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THE BONGARTZ’S THEOREM OF
GORENSTEIN COSILTING COMPLEXES

HAILOU YAO AND QIANQIAN YUAN

ABSTRACT. We describe the Gorenstein derived categories of Gorenstein
rings via the homotopy categories of Gorenstein injective modules. We
also introduce the concept of Gorenstein cosilting complexes and study
its basic properties. This concept is generalized by cosilting complexes
in relative homological methods. Furthermore, we investigate the exis-
tence of the relative version of the Bongartz’s theorem and construct a
Bongartz’s complement for a Gorenstein precosilting complex.

1. Introduction

Homological algebra is at the root of modern techniques in many areas of
mathematics. Gorenstein homological algebra is the relative version of ho-
mological algebra that uses Gorenstein projective, Gorenstein injective and
Gorenstein flat resolutions instead of the classical projective, injective, flat res-
olutions. The Gorenstein methods are great use in investigating commutative
and non-commutative algebras, as well as the representation theory and mod-
ule category theory. Enochs and Jenda [16] introduced Gorenstein modules
as a generalization of finitely generated modules of G-dimension zero over a
two-sided noetherian ring, in the sense of Auslander and Bridger [3]. The
papers [4,5,17] represent the subject, which has been developed to an ad-
vanced level. For example, the Gorenstein derived category makes Gorenstein
quasi-isomorphisms become isomorphisms and have some advantages in relative
settings.

Brenner, Butler [9] and Happel, Ringel [19] started considering the classic
tilting theory in the context of finitely generated modules over artin algebras.
Colpi, Trlifaj [15] and Angeleri-Hiigel, Coelho [1] generalized it to the case of
infinitely generated modules over arbitrary associative rings. Auslander and
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Solberg [6-8] introduced the concepts of finitely generated tilting and cotilt-
ing modules over relative homological algebras. Wei [29] gave an important
characterization for relative tilting modules over artin algebras. However, the
scope of the relative (co)tilting theory developed by Auslander and Solberg was
limited to finitely generated modules over artin algebras. So some authors have
attempted to extend the scope to the context of infinitely generated modules
in recent years. Especially the relative (co)tilting theory was discussed in the
context of Gorenstein homological algebras. For instance, Yan, Li and Ouyang
[31] generalized Auslander-Solberg relative notions by giving the definitions of
infinitely generated Gorenstein cotilting and tilting modules over Gorenstein
rings. In [25], Moradifar and Yassemi established the theory of infinitely gen-
erated Gorenstein tilting modules by developing Gorenstein tilting approxima-
tions. Furthermore, Rickard [26] introduced the concept of tilting complexes,
as a generalization of tilting modules, to study the triangulated equivalence
between two bounded derived categories of module categories. And he gave
a Morita theory for derived categories. Miyachi [24] studied the tilting com-
plexes over the ring extensions. Keller and Vossieck introduced the notion of
silting complexes, which is a generalization of tilting complexes in [22]. Tt is
well known that a module is tilting if and only if it is quasi-isomorphic to a
silting complex. In [30], Wei described the semi-tilting (silting) complexes and
gave the Bazzoni’s characterization. Moreover, the 2-term silting complexes
have attracted many scholars’ great interest. Hoshino, Kato and Miyachi [20]
studied the relation between the 2-term silting complexes and torsion pairs in
the category of modules. They characterized the 2-term presilting complexes as
a direct summand completion of the 2-term silting complexes, which is the ana-
logue of the Bongartz completion of a classical tilting module. Later, Koga [23]
provided a generalization version for finite length presilting complexes in the
bounded homotopy category of finitely generated projectives. Buan and Zhou
[11] showed that it is reasonable to see the silting theory as the relative version
of tilting theory in the level of derived category, and gave a generalization of
the classical tilting theorem of Brenner and Butler in term of 2-term silting
complexes, which is said to be the silting theorem. Cao and Wei [12] gave that
a partial Gorenstein silting complex have a complement in CM-finite algebra.
Dual to the silting theory, Zhang and Wei [32] concentrated on the cosilting
complexes, and proved them coincides with AIR-cotilting and quasi-cotilting
modules.

Evidently, it is vital for cosilting theory that the cosilting complexes are
studied in relative homological methods. According to Enochs and Jenda [16]
Gorenstein injective modules are rarely finitely generated. This conclusion
shows that the construction of Bongartz’s theorem in relative cosilting the-
ory is more difficult and important. Inspired by the fruitful results of silting
complexes and cosilting complexes, the main purpose of this paper is to concen-
trate on the cosilting complexes in the context of relative homological algebras.
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We characterize the one-to-one correspondence between certain specially con-
travariantly finite subcategories of derived category and Gorenstein cosilting
complexes, and prove that a module is Gorenstein cotilting if and only if it is
isomorphic in the Gorenstein derived category to a Gorenstein cosilting com-
plex. More importantly, we give the Bazzoni’s characterization of n-Gorenstein
cosilting complexes and the Bongartz’s theorem corresponding to the Goren-
stein precosilting complexes.

The paper is organized as follows. In Section 2, we review some fundamental
notions and results. We devote Section 3 to investigating the Gorenstein cosilt-
ing complexes and showing that there is a one-to-one correspondence between
certain specially contravariantly finite subcategories of derived category and the
isomorphism classes of Gorenstein cosilting complexes. We prove the Bazzoni’s
characterization of n-Gorenstein cosilting complexes. The Bongartz’s theorem
corresponding to the Gorenstein precosilting complexes is given in Section 4.

2. Preliminaries

2.1. A ring A is said to be a Gorenstein ring if A is two-sided Noetherian and A
has finite injective dimension, both as left and right A-modules. A Gorenstein
ring A is [-Gorenstein if the injective dimension of A as a left A-module is at
most [. In this case, the injective dimension of A as a right A-module is also at
most [. Throughout this paper, we fix that A is an [-Gorenstein ring.

We denote by A-Mod (resp. A-mod) the category of (finitely generated) left
A-modules.

2.2. A A-module M is called Gorenstein injective if there exists an exact
sequence
NN (T Ny LNy SN
in A-Mod with all terms injective, such that M = Im(Iy — I°) and the sequence
is still exact after applying the functor Homy (I, —) for any injective left A-
module I. Let A-GT (resp. A-Ginj) denote the full subcategory of A-modules
consisting of Gorenstein injective modules in A-Mod (resp. A-mod).
2.3. A proper Gorenstein injective resolution of an object M is an exact se-
quence
E':O—»M—»GO—»G1—>~~~
such that all G; € GZ and Homy(E*,G) stays exact for each G € GZ. The
second requirement guarantees the uniqueness of such a resolution in the ho-
motopy category.
A A-module M has a proper Gorenstein injective resolution, if there is a
proper exact sequence

0—>M—>G0—>G1—>G2—>—>Gl—>

with each G; € GZ. The Gorenstein injective dimension GZ-res.dimM of M is
defined to be the smallest integer s > 0, such that there is an exact sequence
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0—>M—>G0—>G1—>G2—>'-'—>GSﬁOWithaIIGiEQI,andQI—
res.dimM=o0 if there is no such an exact sequence of finite length.

If A is an [-Gorenstein ring, then each A-module M admits a proper Goren-
stein injective resolution 0 - M — Gy > G1 — -+ —> G|.
2.4. If A is a finite-dimensional algebra, then each module M (not necessarily
finitely generated) admits a proper Gorenstein injective resolution 0 — M —
G*. In other words, A-G7 is covariantly finite in A-Mod.

2.5. For an abelian category A with enough injective objects Z 4, or simply
7, is the full subcategory of injective objects. A complex C* is GZ-coacyclic,
if Hom4(C*,G) is coacyclic for each G € GZ. The complex C* is also called
proper exact. Since C* is coacyclic if and only if Hom4(C*, I) is coacyclic for
each I € Z, we have that a GZ-coacyclic complex is coacyclic. By Lemma 2.5
in [13], a complex C* is GZ-coacyclic if and only if Hom 4(C*, G) is coacyclic
for each G € K*(GT).

2.6. We call a chain map f*: X* — Y* a GZ-quasi-isomorphism if the
Homu(f*,G) is a quasi-isomorphism for each G € GZ, i.e., there are isomor-
phisms of abelian groups

H"Homu(f*,G): H"Hom4(Y*,G) @ H"Hom4(X*, G).

Since f*: X* — Y* is a quasi-isomorphism if and only if H"Hom 4(f*,I) is
an isomorphism for each I € Z, it follows that a GZ-quasi-isomorphism is a
quasi-isomorphism.

2.7. For # € {blank,+,b}, C*(A), K*(A) and D*(A) represent the corre-
sponding cochain complexes category, homotopy category and derived cate-
gory of A, respectively. Let K* (A): = {X*e K*(A) | X*is coacyclic} and
Kipae(A) 1= {X* € K*(A) | X* is GI-coacyclic} denote the homotopy of
coacyclic complexes of A and the (corresponding) homotopy of GZ-coacyclic
complexes of A, respectively, which are thick triangulated subcategories. For
K;‘icoac(A), the corresponding compatible saturated multiplicative system is
the collection of all the GZ-quasi-isomorphism in K*(A). Then we have the
following triangulated category

Di(A): = K*(A)/K:

gicoac(‘A)’
which is called the Gorenstein injective derived category.

Note that if every object of A has finite injective dimension, then A-GZ =7
by [17, Proposition 10.1.2], hence D};(A) = D*(A).

The following lemma can be straightforward to see by [28, Corollaire 4-3].

Lemma 2.1. For * € {blank,+,—}, there is an isomorphism of triangulated
categories
D* (A) = D_:;i ('A)/(K;koac(A)/K;icoac('A))'
Note that from the above lemma, we can easily obtain that the quotient func-
tor D}, (A) — D*(A) is an equivalence if and only if each quasi-isomorphism
in K*(A) is a GZ-quasi-isomorphism. Then the following result holds.
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Proposition 2.2. The quotient functor D}, (A) — D*(A) is an equivalence if
and only if every Gorenstein injective object is injective.

Proof. Suppose that each quasi-isomorphism in K*(A) is also a GZ-quasi-

isomorphism, and G is a Gorenstein injective object. If 0 — X Ly sz-0
is a short exact sequence, then f induces a quasi-isomorphism f*®, which is
also a GZ-quasi-isomorphism. So, we can obtain the induced sequence 0 —
Homy(Z,G) — Homy(Y,G) — Homy(X,G) — 0 is exact. Therefore, G is
injective. The converse is obvious. (I

2.8. For each class C of objects in a triangulated category 7, the full subcate-
gory given by

LC = {X € T|Homy(X,Y[n]) = 0,YY € C,Vn € Z}
is clearly a triangulated subcategory closed under direct summands, and hence
thick by Rickard’s criterion [27].

The following facts were stated by Jiaqun Wei in [30], which are frequently
used in our papers. We list them as following for convenience.

2.9. Let C be an idempotent complete triangulated category with [1] the shift
functor. Assume that B is a full subcategory of C. Recall that B is closed
under extension if for any triangle X — Y — Z — in C with X,Z € B, we
have Y € B. The subcategory B is cosuspended (resp. suspended) if it is closed
under extension and under functor [—1] (resp. [1]). It is easy to see that B is
cosuspended (resp. suspended) if and only if for any triangle X - YV — Z —
(resp. Z —>Y — X —) in C with Z € B, one has that X e B< Y € B.

2.10. An object M e C has a B-resolution (resp. B-coresolution) with the
length at most m (m = 0) if there are triangles M; 1 — X; — M, (resp. M; —
X; = M;4q) with 0 < i < m such that My = M, M,,+1 = 0 and each X; € B.
In this case, we denote by B-res.dim(M) < m (resp. B-cores.dim(M) < m).
One may compare such notions with usual finite resolutions and coresolutions,
respectively, in the module category.

2.11. Associated with a subcategory B, we have the following notations, where
n = 0 and m is an integer.

(B),, = {M € C| B-res.dim(M) < n}.
(B),, = {M € C| B-cores.dim(M) < n}.
={MecC| M e (B), for some n}.
={MeC| M e (B), for some n}.
B#0 = {N e C| Hom(M, N[i]) = 0 for all M € B and all i # 0}.
L#0B = {N e C| Hom(N, M[i]) = 0 for all M € B and all i # 0}.
Bt=m = {N e C| Hom(M,N[i]) = 0 for all M € B and all i > m}.
L=mB = {N e C| Hom (N, M[i]) = 0 for all M € B and all i > m}.

(
( i
(
(

?

)
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B> = {NeC| N € B> for some m}.

Note that B+>m (resp. +>mB) is suspended (resp. cosuspended) and closed
under direct summands and that B> is a triangulated subcategory of C.
2.12. The subcategory B is said to be semi-selforthogonal (resp. selforthogonal)
if B < B+=° (resp. B < B+#0). For instance, the subcategories of all projective
(resp. all injective A-modules) are self-orthogonal in A-modules, for a ring A.

In the following results in this section, we always assume that B is additively
closed and B is semi-selforthogonal.

2.13. Associated with the subcategory B, we also have the following two useful
subcategories.

Xg={N¢€ l**OB| there are triangles N; — B; — N;,1 — such that Ny = N,
N; et#° B, and B; € B for all i < 0},

gX ={N¢e Bt=o | there are triangles N;11 — B; — N; — such that Ny = N,
N; € BY#0, and B; € B for all i < 0}.

Since B is closed under finite direct sums and direct summands, we could
summarize some results on the subcategories associated with B.

Lemma 2.3 ([30]). Let B be a semi-self-orthogonal subcategory of triangulated
category C such that B is additively closed. Then
(1) The three subcategories B c Xz LB are cosuspended and closed
under direct summands.
(2) The three subcategories B < pX < B0 are suspended and closed under
direct summands.
(3) B=BN\B = BN +>B.
(4) (B)n = XsN(Xp)*>" = Az (:>0B)L=n. In particular, it is closed
under extensions and direct summands.
(5) (B)n = pX (1 (5X) = gX () +>=(B+>0). In particular, it is closed
under extensions and direct summands.
(6) The following three subcategories coincide with each other.
(i) {(B): the smallest triangulated subcategories containing B.
(ii) (B)_ := {X € C| thereis some Y € B and somei < 0 such that X = Y[i]}.
(iii) (B)4 := {X € C|thereissome Y € B and somei > 0 such that X = Y[i]}.
(7) B =B N (B).
(8) B =18 N (B).
Let G = Gext™(—, —) = Ext"_g7(—, —) (see [31]). Then G is an additive
subfunctor of Ext!(—, —). A short exact sequence 0 - M — N — L — 0 is

called G-exact if it is in Gext!(L, M). For a A-module T and some n > 0, we
give the following notations

L2017 — {M e A-Mod | Gext?(M,T) = 0 for all i > 0},
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Copresg (T) ={M € A-Mod | there is a G-exact sequence T,, — Tp,_1 —
-+ > Ty — M — 0, with each T; € Adp,T}.

Lemma 2.4 ([31]). The following statements are equivalent for an exact se-
quence 0 > M — N — L — 0.

(1) The sequence is G -exact,

(2) 0 > Homp (P, M) — Homy(P,N) — Homua(P,L) — 0 is an exact
sequence for all P € GP;

(3) 0 > Homua(L,G) —» Homp(N,G) — Homua(L,G) — 0 is an exact
sequence for all G € GT.

Lemma 2.5. Assume that the exact sequence 0 — M LNS L S0
G-ezact. Then M L NS L isa triangle in Dg;(A).

3. Gorenstein cosilting complexes

In this section, we introduce and study some basic properties of Gorenstein
cosilting complexes. We establish the one-to-one correspondence between iso-
morphism classes of Gorenstein cosilting complexes and certain contravariantly
finite cosuspended subcategories. In order to show some results, we general-
ize the statements in Gorenstein derived categories [18] to Gorenstein injective
derived categories. Let A = A-Mod, we can use them to obtain the desired
consequences in this section.

Lemma 3.1 ([13]). A chain map f*: X* — Y* is a GI-quasi-isomorphism if
and only if Hom4(f*,G*) is a quasi-isomorphism for each G* € K*(GT), or
equivalently, there are isomorphisms of abelian groups for each G* € K*(GT)

HomK(A)(f°,G°[n]): HOHIK(A)<Y.,G.[’I7,]) = HOH’IK(A)(X.,G.[TL]) Vn e Z.

Lemma 3.2. (1) Let f*: G* — X°* be a GI-quasi-isomorphism, where G* €
K™*(GZ). Then there is a chain map g°*: X* — G* such that g* f* is homotopic
to IdGo .

(2) Let f*: X* — G* be a GI-quasi-isomorphism with X*,G* € K*(GI).
Then f* is a homotopy equivalence.

Proof. (1) It is easy to obtain by Lemma 3.1 that
HOIHK(A)(f., G.) : HOHIK(A) (AX.7 G.) =~ HOHIK(A)(G., G.)

Then the statement holds.
(2) It follows from (1). O

Proposition 3.3. The functor Q: f* — I(}—?' induces an abelian group iso-
morphism Hompg(4)(X*®,G*) = Homp ,4)(X*,G*), where G* € K*(GT) and
X* is an arbitrary complez.
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Proof. Let Mdae — 0, we can get by the calculation of left fractions that there is
a GZ-quasi-isomorphism t*: G* — Y* such that the homotopy t°*f* ~ 0. Then,
it yields from Lemma 3.2 that there is a GZ-quasi-isomorphism ¢°*: Y* — G*
such that g°t* ~ Idge. Hence, f* ~ 0.

On the other hand, assume Ji— € Homp_,(4)(X*, G*), and use Lemma 3.2
again, then there is a GZ-quasi-isomorphism ¢°*: Y* — G* such that ¢°®s® ~

Idge. Thus, Ji—’ = Ig‘i;i: = Q(g*f*). The conclusion holds. O

Note that from Proposition 3.3 K°(GZ) and K*(GZ) can be viewed as tri-
angulated subcategories of Dgi(A) and D;’i (A), respectively.

In order to give an equivalent characterization of Gorenstein cosilting com-
plexes, we need the following notations and results

Dgzi0 = {X*® € Dy;(A)|Homp,, (X*,G[i]) = 0 for any G € GT and all i > 0}.

It is obvious that D>’ = +>0(GZ). For any X* € D>, we learn from Proposi-
tion 3.3 that X* satisfies that

H'Homy (X*,G) = Homp (4)(X*, G[i]) = Homp,, (X*,G[i]) =0

for any G € GZ and i > 0. We assert D;Z-(A) = 1»0(G7). Indeed, X* €
+>0(GT) if and only if there is an integer n such that Homp,,(X*,G[i]) =
Hom g (4)(X*,G) = H'Hom (X*,G) = 0 for G € GZ and i > n if and only if
X* e D;(A).
Proposition 3.4. The following statements hold.

(1) D,;(A) is a triangulated subcategory of Dyi(A);

(2) DY;(A) is a triangulated subcategory of DJ;(A).
Proof. (1) Let f*: B®* — Y* be a chain map with B* € Kgicoac(A) and Y* €

K*(A). Without loss of generality, assume that Y* = 0 for i < 0, then there
is the following natural factorization:

S A
S S S

It is enough to prove that B’® is GZ-coacyclic by [21, Lemma 10.3]. We only
need to show that the following sequence

(%) Homa(B',G) 2% Homa(B%, &) 225 Homa(Kerd, Q)
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is exact for any G € GZ, where d°: Kerd® — BO is induced by d°. It is obvious
by B*® coacyclic that the sequence

0 — Homy (Kerd®, G) - Hom4(B™!, G) — Hom (B2, G)

is exact. Consider the following commutative diagram:

4

Homy (B!, G) LA Hom4(B°, G) Hom (B~ 1, G) o Homy(B7%,G)

qo%

Hom.a (Kerd®, G)
where the first row is exact. One can easily check that
Kerd™ = Kerd”* = Imd™* and Imd** =~ Imd** = Kerd '* =~ Hom 4 (Kerd’, G).
Hence, the sequence (*) is exact. This completes the proof.
(2) Tt is similar to (1). O

Let A be an abelian category with enough injective objects and n € Z. We
define the Gorenstein extension functor Ext"_s7(—, —) to be Hom p» (—, —[n]).
gi

)

Then we obtain the following result.

Theorem 3.5. Let A be an abelian category with enough injective objects, M
an object in A admitting a proper Gorenstein injective resolution, and N an
arbitrary object in A. Then Ext"y o7 (N, M) = Extg(N, M).

Proof. Let 0 - M — G* be a proper Gorenstein injective resolution of M.
Then M = G* in D;(A). It follows from Propositions 3.4 and 3.3 that
Ext’ g7(N,M) = Hongi(A)(N, M(n])
= HomD;(A)(Na G[n])
= Hom g+ () (N, G[n])
= H”HomA(N, G)
= Extg (N, M). 0

Now we give the definition of Gorenstein (pre)cosilting complexes and show
an equivalent characterization.

Definition. A complex T** is said to be
(1) Gorenstein precosilting if
(S1) T* € Kb(GT);
(S2) Adpp, T < +=oT".
(2) Gorenstein cosilting if it satisfies (S1), (S2), and
(S3) Kb(GI1) = (Adpp,,T*), that is, K*(GT) coincides with the small-

est triangulated subcategory containing Adp DwT'.
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We also say that a complex T € Dy;(A) is n-Gorenstein cosilting if it is a

—_

Gorenstein cosilting complex such that GZ € (Adpp ,T*)n.

Theorem 3.6. Assume that T* € Dg;(A) and Adpp T* < D;O. Then T* is
Gorenstein cosilting if and only if it satisfies the following three conditions.
(S1') T* € GT;
(S2') Adpp, , T* < ti=oT*;
(83') G < Adpp, T*.

Proof. Sufficiency. It is obvious by (S1') that Adpp ,T* < GZ. From Lemma
2.3 that GZ < (GT) = K*(GT), one can get that T* € K®(GT) and Adpp,, T* <
(GT) = K*(GT). We have from (S3') and Lemma 2.3 that GT < Adpp, T* <
(Adpp,,T*). Consequently, K*GT) = (Adpp,,T*). ’
Necessity. Since Adp,, T* < D20 =1-0(GT), we have GT < (Adp,, , T*)" .
According to (S3), then GZ < (Adpp 7). It is easy to see by Lemma 2.3
that GZ < Ad/p’D:T’. Note that T* € K®(GI) = (GI), so we have that
T* e{(GT)(*+>°(GT) = GZ. The proof is completed. O

The following result is well known in triangulated categories, pure derived
categories, and Gorenstein derived categories with respect to Gorenstein pro-
jective modules. Now, we give the version of Gorenstein injective derived cat-
egories.

Proposition 3.7. Let F': A — DZZ.(A) be the composition of the embedding
A — K°(A) and the localization functor K°(A) — Dgi (A). Then the functor
F: A— Dgi(A) is fully faithful.

Proof. Let f € Hom4(X,Y). If F(f) =0, it is easy to see that there is a GZ-
quasi-isomorphism s°*: Y — B* such that there is a homotopy s*f ~ 0. Then
we have HO(s*)H?(f) = 0. It yields that f = 0 since H%(s®) is an isomorphism.

Assume that a— € Hongi(A)(X‘,G‘), which can be represented as the
following diagram

X ply

where s* is a GZ-quasi-isomorphism, a® is a morphism in K(A4). We can ob-
tain HO(s®): HY(B®*) ~ Y in A. Consider the truncation U® := 0 — Imd! —
B! — B? — ... of B* and the canonical map p®*: B* — U®. Let f: =
HO(s')_lHO(a') € Homp_,(4)(X,Y). Since s* is a GZ-quasi-isomorphism, we
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have that p®s® is also a GZ-quasi-isomorphism. We can get the following dia-
gram of complexes:
B.

a s’
p
b a

x P e 2y

Obviously, we only need to prove p*s®f = p®a®. Consider the following
commutative diagram:

B*———U"
0 s®
y — ¢ oy
Then we can learn that p*s®f = p's'Ho(s')leO(cf) = p*a®. It follows that
F(f) =196 = £ O

Definition ([31]). A A-module T is called an n-Gorenstein cotilting module if
it satisfies the following three conditions.
(C1) IdeT < n;
(C2) Gext*(T*,T) = 0 for each i > 0 and all sets I;
(C3) There exists a G-exact sequence
0T -T" ' ... 5T - E -0
with each T% € Adp T for all E € GT.

We can now use the above statements to prove the following results.

Proposition 3.8. A left A-module T is a Gorenstein cotilting module if and
only if T is (Gorenstein quasi-isomorphic to) a Gorenstein cosilting complez.

Proof. Necessity. From (C3), there is a G-exact sequence

0-T G a - g, -0
with each G; € GZ. It follows by Lemma 2.5 that there exists a series of
triangles T; — G; — Tj41 — in Dy;(A), 0 < i < n,such that T),41 =0, Tp =T
and T; = Kerf;11 for 0 < j < n — 1, namely, T € ng One can get from
Theorem 3.5 that 0 = Gext) (T?,T) =~ Homp,,(T',T[i]) for any set I and
i > 0. For any X € Adpp T, we can easily obtain Homp,, (X, T[i]) = 0. By
the assumption, for any G € GZ, there is a G-exact sequence

0T -T ' »... 5T -G —0.
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Hence, there is a series of triangles G;41 — T; — G; — in Dgy;(A), where
Gy = G,Gyre1 = 0for 0<i<r. Then, GZ < Adpp, T.

Sufficiency. Suppose that G* € K*(GT) is a Gorenstein cosilting complex,
which is Gorenstein quasi-isomorphic to 7. Then we have by Theorem 3.5 that
0= Hongi(G'l,G'[i]) ~ Homp,,(T*,T[i]) =~ Gexti (T!,T) for any set I
and ¢ > 0. So the condition (C2) is satisfied.

Since T is isomorphic to a Gorenstein cosilting complex in a derived cate-

gory and T € D;O, we can learn from Theorem 3.6 that T € ng It follows

by 2.11 that there is a series of triangles 7 — G; EIR T, — in Dg(A)
with G; € GZ, T, = T, Ty = 0, where 0 < 7 < t. One can easily get
that T € +>°(GZ) from T} =~ G; € GT and GZ < +>°(GI) for each i. Con-

sider the first triangle 7 fo, Gy — It —, where Ty = T is already a A-
module. For any G' € GZ, applying Homp ,(—,G) to the above triangle, we
have that Homp,,(Go,G) — Homp,, (T,G) is surjective. We can also ob-
serve from Proposition 3.3 that Hom s (Go, G) — Hom (T, G) is surjective and
fo € Homp (T, Go) = Homx (T, Go). So, fo is a homomorphism between mod-
ules. It is well known that all injective modules are Gorenstein injective. We
claim that fy is injective. Indeed, taking any homomorphism g : 7o — @ with
Q@ injective, we can obtain the following commutative diagram in A-Mod for
some homomorphism h:

0 —— Ker(fp) T i>Go

| A
h
Q
This shows that gi = hfyi = 0. Note that g is injective, so i = 0 and

consequently, fo is injective. Then there is a G-exact sequence 0 — Ty Lo,
Gy — Coker fy — 0, which induces a triangle Ty, — Gy — Coker fy — in
Dyi(A). So, Ty = Cokerfy in Dg;(A). Therefore, Ty is Gorenstein quasi-
isomorphic to a A-module Coker fy in K(A). Repeating the above discussion
for all ¢, we can get that each f; is injective and each T* is (Gorenstein quasi-
isomorphic to) a A-module. Note that T = G, we have by the above argument
that there is a long exact sequence 0 - T — G; — Gy — - —> G; — 0.
Therefore, Id ¢ (T') < t, namely, the condition (C1) holds.

For any G € GZ, it is easy to obtain by Theorem 3.6 that G € GZ < Ad/p_,:; T.

823

Then there is a series of triangles G§, ; — T; — Gf — in Dg;(A) with G§ =
G,T; € AdngiT and G, = 0for 0 < < s. We have by Theorem 3.5 that 0 =
Cext) (P,T) = Homp,, (P, T[j]) for any P € GP and j > 0. It follows that G} €
GP1>° for any 0 < i < s. Applying Homp,, (P, —) to the triangle G} — T 29,
G —, we get that 0 — Homp,, (P, To) — Homp,, (P, G) is injective. It follows
from Proposition 3.7 that 0 — Hom (P, Tp) — Homy (P, G) is injective. Since
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a projective generator in A-Mod is a Gorenstein projective module, we obtain
Hom (P, Cokercayg) = 0. Therefore, Cokercg = 0, namely, «q is surjective.
Then there is a G-exact sequence 0 — Kerayg — Tj 2% G — 0. It induces
a triangle Kerag — Ty —% G — in Dy (A). Hence, G} =~ Kerag in Dy;(A).
Moreover, G% is Gorenstein quasi-isomorphic to Keray € A-Mod in K(A).
Repeating the process, there is a G-exact sequence for G € GZ, 0 —» T; —
Ty — - > Ty - G — 0with T} € Adpo,(T), 0 <i< s Sowe get the
condition (C3). O

Proposition 3.9. Let T* and T* @ M*® be Gorenstein cosilting complexes.
Then M* € Adpp, [ T*.

Proof. 1t is immediate by the assumption that (Adpp,  (T*@M*))= K*(GT) =
(Adpp,, T*), and T* & M* € Adpp, ,(T* @ M*) < L>0(T* @ M*). The latter
one yields M*® € +>0T*. Then, T* ® M* € Adpp,, (T*®M*) < (Adpp,,(T* ®
M?*))*=0 < (Adpp T°)*>° from Lemma 2.3. Furthermore, we get M*® €

g

=0T ((Adpp,, (T* ® M®)) = *=T*(YAdpp, T*) = Adp, T*. Using
Lemma 2.3 again, we can obtain M* eAdF,;T' ﬂ(Adpo’T')J—>0 =Adpp,, T°.
(]

Proposition 3.10. Assume that T* is Gorenstein cosilting with AdquiT' c

Dgzio. Then the following statements hold.

(1) If there are triangles T} — G; — Ty, — with G; € GT for all0 <i<n
and Ty =T*, T3,y =0, then Adpp_ (D], G:) = GZ.

(2) If there are triangles Git1 — T — G; — with T € Adpp [ T* for all
0 <i<m, where Gy = G, Gpy1 = 0, then @2 T is a Gorenstein cosilting
complex. Moreover, Adpp  (®72,1;) = Adpp,, T°.

i

(3) T* € @/I)n if and only if G < (Adpp,, T*)n for any n > 0.

Proof. (1) Since @', G; € GT is prod-semi-selforthogonal, we can obtain that
@i, Gi satisfies (S2). One can easily check from Lemma 2.3 that Adpp, ,T* <
(Bi—y Gi)- So (GI) = K*(GT) = (Adpp,T*) < (Adpp,, (D}, Gi)) < <GD),
Le., (Adpp (B;_, Gi)) = (GI) = K'(GI). Then @;_, G satisfies (S3). Tt
is obvious that @, Gi and @} ,G; ® G are Gorenstein cosilting, for any
G € GZ. Then, Adpp, ,(D;_, Gi) = GZ by Proposition 3.9.

(2) It is not difficult to verify from Theorem 3.6 that both (P~ ,T") ®T*
and @1‘10 T? are Gorenstein cosilting. Then we can learn by Proposition 3.9
that Adpp,  (@T7) = Adpp, T*. -

(3) Let G € GZ, we can get from Theorem 3.6 that G € (Adpp 1) for
some m > 0. If m < n, then the conclusion obviously holds. Assume that
m > n, there is a series of triangles G}, — T — G} — in Dgy(A) with
I? € Adpp,,T°, where G§ = G, G}, = 0 for 0 < i < m. Note that
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Gy, =Ty, € Adpp ,T°. It is straightforward to get
Homp,, (G7,_1, G7,[1]) = Homp, , (G7, 5, G, [2])

=~ Homp,, (Gg, G;,[m]) = Homp (G, G;,[m]).

One can observe by T € (Q/I)n and Lemma 2.3 that Adpp T° < (+=0GT)t>n.
It follows from G € +>°G7 that Homp,, (G, G3,[m]) = 0 for m > n. Therefore,

Homp,,(G;,_1,Gr,[1]) = 0, moreover, the triangle T, = Gy, — T5_; —
m—1 — splits. Then, G},_; € Adpp T* and G € (Ad?,;T')m,l. Repeating

this process, the result holds.
On the other hand, it is obvious that 7* € K*(GZ) = (GZ). Then, T* €

<QI>ﬂl>OQI = g/I Moreover, there is a series of triangles T} — G} —

7

TP — in Dy;(A) with T = T*,G; € GZ, and Ty, ; = 0 for 0 < i < n. Hence,

7

T2 ~ G, € GZ. We conclude T € (Q\i)n O

Lemma 3.11. Suppose that T* € Dg;(A) with Adpp T° € L=oT*. Then

1
>0T0 = XAdngiT. .

Proof. Clearly, Xadp, 7 S =0T Tt is enough to show the inverse inclusion.
gi

Let M* € 1=0T* and consider the triangle M* I, peHomp, (M*T%)
M? —, where f is the canonical evaluation map. Then we can easily get
that Homp, (M7, T*[i]) = 0 for all i > 0, i.e., M} € +>°T*. Continuing the
process, there are triangles M? - T? — M7, — with each T} € AdngiT'
and M? € Leore M3 = M* for all j > 0. Therefore, M* e XAdngiT“

Consequently, +=0T"* < Xadp, T+ This completes the proof. ([
gi

Proposition 3.12. T* is a Gorenstein cosilting complex with AdngiT' c
>0 . o - . 1. J_> ° =0
DZ" if and only if T* is Gorenstein precosilting and —>°T"* < DZ".

Proof. Necessity. By the assumption, we have that G € (Ad;[:T')n for any
G € G1 and some n. Hence, there is a series of triangles G3,; — T} — G —
with G§ = G, T} € Adpp T* and G}, = 0 for 0 <4 < n. For any M* €
+=oT* applying the functor Homp ,(M*, —) to these triangles, we can get
M* € +>0G. Then, *>°T* < DZ?.

Sufficiency. Since T € D;O is a Gorenstein precosilting complex, we can
learn from T* € K%(GT) = (GT) that T* € (GI)()*>°GT = GT. Moreover,
there is a series of triangles T — G; — T, — in Dy(A) with Tg = T°,
GieGZ,and T, = 0 for 0 < i < n. Then, T, = G, € GZ. Applying the
functor Homp_, (G, —) to these triangles for any G' € GZ, we have isomorphisms

Homp, (G, T*[j]) = Homp,, (G, T7[j —1]) = --- = Homp (G, T;[j —n]) = 0
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for j > n. Then, it is easy to see GZ < +>T*, namely GZ[-n] C +=°T*. As
0 e 1=0T* we get GT € (:O\T‘)n By Lemma 3.11 and [30, Corallary 2.8],
there is a triangle G — X* — Y* — in Dg;(A) with X* € (Ad;IZT')n and
Y* e L>0T*. We can immediately obtain from =07 < Dgzi0 that the triangle
is split. Since (AdE:T’)n is closed under direct summands, we can obtain
Ge (Ad?);;T')n for any G € GZ. The proof is completed. O

The Bazzoni’s characterization of n-Gorenstein cotilting modules was given
in [31] that a A-module 7' is n-Gorenstein cotilting if and only if +>07¢ =
Copresg (T).

In order to give the Bazzoni’s characterization of n-Gorenstein cosilting com-
plexes, we need the following subcategory of Dy (A). Let T* € Dgy;(A) and
n > 0, we denote

Copres =0 (T*) ={M"* € Dy;(A) | there exist some triangles
gi
M} — T — M7 — with T € Adpp T* for all 0 < i < n,
where M3 € DZ0 and Mg = M*}.
Dz

more properties about this subcategory.

Obviously, Copres” -, (T"*) is closed under products. The following result gives

Lemma 3.13. (1) D;’[—n] < Copres” _,(T*).

Dz’
(2) If Adpp,, T* < DgBiO, then Copres%iO (T*) D;O.
Proof. Since 0 € AdngiT' and D;O is cosuspended, one can obtain by the
definitions that the conclusions hold. (I

Proposition 3.14. If T* with AdngiT' c D;»O is an n-Gorenstein cosilting
complex, then +>0T* = Copres’z);o (T*).

Proof. The +>0T* < D;O directly follows from Proposition 3.12. It implies by
Lemma 3.11 that t=07* = Xadp, 7+ Take any M*® € Lo it is obvious
that there is a series of triangles ]\Z’ — T — M, — in Dg(A) with T} €
AdngiT’ for all 0 < ¢ < n, where M, € XAdngiT' c D;O and M5 = M°*.
Hence, +=0T* < Copres'l o (T°*).

Conversely, for any M . € Copres%iD (T*), there are triangles M — T —
Mp , — in Dgy(A) with M3 € D;O,HT; € Adpp,, T* and M5 = M* for all
0 < i < n. Therefore, X* € L>n for any X°® e D;O =1>0G7.

It is apparent from Proposition 3.10 that T € (g\f)n Then there is a series
of triangles T, — G; — T —in Dy;(A) with Ty, =0,G; € GZand Ty = T*
for 0 <4 < n. Applying the functor Homp_, (X*, —) to these triangles, we have
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by X* e D;O = 1>0G7 and T =~ G? that there are isomorphisms

Homp,, (X*,T°[j]) = Homp,, (X*,T7[j — 1]) = ---
= Hongi(X.vTr:[j - TL]) = Hongz‘(X? G;z[] - n]) =0

for j > n.
Applying Homp,,(—,T*) to the triangles M — T — M? ; — for 0 <i <
n, it yields by My € D7 = +>°GT that

Homp, , (M*®,T°[i]) = --- = Homp,, (M;,T*[i + n]) = 0.

Therefore, Hom p,, (M*,T*[i]) =0, i.e., M* € +>0T*. Hence, Copres” ., (T*) =

=0
D

J~>07""_ |

In order to show the sufficient condition of n-Gorenstein cosilting complexes,
we should give the following statements as a foundation.

Lemma 3.15. Let X be an additive full subcategory of A. Assume that for
every X* € Kb(X) there is a GI-quasi-isomorphism X* — Gx. with Gxe €
K*(GI). Then there is a functor 1 : K®(X) — K*(GI) such that (X*) =
Gx-, and a GI-quasi-isomorphism ¢x+: X* — (X*) for each X* € K°(X)
such that ¢ xs is functorial in X°.

Proof. Let X*,Y* € K°(X). We can obtain by the assumption that there are
GI-quasi-isomorphisms ¢xs: X* — Gxe and ¢ys+: Y* — Gy.. It follows by
Lemma 3.1 that ¢x. induces an isomorphism

HOHIK+(A)(G)(-,GY') = HOInK+(A)(X.,Gy-).

For each chain map f*: X* — Y*, it is clear that there is a unique ¢*: Gx+ —
Gy« such that there is the following commutative diagram:

dxe

X Gxe
f* g°
ye Py Gy

Let Y* = X* and f* = Id x., we can get that, up to a homotopy equivalence,
G x- is uniquely determined by X°*. Moreover, it yields that there is a functor
¥, such that ¥(X*) = Gx. and (f*) = g*. Then we can easily see from the
above commutative diagram that ¢x. is functorial in X*°. O

Let fGZ be the full subcategory of A consisting of objects with finite Goren-
stein injective dimension. Then fGZ is an additive category. It follows that
K*(fGT) is a triangulated category.
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Proposition 3.16. There exist a functor ¢: K°(fGI) — K®(GT), and a GI-
quasi-isomorphism ¢x«: X* — ¥(X*) for each X* € K°(fGT), which is func-
torial in X*. Moreover, the inclusion K*(GI) — K°(fGT) has a left adjoint
.

Proof. In order to get the functor ¢, taking X be fGZ in Lemma 3.15, it suffices
to show that for X* € Kb(X) there is a GZ-quasi-isomorphism X*® — G x« with
Gxe € K*(GT). Let w(X*) denote the width of X*, which is the number of
non-zero components of X°*. We will prove the statements by induction on
w(X*®).

In case of w(X*) = 1, then it is a direct consequence of 2.3. So, there is a
GZ-quasi-isomorphism ¢xe : X* — Gx. with Gy. € K°(GT).

Assume w(X*®) > 2 with X7 # 0 and X* = 0 for i > j. Then we have
the distinguished triangle X7 % X3 — X* — X[1] in K°(X), where X} =
X*<J X3 := XI[j + 1]. By the induction hypothesis, there exist GZ-quasi-
isomorphisms

¢1: X7 — Gxy, ¢ X5 — Gxg

with Gxs,Gxg € K*(GT). We can obtain from Lemma 3.1 that ¢; induces an
isomorphism

Hom g+ (1) (Gxp, Gxg) = Hom g+ (1) (X7, Gxyg).
Moreover, there is a unique morphism f* : Gxs — Gx; such that f*¢1 = pau,
up to homotopy. Let Gx.» be the mapping cone of f*, we can get from the dis-

tinguished triangle G x £, Gx; — Gxe — Gx:[1] that Gx. € K*(GT). One
can easily see that there is ¢x« : X* — G x», such that there is a commutative
diagram:

Xy — = X3 X* X1[1]
\Lfﬁl ldh Pxe ifi’l [1]
¥ \
GX]' GX; GXo G‘Xl. [1]

Applying the (—, Q) := Hom g+ (4)(—[n], Q) to the above diagram, where Q
is a Gorenstein injective object, then it induces the commutative diagram with
exact rows:

(Gx3[1],Q) — (Gx:[1],Q) — (Gx+,Q) — (Gx;,Q) — (Gx:,Q)

(¢2[1])* l(%[l])* (pxo)* i(tﬁz)* l(%)*
\
L] ‘f L] L] L] L]
(X2 [1]7 Q) - (Xl [1]7 Q) - (X 7Q) - (X27Q) - (leQ)
Since ¢ and ¢» are GZ-quasi-isomorphisms, we can obtain that (¢1)*, (¢2)*,
(p1[1])*, (d=2[1])* are isomorphisms. Thus, (¢x+)* is an isomorphism for each
n, that is, (¢x+)* is a GZ-quasi-isomorphism.
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The GZ-quasi-isomorphism ¢x+ : X* — G x. induces an isomorphism from
Lemma 3.15

Hom go(yg7)(X°, Q%) = Hom go g1y (Gxe, Q%),

which is functorial both in Q* € K*(GZ) and X* € K°(fGI), i.e., v is a left
adjoint of the inclusion K*(GT) — K®(fGT). O

Let KD;.p0.(fGZ) denote the bounded homotopy category of GZ-coacyclic

complexes of objects in fGZ. Then Kgiwac( fGT) is a thick triangulated sub-
category of K?(fGT) by 2.7. Note that from 2.7, if X is an additive full subcat-
egory of A, then D (X): = K*(X)/K}; ,4.(X) is well-defined, so is D!,(fGT)
by Proposition 3.16. It follows from 2.7 that the saturated multiplicative
system determined by Kgiwac( fGT) is the class of GZ-quasi-isomorphisms in
Kb(fGT).

We observe that Dgi( fGT) is not a full subcategory of Dgy;(A) in general.
However, we can get from a similar statements to Proposition 3.3 that the
following lemma.

Lemma 3.17. Let G* € K*(GT). ThenQ : f* — Idf—?' induces an isomorphism
Hom go(pg7)(X*, G*) = Hom po (5g7)(X*, G*) of abelian groups. In particular,
K®(GT) can be viewed as a triangulated subcategory of Dgi(fgI).

Theorem 3.18. Let A be an abelian category with enough injective objects.
Then Dgi(fgI) ~ K%(GT).

Proof. Let F : K*(GI) — Dgi(fgf) be the composition of embedding map
K*(GT) — K*(fGZ) and the localization functor Q : K*(fGZ) — D},(fGT).
It follows by Proposition 3.16(1) that F' is dense. It can be obtained from
Lemma 3.17 that F' is fully faithful. O

The following proposition is a direct consequence of Theorem 3.18.

Proposition 3.19. Assume that A is a Gorenstein ring. Then we have a
triangle-equivalence Dzi(A-Mod) ~ K%(GT).

Proposition 3.20. Let T* with Adpp T* < Dgi(A) ﬂD;O satisfy +>0T* =
Copres? oo (T"*). Then T* is an n-Gorenstein cosilting complex.
gi
D=0 D=0

products, we obtain Adp D, T Lo Tt follows by the assumption and
Proposition 3.19 that T* € Dgi(A). Then, T* € K*(GZ) = (GT). Consequently,
T* is Gorenstein precosilting.

Clearly, +=0T* = Copres’,~o (T*) < D;O is an immediate consequence of
the hypothesis and Lemma 3.13. Then, we have by Proposition 3.12 that T°°
is Gorenstein cosilting.

Proof. Since T* € Copres™ ., (T*) = +>°T* and Copres” ., (T*) is closed under
c
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Note that T* € (GI)(*>°GT = GT follows from T* € D;—O = 1>0G7T and

Lemma 2.3. Then there is an integer m such that T° e (ng)m Moreover, T'
is m-Gorenstein cosilting by Proposition 3.10. So, there is a series of triangles
TP — G; = T — in Dg;(A) with G; € GZ for all 0 < i < m, where T)3, ., =0
and Tg = T*. Applying Homp (G, —) to the triangles, for any G € GZ, we
have that
Homp, (G, T;,) = Homp, (G, T;,_4[1]) = ---
=~ Homp,, (G,T;[m]) = Homp,, (G,T*[m]) = 0.

Since G[—n] € D;O[—n] < Copres” ., (T*) = +>°T*, we can obtain Homp_, (G,
T*[i + n]) = 0 for any ¢ > 0. If m < n, then T is n-Gorenstein cosilting. If
m > n, then the triangle T3, _; — G,,—1 — T, — is split, i.e., T* € (GL)p—1.
Repeating the process, one can obtain T°* € (GZ),,. Then, T* is n-Gorenstein
cosilting. 0

Denote that
DY = {M* € Dyi(A)|H'Homp,,(M*, G[i]) =0, where i > b and for G € GT}.

The following Bazzoni’s characterization of n-Gorenstein cosilting complexes
can be obtained from Proposition 3.14 in combination with Proposition 3.20.

Theorem 3.21. Suppose that Adpo T < Dgg’t] fort = 0. Then the following
statements are equivalent.

(1) T* is n-Gorenstein cosilting;

(2) L=oT* = Copres%;o (T*).

Auslander and Reiten [5] showed that there is a one-to-one correspondence
between isomorphism classes of basic cotilting modules and certain contravari-
antly finite cosuspended subcategories. Later, Buan [10] showed that there
is a one-to-one correspondence between basic cotilting complexes and certain
contravariantly finite subcategories of the bounded derived category of an artin
algebra. In the following, we aim to extend such a result to the case of Goren-
stein cosilting complexes.

We list the following definitions and a useful lemma at first.

Definition. Let X < ) be two subcategories of D.

(1) X is said to be contravariantly finite in Y if for any Y € Y, there is
a homomorphism f : X — Y for some X € X such that Homp (X', f) is
surjective for any X’ € X.

(2) X is said to be specially contravariantly finite in Y if for any Y € ), there
is a triangle U — X — Y — with some X € X such that Homp (X', U[1]) =0
for any X' € X.

Note that in the latter case, one has that U € X0 if X is closed under

[1].
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Proposition 3.22. Assume that Adpp T € D;O and T* is Gorenstein cosilt-

ing. Then +>0T* = D;ri and +=0T* < D;.O is specially contravariantly finite in
DT
gt

Proof. It follows by Proposition 3.12 that +>0T* < D;O. Therefore, we get

that L=oT* = Df;. Take any X* € Df,, it is obvious by T* € K*(GZ) that
X* e Lt=mT* for some m, that is, X*[—m] € t=0T*. AsO¢e Adpp ,T*, we can
see that X* € J:)?’ from the definition. Hence, J-/Nl?' = D;i.

Note that 1>07°* = XAdngiT- from Lemma 3.11. By the dual of [30, Corol-
lary 2.8], we obtain for any X* € D;ri = l;)\T' = XAdquiT' there is a tri-
angle U* — Y* — X* — with U® ¢ Ad?,;T‘ and Y; e =0T Since
Adgl;T' < (*=oT*)*>0, we specially get that Homp , (M*,U*[1]) = 0 for

any M*® € =0T, Tt follows that ->°T* is specially contravariantly finite in
DF. d
gt

Proposition 3.23. Assume that T < D;-O is specially contravariantly finite in
D;ri and cosuspended such that T = D;i. If T T+=° is closed under products,
then there is a Gorenstein cosilting complex T such that T = +>0T*.

Proof. Tt is easy to verify D;’i = T < L»o (T+=°). Hence, we can obtain
TH=0 € K%GT).

Take any M*® € D;i, there is a series of triangles M?,; — 17 — M — with
17 €T forall j =0, where Mg := M* and each M} € T1>o0 for j = 1. It follows
that T € 7 () T+>° for all j > 1. Then we can check by 7+>° < K"(GZ) and
M* e D; that M* e +>»(T+>0) for some n depending on M*®. Applying the
functor Homp,,(—, M) to the above triangles, we obtain that

Homp,,(My, My 1[1]) ~ -+ ~Homp, (M*, My ,[n+1]) = 0.

Thus, the triangle M} ; — Ty — M} — is split. Moreover, M, is a direct
summand of T,. Since 7 ()7+>° is closed under products and 7 is cosus-
pended, it implies that 7 ()7 +>° is closed under direct summands. Then,
My e TN\ TH>o.

Since T < DgziO = 1=0G7, we have GZ < T*>°. In particular, let the
object M* in the above be G € GZ, then we can obtain the triangles G+ —
T — G; — with Gj € T+ and T} € T()T+>0 for all 0 < j < n, where
Go = G and G, 11 = 0. Take T* = @;‘:0 Tj" and then we show that T is
Gorenstein cosilting. Indeed, as T+>° < K®(GT) and T () 71> is closed under
products, one can easily verify that T* is Gorenstein precosilting. Moreover, it
is easy to see by the above argument that GZ € Ad?);;T'. Consequently, T
is Gorenstein cosilting.
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It remains to prove that 7" = +>°T*. We can easily check by T* = @?:o Tj"
and Tj" e T T+ that T < +>0T* for all 0 < j < n. Take any N € +>0T"*,
similar to the above argument, we have a series of triangles N, — T7" —
N; — with N;j € T4=0, 73" € T and Tp" € T(\T*>0 for all 1 < j < m,
where Nyo = N and N,,,1 = 0. Observe that all objects in these triangles
are in =07, For any L* € T()T+>°, one can get that T* @ L*® is also
Gorenstein cosilting. Then we have from Proposition 3.9 that L® € Adp D, 1"
It follows that 7 (7+>° < Adpp,, T*. Moreover, T () Th=o = Adpp,,T*.
So, the above triangles imply that N7 € Ad?D:T' and consequently, Ny €
L=oe ﬂAd;[_):T’ = Adpp,, T*. It follows by T cosuspended that N* e 7.
Then the triangle Ny =1y — N* — is split. So, we can obtain that +>07* <
T. This completes the proof. O

Combining Propositions 3.22 with 3.23, we obtain the following desired re-
sult. Here, we say two Gorenstein complexes M® and N°® are equivalent if
AdngiM. = AdnglN.

Theorem 3.24. There is a one-to-one correspondence, given by u : T® —
L=oT*  between equivalence class of Gorenstein cosilting complexes with
AdngiT‘ c D;»O and subcategories T < D;O which is specially contravari-

+

antly finite in Dy, cosuspended and closed under products such that T = D;i.

Proof. 1t is not hard to check from Propositions 3.22 and 3.23 that the cor-
respondence is well-defined. Note that w is surjective by Proposition 3.23. If
both T? and T3 are Gorenstein cosilting with +>07¢ = =073 then we can
verify that T @ Ty is also Gorenstein cosilting. It follows from Proposition 3.9
that Adpp 77 = Adpp ,T5. So, T7 and T3 are equivalent. Consequently, u
is bijective. (Il

4. The Bongartz’s theorem of Gorenstein precosilting complexes

According to [2], given an artin algebra A, recall that the Nakayama functor
on mod-A is defined as v := DHomy (—, A) : mod-A — mod-A. Restriction of
the Nakayama functor to the category proj-A induces an equivalence proj-A —
nj-A.

Assume that A is an artin algebra of CM-finite type over a field k, there
is a finitely generated Gorenstein projective A-module G such that Gproj =
addG and Ginj = addvG. Clearly, addG (resp. addvG) is a contravariantly
(resp. covariantly) finite subcategory of mod-A.

In order to show the complement theorem of Gorenstein precosilting com-
plexes, we at first introduce the small version of Gorenstein cosilting complexes.

Definition. (1) A complex T is called a Gorenstein precosilting complex if it
satisfies the following two conditions.
(s1) T* € K*(Ginj);
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(s2) T* € Li=oT",

(2) A complex T is called a Gorenstein cosilting complex if it satisfies (s1),
(s2) and

(s3) Kb(Ginj) = (adpp ,T*), that is, K*(Ginj) coincides with the smallest
triangulated subcategory containing adp D, I
Remark 4.1. All results in Section 3 hold if we replace Adpp T and K*(GT)
by adpp, ,T* and K*(Ginyj), respectively.
Definition. For a complex X°*, we define the following notions.

(1) There is a truncation of X*,

T;n(X'):~~~HOHImd”*1HX"HX"JAH...
(2) If X* € Kb(Ginj), then
R(X*) = sup{i € Z| H'Hom(X*,vG) # 0}.

Remark 4.2. For any morphism f*: X* — Y* in K®(Ginj), it is obvious that
there is a triangle X* — Y* — Conef* —. If R(X*) = m and R(Y*) = n,
then R(Conef*) = max{m,n}.

)

We give a truncation of a complex in K*(Ginj) in term of R(X*).

Lemma 4.3. Let X* € K*(Ginj). Then X* is Gorenstein quasi-isomorphic
to T>_g(x+)(X*®) in K*(Ginj).

Proof. Without loss of generality, assume that X? = 0 for i > 0 and i < —s,
then
X o X A, st AT AT 0 g,
Let R(X®) = m. If m = s or m = s— 1, it is easy to verify that X* is
Gorenstein quasi-isomorphic to 7>_,, (X*).
Assume —m > —s + 2, we have the following commutative diagram:

X°- ~-'*>0‘>X_S‘>X_S+1‘>X_S+2‘>X_s+3‘>"'
| . | |
T>—st2(X*): i >0 —>0—=>Imd 5t —= X—5+2 5 X3 ...

Applying the functor Hom (—,vG) to the above diagram, we obtain the
following commutative diagram:

(Ts—sio(X*),vG): -+ = (X75+2 1G) - (Imd**!, vG) ——0 0—=---

b I \ | |

(X*,vG): ++ — (X752 0@) — (X ** vG) — (X5, vG) =0 — - -

where (—, vG) denotes the functor Hom  (—, vG). Since 0 — X % — X5t —
Imd—**! — 0 is exact, we can obtain by the above diagram the exact sequence

0 — Homp (Imd—**!, vG) — Homp (X *T1 vG) — Homy (X %, vG) — 0.
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It is obvious that the sequence 0 — X% — X%t — Imd—**! — 0 is G-
exact. As X% € Ginj, we can easily obtain that the above G-exact sequence
is split. Then, Imd—**! € Ginj. It is not hard to check that X* is Gorenstein
quasi-isomorphic to o> _g(x+)(X*) in K%(Ginj). Repeating the process, one
can easily get the result. [l

Given two complexes X* € K®(Ginj) and Y* € K®(Ginj), there is a mor-
phism f*: X* — Y*" where n = Hom g 5)(X*,Y*) and Hom g () (X*,Y*) €
modk, i.e., Hom g x)(X*,Y*) is finite dimensional as a k-vector space. Then
one can easily obtain that f induces an epimorphism Hom g )(f®,Y*) by
[14, Proposition 4.2.2].

Now, we introduce a series of distinguished triangles in K°(Ginj). For the
following part, we fix a complex U®* € K%(Ginj) and V§ = vG as a 0-th
stalk complex in K®(Ginj). Let ng be the cardinality of a generating set of
Hom g (5)(Vi',U®). Then there is the morphism f§ : V' — U*™ in K®(Giny)
such that Hom g (5)(f3,U*®) is surjective. It induces a triangle in K°(Giny)

Ng: Vg L5 emo 2, e
Similar to the above argument, there is a series of triangles in K®(Ginj)
Ay Vg T, greme Tk, Vi —
with Hom g p)(f5, U*®) surjective for & > 1, where ny is the cardinality of a
generating set of Hom g (a)(V}S,U*).
We denote E: = v(G in the following statements.

Lemma 4.4. Let U® € K*(Ginj) be a complex with R(U*) = m > 0. Then
R(Vy?) < k + max{m — 1,0} for any k > 0.
Proof. We will prove the result by induction on k. The statement is trivial in
case k = 0, i.e., H'Hom (Vy, E) = 0 for i > max{m—1,0}. Assume inductively
that H'Hom (V,? ;, E) = 0 for i > k—1+max{m—1,0}. Applying the functor
Hom (—, F) to Ag_1, we have the following long exact sequence
<o HHomy (Ve |, E) > H M Hom (Vi E) » H ' Homy (U™ E) —- - - .
Since H*"'Hom, (U*"**, E) = [],,_, H"*"Hom,(U*, E) = 0, it is easy to
obtain H'Hom  (V;?, E) = 0 for i > k + max{m — 1,0}. O
Lemma 4.5. Suppose that U* € K®(Ginj) is a Gorenstein precosilting complex
with R(U®) = m = 0. Then the following statements hold for any k = 0.

(1) Hom g oy (Vi U*[i]) = 0 for i > 0.

(2) Hom g a0y (Vi Vili]) =~ Hi**Homa (V;?, E) for i > 0 and k < 0. In

particular, we have that Hom g py(V)?, Vi [i]) = 0 for i > max{m —1,0}.
Proof. (1) If i > k, applying Hom g (2)(—,U*®) to Ao, ..., Ax_1, we have that
Hom (ay(Vi, U®[4]) ~ Hom g py (Vie_y, U[i — 1])



1360 H. L. YAO AND Q. Q. YUAN

~ ...

~ HOmK(A)(VO.,U.[i - k]) =0.

In case of 0 < i < k, applying Hom g (5)(—,U®) to Ag_;, there is a long
exact sequence

Hom g Ay (fx—i,U*)

-+ — Hom g (4) (U™, U*) Hom sc(py(Vi_i41,U*®)
— Hom g (p)(Vi'_j41, U*[1]) — Hom g (2 (U™, U[1]) — - -
Since U* is a Gorenstein precosilting complex, we have Hom g5y (U*"*~, U*[1])
= 0. Tt follows from the construction of f?_; that Hom g (a)(fx—i, U*®) is an epi-
morphism. Then, Hom g (2)(V;?_,,,,U*[1]) = 0. Moreover, it implies that
Hom g (4 (Vi?, U*[4]) ~ Hom g (a) (Vii_y, U*[i — 1])
~ Hom g (a)(Vi_i11, U[1]) = 0.
(2) Applying Hom g (p)(V;?, —) to Ao, ..., Ap_1, we have
Hom g4y (V*, Vi [i]) =~ Hom g () (Vi Vie_y [ + 1))
~ Hom g (4) (Vi Vi [i + K1)
~ H""*Hom (Vi?, E).
In particular, it is a consequence of (1) that H***Hom (V}?, E) = 0 for i >
max{m — 1, 0}. O

Lemma 4.6. Let U® € K°(Ginj) be a compler with R(U®) =m = 0. Ifk > m,
then Hom g (py (U*, V2 [i]) = 0 for i > 0.

Proof. Applying Hom g (x)(U®, —) to Aj for 0 < j < k— 1, we can learn by the
assumption that

Hom () (U*, Vi [4]) ~ Hom gy (U*, ViE_1 [i + 1])
~ Hom g () (U*, Vi?_5i + 2])

~ ...

~ Hom g () (U*, Vi [i + kJ).

It follows from Vi? = vG and R(U*®) = m > 0 that Hom g5 (U*®, Vi [i+k]) = 0.
Then the result holds. O

Lemma 4.7. Suppose that U* € K®(Ginj) is a Gorenstein precosilting complex
with R(U®) = m > 2. For any k = m, then the following statements are
equivalent.

(1) Hom g a0y (Vi3 Vi[i]) = 0 for 0 <i < m;

(2) Hom gy (f7, E[m]) is surjective for 0 <i < m;

(3) R(V;y) < m;
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(4) R(V®) < k.
Proof. (1) = (2) Applying the functor Hom g (5)(—, E) to the A;, one can
easily obtain an exact sequence

HomK(A) (f,_,E[m])

. ﬁHomK(A)(U'"i,E[m]) Hom g (1) (V;", E[m])
— HOmK(A)(‘/A_l, E[m + 1]) — HomK(A)(U'ni,E[m + 1]) — e
Since R(U*) = m, we have Hom g () (U*"*, E[m + 1]) = 0. Therefore, one can
easily get CokerHom (o) (fi, E[m]) ~ Hom g2y (V;% 1, E[m + 1]). It suffices to
show Hom g (p) (V% 1, E[m + 1]) = 0. Applying the functor Hom g (a)(—, E) to
the A;,...,Ag_1, we can obtain that
CokerHom (f7, E[m]) ~ Hom g (2)(V;% 1, E[m + 1])
~ Hom g (5)(Vi%o, E[m + 2])
~ HOmK(A)(Vk.,E[m +k—1i])
~ HomK(A)(Vk', VO'[m +k— Z])
~ Hom g (p)(Vy, Vie[m —1i]) = 0.
The last isomorphism follows from Lemma 4.5.
(2) = (3) We will show that R(V;*) < m for 1 < i < m by induction on i.
If i = 1, applying Hom g(2y(—, E) to Ag, we have a long exact sequence
-+ = Hom gy (V" E[j — 1]) = Hom ge(a) (Vi*, E[j]) — Hom g (4) (U™, E[j]) — - - .
Since Hom g (4)(Vy', E[j — 1]) = 0 by Lemma 4.5, and R(U*®) = m > 2, it is
clear that Hom g (a)(V3*, E[j]) = 0 for j > m.
Assume that R(V;*) < m for 0 < i < m. Applying Hom g a)(—, E) to the
A,,_1, it is apparent to obtain a long exact sequence

Hom g (ay (f_1,E[m])

PN HomK(A)(Umm’l,E[m])
— HOIHK(A)(V;T,E[m + 1]) — e

Hom g (py (Von—1, E[m])

m

Since Hom g (a)(f,—1, E[m]) is surjective and R(U*) = m, it is straightforward
that Hom g (a)(V,n, E[m + 1]) = 0. Therefore, R(V,;,) < m.
(3) = (4) Applying Hom g (5)(—, E) to A; for 0 < j < k — 1, we have
Hom (5 (Vy?, E[4]) ~ Hom g (a) (Vi_y, E[i — 1])
~ Hom g () (Vir, E[i + m —k]) =0
for i > k.
(4) = (1) Tt is trivial from Lemma 4.5. O

Proposition 4.8. Assume that U* € K®(Ginj) is a Gorenstein precosilting
complex with R(V,r) < m. Then U*@V,® is a Gorenstein cosilting complex for
k=m.
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Proof. Tt is easy to obtain by the construction that U® @ V;* € K®(Ginj).
Therefore, the condition (s1) holds. One can easily verify from the assumption
and Lemmas 4.5, 4.6, 4.7 that condition (s2) U*@V,® € (U*@V;?)>0. It suffices
to show that {adpp  (U*@V})) = K®(Ginj). Indeed, we need to prove that
if Hom g (py(U* @ Vy$, X[i]) = 0 for any 4, then X* is zero. We may construct
the following triangles
Vj_l . V;_l N UQ’I’LJ‘—l @V]: N ‘/jo @ Vk' N

for j < 1. It is clear for s > 0 that
Hom ;) (U™ @ Vi'[s + 1], X*[i]) = Hom g (o) (U™ @ Vi [s], X *[i]) = 0.
Applying the functor Hom g5y (—, X*[i]) to the triangles Vi,...,Vy_1, one
can easily check that

Hom g (a) (Vi @ Vi [s + 1], X*[i]) = Hom g (a) (V{7 [s], X*[4]) = 0
for 0 < s < k— 1. It is obvious that Hom g (o) (V,’[s + 1], X*[i]) = 0 for
0 < s <k —1. Then we can obtain that

Hom () (V', X*[i]) ~ Hom g (4) (V77 [1], X*[7])

e

10

Hom ge(a) (VS [K], X*[i]) = 0

for any i. Therefore, we get Hom (addvG, X*) = 0. Moreover, we can learn
Homj (X7, X*) = 0 for any j. It is easy to see from [13, Lemma 2.4] that
H'Hom  (X*, X*) = 0 for any i. Then, H'Hom (X*, X*) = Hom(X*, X*) =
0, that is X* = 0. So, the condition (s3) is true. As a consequence, U* @ V}? is
Gorenstein cosilting. O
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