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SPACE OF HOMEOMORPHISMS UNDER
REGULAR TOPOLOGY

MIR AALIYA AND SANJAY MISHRA

ABSTRACT. In this paper, we attempt to study several topological prop-
erties for the function space H(X), space of self-homeomorphisms on
a metric space endowed with the regular topology. We investigate its
metrizability and countability and prove their coincidence at X compact.
Furthermore, we prove that the space H(X) endowed with the regular
topology is a topological group when X is a metric, almost P-space.
Moreover, we prove that the homeomorphism spaces of increasing and
decreasing functions on R under regular topology are open subspaces of
H(R) and are homeomorphic.

1. Introduction

The notation C(X,Y) indicates the space of continuous functions from a
space X to a space Y. This space has been topologized in numerous ways
and those topologies include the innate topologies such as point-open topology,
compact-open topology and uniform topology. However, more stronger topolo-
gies than that of the uniform topology such as fine topology (also known as
m-topology) and graph topology have also been studied.

Iberklied et al. in [5] introduced a more stronger topology than the fine
topology on the space C'(X) and named it as regular topology or the r-topology.
The basis elements for the regular topology on the space C(X) are of the
fashion: R(f,r) = {g € C(X): |f(z) — g(z)] < r(z), Vx € coz(r)}, where
f e C(X), r is a positive regular element (non-zero divisor) of the ring C(X)
and coz(r) = {z € X: r(z) # 0}.

Later, Jindal et al. [6] explored this regular topology on a more general space
C(X,Y), where X is a space and Y is a metric space with non-trivial path.
They used the same idea as before to define the basis element for the regular
topology on C(X,Y) as: R(f,r) ={g9 € C(X,Y): d(f(x),9(x)) < r(z), Vo €
coz(r)}, where f € C(X,Y), r is a positive regular element (non-zero divisor)
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of the ring C(X). Moreover, they studied various topological properties like
metrizability, countability and several completeness properties.

Furthermore, several other topological properties such as submetrizability,
various maps and some separation axioms are investigated in [1]. Afterwards,
several compactness and cardinality properties for the function space C,.(X,Y)
are explored in [2].

We symbolize the space of self-homeomorphisms on a metric space (X, d)
endowed with the regular topology by H,.(X), which acts as the subspace topol-
ogy inherited from the space C,.(X, X). Therefore, the basis elements for the
subspace H,(X) of C,(X, X) are of the type:

Br(f7 ’I“) = {h’ € H(X) d(f(x)7 h(l‘)) < r(x), Vo e X}7

where g € H(X) and r is the regular element of the ring C'(X). Based on the
relation Cp(X,Y) < Cp(X,Y) < Cg(X,Y) < Cy(X,Y) < Cr(X,Y), we get
Hy(X) < Hi(X) < H(X) < Hy(X) < Hy(X).

Arens [3] has proved that Hy(X) is a topological group whenever X is com-
pact, or locally connected and locally compact. However, Hy(X) is not a
topological group for a locally compact, separable metric space X [4]. One nice
feature of Hy(X), for every metric space X, is that it becomes a topological
group [7] . Furthermore, Hyq(X) is always a metric space.

In this paper, we study some topological properties of the space H(X) en-
dowed with the regular topology. We first prove that the space H,.(X) is a
subspace of the function space C,.(X,X). We further define an equivalence
relation on the function space H,.(X) and with the help of that, we investigate
the connectedness and separability of H(X). Then we investigate metrizability
and first countability of the space H,.(X). Afterwards, we show that the space
H,.(X) is a topological group. Moreover, we prove that the sets of increasing
and decreasing homeomorphisms on R are open subspaces of H(R) and are
homeomorphic to one another.

The convictions that are used throughout this paper are: The notation
C(X,Y) is used to represent the space of continuous functions from a space
X to a space Y. The symbol C(X) represents the real valued continuous
function space. The notation C,.(X,Y) represents the space endowed with
regular topology, yet other topologies such as graph topology, fine topology,
uniform topology, compact-open topology and point-open topology are given
the notations like Cy(X,Y), Cr(X,Y), Cq(X,Y), Cr(X,Y) and Cp(X,Y),
respectively, and similarly for the self-homeomorphism space H(X). The set
of all positive regular elements of the ring C(X) is represented by r(X). The
space X is taken as a metric space throughout the paper. For more details
about the notations, see [9].

2. Preliminaries

Here is a bunch of definitions that are being used while proving the results.
These definitions have been taken from [9].
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To study the properties of H,.(X) for a metric space X, we ought to have suf-
ficient number of homeomorphisms on X. For this purpose, we use a property
called local homogeneity.

Definition. A space A is called locally homogeneous if for every a € A and
neighborhood U of a, there exists a neighborhood V' of a contained in U such
that for each b € V, there is a homeomorphism h: A — A with h(a) = b and
h(c) = ¢, Ve € A\V.

Let us define an equivalence relation on H(X) so that its equivalence classes
can be used to investigate several properties of the space H(X).

Definition. Define an equivalence relation ~ on H(X) by taking g ~ f pro-
vided that

sup{d(f(x),g(x)): z € X} < o0.

For each h € H(X), let £(h) denotes the equivalence class of ~ that contains
h.

Definition. An element h € H(X) is a bounded (unbounded) member of
H.(X) if h € &(e) (h ¢ &(e), respectively), where e is an identity element.
Note that if H,(X) contains an unbounded member, then d is necessarily an
unbounded metric on X.

Definition. A function f € H(R) is said to be increasing (decreasing) if a1 <
ag implies that f(a1) < f(az2) (f(a2) > f(a1)), Yai,a2 € R.

3. Main results

In this section, we study various topological properties for the function space
H.(X).

Theorem 3.1. The space H,(X) is the subspace of Cr.(X, X).

Proof. To prove the result, it is sufficient to show that every basis element

of H,(X) can be written as the intersection of H,.(X) with that of the basis

element of C.(X, X). Consider a basis element of C.(X,X) as B(f,r), f €

C(X,X) and let B(h,r), h € H(X) be a basis element of H,.(X). We have two

cases;

(1) Case-1: Since h € H(X) C C(X,X), so we can write B(h,r) =
H.(X)NB(h,r).

(2) Case-2: For a basis element B(f,r) in C.(X,X), we can choose a

basis element B(h, s) in H,(X) such that s = /2. Which implies that

B(h,s) C B(f,r). Therefore, we can write B(h,s) = H.(X)N B(f,r).

O

Theorem 3.2. For each h of H(X), the equivalence class £(h) is a clopen
subset of H.(X).
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Proof. Consider an element h € H(X) and let r be a regular element of the
ring C(X), i.e., r € r7(X). To prove that B(g,r) C £(h) for every g € £(h),
let f € B(g,r), then f ~ g and g ~ h. Therefore, f ~ h, by the transitivity of
~. This means that f € £(h) and justifies the claim that £(h) is open subset
of H.(X). To prove that B(g,r) C H.(X)\{(h) for every g € H.(X)\&(h),
let f € B(g,r) so that f ~ g. If it was so that f € £(h), then h ~ f and
h ~ g; which contradicts that g ¢ £(h). Thus, f ¢ £(h). Hence £(h) is closed
in H,(X). O

Corollary 3.3. The component of H,(X) that contains an identity element e,
is contained in £(e).

Proof. By Theorem 3.2, £(e) is both closed and open in H,.(X). As every
clopen subset contains the components of its elements, then the component of
H,.(X) that contains e is contained in £(e). O

Corollary 3.4. If an unbounded member is contained in H,(X), then H.(X)
s not connected.

Since the regular topology is finer than the uniform topology, from [6], so
we can prove the following result for regular topology on H(X) as proved in

[8]:

Theorem 3.5. For a locally homogeneous metric space (X,d), that contains
a closed copy of R on which d is unbounded, then H,.(X) can be written as
the topological sum of distinct members of the uncountable family {c(e): h €
H(X)}.

Corollary 3.6. For a locally homogeneous metric space (X, d), that contains
a closed copy of R on which d is unbounded, then H,.(X) is neither separable
nor connected.

Since the regular topology is not always metrizable, so out of the countabil-
ity properties, we can study the first countablity for the function spaces with
regular topology. From [5], it is clear that C,.(X) is first countable if and only if
X is pseudocompact, almost P-space. Therefore, C,.(X) is not first countable
for non-compact metric spaces, and thus not metrizable. We explore this result
for H,(X), for locally homogeneous space X, but at first we need the following
result:

Lemma 3.7 ([9]). If (Y,d) is a non-compact metric space, then it contains a
discrete family {V;,: n € N} of non-empty open sets.

Theorem 3.8. If (X,d) is a metric, almost P-space, locally homogeneous
dense in itself (i.e., not having any isolated point), containing a non-trivial
path, then the following are equivalent.

(1) H.(X) is first countable.
(2) H,.(X) is metrizable.
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(3) X is compact.

Proof. (3) = (1) Let X be compact. Then from [6], Cq(X, X) = C,(X, X).
Consequently, Hy(X) = H.(X), so H.(X) is metrizable. Hence, H,(X) is first
countable.

(1) = (3) Let’s prove the result contrapositively, so let’s suppose X is not
compact. Now consider a countable family of neighborhoods of e as B =
{B(e,rn): n € N}, where r, € r7(X) = C(X) (X is almost P-space). To
prove that the collection B is not the base for e in H,.(X).

From Lemma 3.7, X not compact implies that there exists a discrete family
{V,.: n € N} of non-empty open subsets in it. Let x,, € V}, for each n. As every
T is continuous at x,, there exists an open neighborhood U, such that U, C
Vi, so that rp(z) > rp(2,)/2, Vo € U,. Define Z,, = B(xp,rn(x,)/5) N U, for
each n, so we get {Z,,: n € N} as the disjoint family non-empty open subsets
of X such that inf{r,(z): x € Z,,} is greater than the diameter of each Z,,.

As X being dense in itself, so every Z, contains distinct points xz, and
Yn. Therefore, X being locally homogeneous implies that for each n there
exists ¢, € H,.(X) such that t,(z,) = y, and t,(x) = z, Vo € X\Z,. As
inf{r,(z): * € Z,} is greater than the diameter of Z,, we get, each ¢, €
B(e,ry).

Since all ¢,(x) are equal to x, Vx € X except for one n. It means that
for {t,,: n € N}, the only possible cluster point in H,(X) is e. However, there
exists r € C(X) with r(xy,) < d(tn(zn), zn), Yn, thus B(e,r)N{t,: n € N} = ¢.
Which implies that e is not the cluster point of {t,: N} in H,.(X), therefore,
{tn: N} is closed in H.(X). Now as H,(X)\{tn: n € N} is a neighborhood
of e in H,(X) which contains no B(e, ), this shows B is not a base for e in
H,.(X). O

Corollary 3.9. If (X,d) is a metric, almost P-space, locally homogeneous
dense in itself (that is, not having an isolated point), then Hy(X) = H,.(X) if
and only if X is compact.

Theorem 3.10. The set H(X) is a group under the composition operator.

Proof. Since composition of homeomorphisms is again a homeomorphism. Due
to bijection, every inverse of a homeomorphism is again a homeomorphism
as: Let f € H(X). Then fo f~! = e € H(X), where e is an identity
homeomorphism. Clearly, we have foe = f,f € H(X). Hence, H(X) is a
group under the composition operator. O

Theorem 3.11. For a metric, almost P-space (X,d), the space H.(X) is a
topological group.

Proof. The proof of the continuity of inversion in H,(X) can be proved using
the graph topology. Let us first define an open set in X x Y as; W = U{{x} x
B(f(x),r(x)): z € X}, where B(f(z),r(z)) is the open ball in Y. Then we
have Wt ={f € C(X,Y): f CW}. Let g € H.(X) and U be an open subset
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of X x X with g=! € UT. Then U~ = {(x,9): (y,z) € U}. It is clear that U !
is open in X x X and that g € (U~Y)*. But if f € (U"!)*, then f~t € UT,
which shows that the inverse operation in H,(X) is continuous.

To prove the continuity of composition, we use the metric structure of X. Let
f,g € H.(X) and r € r*(X) = CT(X). Note that rf~1 € CT(X) = r*(X),
as X is an almost P-space. Now let us define A: X — (0,00) by

A(z) = sup{s € (0,00): for some ¢ € (0, 00),
9(B(x,s)) € B(g(x),rf~"(z) —t) and
rf Y (B(z,s)) C (t,2rf *(z) —s)}, Vo € X.
To show that A is lower-semicontinuous, let € X and b € (0,00). Then there
exist s,t € (0,00) such that r > A(x) — b, g(B(z,s)) C B(g(z),rf*(z) —t),
and 7f~Y(B(z,s)) C (t,2rf~1(z) —t). Let u = (s — A(z) +b)/2. Finally, define

V = B(z,u) g~ (Blg(x),t/3)) 0 fr((rf H(x) — t/3,rf 7 (z) +t/3))
which is a neighborhood of z in X.

We need to show that \(V) C (A(z) — b,00). So let £ € V. Now take
§=s—t,so that A\(z) — b < § < s. Observe that B(£,$) C B(x,s) because
& € B(z,u) and § +u = s. So we have

9(B(#,$)) € Blg(x),rf~ () — 1)
and
rfTH(B(&,4)) C (t2rf 7 (z) = 1).
We also have
9(#) € B(g(x),1/3)
and
rfTH T € (nf T (@) = t/3,rf T (@) +1/3).
Now we need to show that
B(g(x),rf~ (x) —t) C Bg(#),rf () — t/3).
So let y € B(g(z),rf~*(z) —t). Then
d(y,9(£)) < d(y, g(x)) + d(g(x), 9(£))
<rfMx)—t+t/3
<rf & +1/3) —t+1t/3
=rf (&) —t/3.
Therefore,
B(g(w),rf =" (x) —t) € Bg(#),rf~" (&) — 1/3),
showing that
9(B(#,$) C B(g(),rf~ (&) — t/3)
with the same argument as above, we also get that

(t,rf~Yx) —t) C (t/3,rf (&) —t/3)
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which shows that
rfH(B(&,8)) C (¢/3,rf (&) — t/3).
A

We can now conclude that § < A(£) and have A(z) —b < § < A(£). This
is true for all # € V, so that A(V) C (A(x) — b, 00), and thus A is lower semi-
continuous.

Since 0 < A, there is an o € CT(X) = r7(X) such that a < X\. Note that
af € CT(X) = r*(X). Consider the neighborhoods B(f,af) and B(g,rf~1)
of f and g in H,(X). We want to show that if f € B(f,af) and § € B(g,rf™1),
then zgf € B(gf,3r) (by using r/3 in defining A and by taking ¢ from
B(g,rf~1/3), we can set Gf € B(gf,r)). So to show that if € B(gf,3r),
let € X. Then f(z) € B(f(x),af(x)). Now, af(z) < A(f(x)) so that

9(B(f(x),a(f(x)))) € Blg(f(x),rf~ (f(2))))
= B(gf(x),r(x)).
Therefore, gf(z) € B(gf(z),r(z)). Also, since § € B(g,7f~1), we have
§f(2) € Blgf(x),rf~ (f(2))).
But

rfTHB(f (), af (2))) € (0, 2r(2)),

so that rf~!(f(x)) € (0,2r(x)); that is rf~(f())) < 2r(z). So f(z) €
B(gf(z),2r(z)), and thus ¢f(z) € B(gf(x),3r(z)), as needed. This completes
the argument that composition operation in H,.(X) is continuous. ([

Example 3.12. As an example, we can consider R with discrete metric that
generates a discrete topology on it. Since R is a P-space and thus an almost
P-space. Therefore, the space H,.(R) becomes a topological group.

Now, we restrict our study on the function space H(R) and study its be-
haviour in the following results.

Proposition 3.13 ([9, Prop. 6.9]). Every f € H(R) is either increasing or
decreasing .

The above result declares that H(R) = H, (R) U H," (R), where H,” (R) and
H(R) are set of all decreasing and increasing homeomorphisms, respectively.

Theorem 3.14. The space H, (R) is homeomorphic to H," (R).

Proof. Let’s prove this result considering that R is carrying the usual metric.
So let’s define a map v: H,"(R) — H, (R) by ¥(h)(z) = —h(z), Vh € H(R)
and V x € R. Clearly, ¥ is one-one and onto. Now, we show 1) is continuous, so
consider a basic neighborhood B(v(h),r) of (h) = —h in H(R), where r €
rT(R). Then B(h,r) is a basic neighborhood of h in HF(R). Let f € B(h,r).
Then

sup{d(f(x), h(z)) < r(x), Vz € coz(r)}



1306 M. AALIYA AND S. MISHRA

= sup{|f(z) — h(z)| < r(z), Yz € coz(r)}
= sup{|(—=f(z)) — (=h(z))| <r(z), Yz € coz(r)}
= sup{d((—f(2)), (=h(2))) <r(x), V& € coz(r)}.

Thus, we have (B(h,r)) C B(¢(h),r). Similarly, we can prove the continuity
of p~1: H-(R) — H(R). Hence, ¢ is a homeomorphism. O

Theorem 3.15. The spaces H,” (R) and H," (R) are open subspaces of H,.(R).

Proof. Let’s first proceed with proving the result for H(R). Let g € HF(R),
and consider 1,22 € R such that 1 < z5. Consider a basic neighborhood
B(g,r) of g in H.(R), where r € r(R). Let f € B(g,r) = |g(z) — f(x)] <
r(z), Yo € coz(r). We shall prove that f € H*(R), let’s assume this is not
true. That is f ¢ HT(R), which implies f(z2) < f(x1). Thus we have f(z2) <
f(z1) <r(x1) + g(z1) < g(x2) + r(x2) < f(x2). This implies f(z2) — g(x2) >
r(x2), which is a contradiction. Therefore, our assumption is wrong. Thus,
f € H"(R) and hence B(g,r) C H"(R) implies H;F(R) is open in H,(R). We
can similarly prove the result for H—(R). O
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