

24U (p*) o [ 5p=1)(o4(p™) — pPos(p™t)), fa=2n+1,

pRa—1(p2 — 5(p—1)%(p+ 1)og(p™™ if « =2n.

b
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