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SUBORDINATIONS BY CERTAIN UNIVALENT FUNCTIONS
ASSOCIATED WITH A FAMILY OF LINEAR OPERATORS'
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ABSTRACT. The aim of the present paper is to obtain some mapping prop-
erties of subordinations by certain univalent functions in the open unit disk
associated with a family of linear operators. Moreover, we also consider
some applications for integral operators.
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1. Introduction and Preliminaries

Let H = H(U) denote the class of analytic functions in the open unit disk
U={ze€C:|z|<1}. ForacCandneN={1,2,---}, let

H[ayn]:{fGH:f(z):a+anz”+an+1z”+1+...}_

Let ® and ¥ be members of H. The function @ is said to be subordinate to
W, or V¥ is said to be superordinate to ®, if there exists a function w analytic in
U, with w(0) = 0 and |w(z)| < 1 for z € U, such that ®(z) = U(w(2)) (z € U).
In such a case, we write ® < ¥ or ®(z) < U(z) (z € U). If the function ¥ is
univalent in U, then we have (cf. [16])

D <V < B0)=V(0) and &(U)C U(U).

Let Q be the class of functions f that are analytic and injective on U\ E(f),
where

B(f) = {< € oU : im f(2) = oo},
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and are such that f/(¢) # 0 for ¢ € U\ E(f).
We also denote M by the class of univalent functions ¢ € H with ¢(0) = 1
satisfying the following condition:

zq'(2) <(Zq/(z))/>}
RI(1-p +0 >0 (BeR; zel).
-0 /) ( )
Then we also note that M7 is the class of convex (not necessarily normalized)
functions in U.
Let A, denote the class of functions of the form

F2) =2+ a2 (peN={1,2,--}) (1)

k=1

which are analytic and p-valent in the open unit disk U. The convolution or
Hadamard product of two functions f, h € A, is denoted by f * h and is defined
as

(fxh)(z) =2"+ Z ak+pbk+pzk+p7

k=1
where f(2) is given by (1) and h(z) = 2P + 3 brypz"™P. Now we define the
¢p(a,c; z) by

Mg

GCZ

E P (e£0,-1,-2,-),

where (v)y, is the Pochhamme ymbol (or the shifted factorial) defined (in terms
of the Gamma function) by

_T'(v+n) 1 if n =0 and v € C\{0},
W)n = I'(v) _{V(V+1)'-'(V—|—n—1) ifneNandveC.

Denote by Ly(a,c) : A, — A, the linear operator defined by
Ly(a,c)f(z) = dp(a, c;2) * f(2) (z € ), (2)

where the symbol (x) stands for the Hadamard product (or convolution). We
observe that

Ly(p+1,p)f(2) = 2f'(2)/p and Ly(n+p,1)f(z) = D" f(2),

where n is any real number greater than —p, and the symbol D™ is the Ruscheweyh
derivative [22](also, see [9]) for n € Ny = NU {0}. Furthermore, it is easily veri-
fied from the definition of the operator Ly(a, c) that

2(Lp(a,¢)f(2)) = aLp(a+1,¢)f(2) = (a = p)Ly(a, c) f(2). 3)

The operator L,(a, c) was introduced and studied by Saitoh [23]. This operator
is an extension of the familiar Carlson-Shaffer operator L;(a,c) which has been
used widely on the space of analytic and univalent functions in U ( see, for details
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[8]; see also [24]). Making use of the principle of subordination, various subordi-
nation theorems involving certain integral operators for analytic functions in D
were investigated Bulboaca [3, 4, 5], Miller et al. [15] and Owa and Srivastava
[18]. Also Kumar et al. [12] gave an unified approach to study the properties of
all these linear operators by considering the aspect that these operators satisfy
recurrence relation of some common forms. They studied properties of integral
transforms in a similar way. Furthermore, the study of the subordinaton prop-
erties for various operators is a significant role in pure and applied mathematics.
For some recent developments one may refer to [1, 6, 7, 10, 17, 20]. The aim of
the present paper, motivated by the works mentioned above, is to systematically
investigate the subordinations by certain univalent function associated with the
linear operator Ly (a, ¢) defined by (2). We also consider interesting applications
to the integral operator.

We recall the following lemmas which are required in our present investigation.

Lemma 1.1. [14]. Let p € Q with p(0) = a and let ¢(z) = a + apz™ + -+ be
analytic in U with q(z) £ a and n € N. If q is not subordinate to p, then there
exist points zg = roe'’ € U and (o € OU\E(f), for which

q(Uy,) € p(U), q(z0) =p(Co) and zq (z0) = mop'(Co) (m >n).

Lemma 1.2. [16]. Let k be convexr (univalent) and let A > 0. Suppose that
M > 4/K'(0) and that B(z) and D(z) are analytic with D(0) =0 and satisfy

R{B(z)} > A+ M|D(z)| (z€U).
If p € H, with p(0) = k(0) satisfies
AZ%p"(2) + B(2)2p'(2) + p(2) + D(2) < k(z) (2 € U),
then p(z) < k(z) (z € U).

A function L(z,t) defined on U x [0, 00) is called the subordination chain (or
Léwner chain) if L(-, ) is analytic and univalent in U for all ¢ € [0,00), L(z,-)
is continuously differentiable on [0,00) for all z € U and L(z,s) < L(z,t) (z €
U; 0<s<t).

Lemma 1.3. [21]. The function L(z,t) = a1(t)z + - -+ with
a1(t) #0 and lm |a(t)] = oc.
t—o0

Suppose that L(-,t) ia analytic in U for all t > 0, L(z,-) is continuously differ-
entiable on [0,00) for all z € U. If L(z,t) satisfies

z0L(z,t)
m{afgt)} >0 (2€U; 0<t<o00)
ot
and
|L(z,t)| < Kplai(t)] (Jz] <ro<1; 0>1 < 0))

for some positive constants Ko and rq, then L(z,t) is a subordination chain.
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2. Subordination Results

Firstly, we begin by proving the following subordination theorem involving
the multiplier transformation L, (a,c) defined by (2).

Theorem 2.1. Let f,g € A, with
L (a+17c)9(z)}
Rap—L—172222 0 50 (a € R\{0}; 1€ C\{0}; 2. 4
Camrers (€ R\(0): peC\(0); z€T). (1)
Suppose also that k € M} and

(G

Then

118
Ly(a+1,0)f(2) ( Lpla,0)f(2)\" ™" .
Ly(a+1,c)g(2) <Lp(a,c)g(z)> ] <k(z) (5

(0<p5<1; z€0).

<Lp(a76)f(2)
Ly(a, c)g(z)
Proof. Let us define the function ¢ by

)ﬂ <k(z) (z€0).

_ (Lola.c)f ()" e
Q(z) T (LP(LL,C)Q(Z)) (f?g € Apy IR (C7 € U) (6)

By using the equation (3) to (6) and by a simple computation, we get
Ly(a+1,0)f(2) (Lp(a,c>f<z>>”‘1
Ly(a+1,0)9(2) \ Ly(a,c)g(2)

 Lyla+1,0¢(2)

Ly(a,c)g(2)
We note that the assumption (4) implies that H(z) # 0 (2 € U). Hence,
combining (6) and (7), we obtain

(Gl

— o) (1420 (z))ﬁ |

Thus, from (8), we need to prove the following subordination implication:

2q'(2) )

=q(z) + nH ()

where

H(z) (z €.

B

Ly(a+1,¢)f(2) (Lp<a,c>f<z>)“1
Ly(a+1,0)g(z) \ Ly(a,c)g(z)

(8)

zq'(z) 1 o
q(?) (1 + ) auH(z)) <k(2) (2€U) = q(2) <k(2) (z€U). (9)

For the particular case 8 = 1, the implication (9) becomes
1

q(z) + WT(Z)Z(]/(Z) <k(z) (zelU) = q(2)<k(z) (z€D). (10)
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According to Lemma 1.2 for A = 0 and D(z) = 0 and by using the inequality
(4), we deduce that the above implication (10) holds true.

Now we will prove that our result for the case g # 1. Without loss of gener-
ality, we can assume that k satisfies the conditions of Theorem 2.1 on the closed
disk U and &'(¢) # 0 (¢ € OU). If not, then we replace f, g,k and H by

fr(z) = f(rz), g,(2) = g(r2), kr(2) = k(rz) and H,(z) = H(rz),

respectively, where 0 < r < 1 and then k, is univalent on U. Since
g (2) (1 + zq‘f“((;; @)ﬁ < k() (z € 1),
where ¢,(z) = q(rz) (0 <r < 1; z € U), we would then prove that
ar(2) <k (2) (0<r<1; ze€U),
and by letting » — 17, we obtain ¢(z) < k(2) (z € U).
If we suppose that the implication (9) is not true, that is,
9(z) A k(z) (z€),
then, from Lemma 1.1, there exist points zg € U and (p € 0U such that
q(20) = k(o) and  20q'(20) = m(ok'(Co) (m >1). (11)

To prove the implication (9), we define the function L : U x [0,00) — C by

2k (2) 1 A

k(z) apH (z)
:al(t)z+~~- ,

L(z,t) =k(z) |1+t

and we will show that L(z,t) is a subordination chain. At first, we note that
L(z,t) is analytic in |z| < r < 1, for sufficient small » > 0 and for all t > 0. We
also have that L(z,t) is continuously differentiable on [0, o) for each |z| < r < 1.

A simple calculation shows that
0L(0,t) , tg
= = 1+ ——|.
a(t) 0z FO)y L+ apH (zp)

From the assumptions &'(0) # 0 and (4) with 0 < 8 < 1, we deduce

B

Hence we obtain a1 (t) # 0 (¢ > 0) and also we can see that lim; . |a1(t)| = co.
While, by a direct computation, we have

(| =gl s (5]

+ %%{a,uH(zo)}.

(13)
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By using the fact that k € M} and the assumption(4) to (13), we obtain

z0L(z,t)
9%{8;“;;0}>0 (z€U; 0<t<00),

ot

which completes the proof of the first condition of Lemmal.2. Moreover, we
have

2k’ (2) 1
L(Z,t) /8 _ k’(Z 1/8 ’1 +t k(z) apH(z0)
ai(t) ~K(0) |8
‘1 + apH (zo0)
K (2)
_ 1| k) VB 2k (2) ‘ﬁ - Zk(z) 1
= B k(0 k(z 1/B-1
PO O T o i ] s i
L k) ML BIEG) + |2 ()] 1
OO ] I L o o T
_ LR et B
(14)
Since k € M7, the function k may be written by
k(z) = k(0) + K (0)K(2) (2 €U), (15)

where K is a normalized univalent function in U. We also note that for function
K, we have the following sharp growth and distortion results [11, 21]:

r T

T <K@ i (=r <)) (16)
and
T SIS o (el =r<1) (17)

Hence, by applying the equations(12), (15), (16) and (17) to (14), we can find
easily an upper bound for the right-hand side of (14). Thus the function L(z,t)
satisfies the second condition of Lemma 1.3, which proves that L(z,t) is a subor-
dination chain. In particular, we note from the definition of subordination chain
that

k(z) = L(z,0) < L(z,t) (z2€U; t>0). (18)
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Now, by using the equality (8) and the relation (11), we obtain

pql- ue118
(et)] ™ et bt (ke

2 (z0) 1 )5

= a(z0) (1 T 4(z0) anH (z0)

_ SR (G) 1\
= ko) <1 ) GMH(ZO)>

= L(Co,m) (m =1).

Then, according to (18), we deduce that
[(Lp(av C)f(Zo) ) H:| e Lp(a +1, C)f(ZO) (Lp(a’ C)f(ZO) ) el
Ly(a,c)g(z0) Ly(a+1,c)g(z0)
— L(Go,m) & K(U).

But, the relation (19) contradicts the assumption (5), and hence we finally con-
clude that ¢(z) < k(z) (z € U). Therefore we complete the proof of Theorem
2.1.

If we take g(z) = 2? in Theorem 2.1, we have the following result.

Corollary 2.2. Let f € A,. Suppose also that k € M} and

{(Lp(a,c)f(Z))“]lﬁ lew Lo)f () (me, c)f(z))‘“r .0

zP zP zP

(a € R\{0}; pe C\{0}; R{au} >0, 0<p<1; z€U).
Then

2P

(Wc)f(z))“ <k(z) (z€0).

If we let p =1 and S =1 in Theorem 2.1, we have the following result.
Corollary 2.3. Let f,g € A, with
n {Lale 100
Ly(a,c)g(z)
Suppose also that k € M7 and

Ly(a+1,¢)f(2)
L,(a+1,c)g(2)

}>O (a € R\{0}; z € U).

<k(z) (z€0).

Then
Ly(a,c)f(z)

L(a)glz) “FE) (=€)
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Theorem 2.4. Let f,g € A, with

%{au L,(0.09(2) } >0 (aeR\{0}; peC\{0}; z€U).
Suppose also that k € M5 and
gy (@0 f N, Lpla+1,0f() (Lylaaf )\,
-0 (Zead) et ( ) ke
(B>0; z€ ).

(Lp(% o) f(z)
Ly(a,c)g(z)
Proof. Let us define the function ¢ as in the proof of Theorem 2.1 by

a(2) = (“)f”) (f,9.€ Ay € CV0}; =€ ).

Then "
) <k(z) (z€0).

Ly(a,c)g(2)
Then, by using the equatlons 6) and ( ), we obtain
B a+1 o)f(z) [ Ly(a,c)f(z) pot
-9 (2eaG) P reriae (Zaam)
q

=q(z )<1+ q(i))auffo( ))

The remaining part of the proof in Theorem 2.4 is similar to that of Theorem
2.1 and so we omit the detailed proof.

If we take =1 in Theorem 2.4, we have the following result.

Corollary 2.5. Let f,g € A, with
%{am} >0 (aeR\{0}; z€U).
Suppose also that k € M5 and
- () A < oo
Ly(a,c)f(z)
Ly(a,c)g(z)

Next, we consider the generalized Libera integral operator F, (v > —p) de-
fined by (cf. [2, 9, 13, 19])

Then
<k(z) (2€U).

F(f)) = 21tP / e (f e Ay v > —p) (20)

Zl/

Now, we obtain the following subordination property involving the integral
operator defined by (20).
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Theorem 2.6. Let f,g € A, with

m{(y+p)MLp(a7c)Fy(g)(z)}>O (a €R; v>—p; peC\{0}; z€ ),

where F, is the integral operator defined by (20). Suppose also that k € M and

[(LP(WW>"] P Ly(a,0)f(2) (Lp(a, OF,(f)(=) ) u1‘|

B
< k(=)

Ly(a,c)Fy(9)(2) Ly(a,c)g(2) \ Lp(a, c)F,(9)(2)

(0<B8<1; z€l).

Then
(Lp(a, o) F,(f)(2)
Ly(a,c)F,(9)(2)

Proof. Let us define the function ¢ by
Ly(a,c)F, z
q(z) = < :0( ) (f)( )
Ly(a,c)F,(9)(z)
From the definition of the integral operator F, defined by (20), we obtain
2(Lyp(a,e)F,(f)(2)) = (v +p)Ly(a,c)f(z) — vLy(a,c)F,(f)(z) (22)
By using the equation (22) and also, by a simple calculation, we have

L. () (Li@dB B\ ()
Z,(a, )g(2) <Lp<a7c>FV<g><z>> =4 )

)M <k(z) (zeU).

) (f.g€ Ay peC\{0); z€ 1), (21)

(23)

where
Ly(a,c)g(2)
H(z) = L
Ly(a, ¢)Fy(9)(2)
We also note that from the assumption, H(z) # 0 (z € U). Hence, combining
(21) and (23), we obtain

[(LP(“’C)}W)(Z)) “] 1-8 [Lp(a, o) f(z) (Lp(a, c)F,(f)(2) ) Hl]

(z € ).

B

L,(@c)F,(9)(2) Z,(@)9(z) \ Ly(a, O, (9)(2)
—als 2q'(2) 1 ?
=l )<” . (V+p)uH(Z)> '

The remaining part of the proof is similar to that of Theorem 2.1 and so we may
omit for the proof involved.

If we let p =1 and 8 =1 in Theorem 2.6, we have the following result.
Corollary 2.7. Let f,g € A, with

m {(l/ _|_p)L LP(a’ C)g(Z)

p(ac)ﬂ(g)(z)}>0 (a€R; v>—p; z€l),
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where F, is the integral operator defined by (20). Suppose also that k € M7 and

L(a)glz) “FE) (=€)

Then
Ly(a,c)F,(f)(2)
Ly(a,c)F,(9)(2)
Theorem 2.8. Let f,g € A, with
%{(VJFP)MI@?CLP(Z;%} >0 (a€R; v>-p; peC\{0}; z€U)
Suppose also that k € M5 and
o (Lo(@ )R ()N | Lp(a,0)f(2) (Lyla, ) F(f)(2) )" B
-0 (2earme) e ( JIRLS
(8>0; ze ).

<k(z) (z€0).

Then
Lp(a, B, (NN ()
<Lp(a,c)Fl,(g)(Z)) < k(z) (z€l).

The proof of Theorem 2.8 is much akin to that of Theorem 2.4 and so the
details may be omitted.

If we take =1 in Theorem 2.8, we have the following result.
Corollary 2.9. Let f,g € A, with

Ly(a,0)a(z)
”{(”“’) L, (a.0)F, (9)(2)

Suppose also that k € M7 and

gy (LB DR | gLl f(2) .
s )(me,c)Fu(g)(z))*5Lp<a,c>g<z)<’f<> (620; z€ V).

}>0 (aeR; v>—p; z€ ).

Then

3. Conclusion

In our current study we originate some mapping properties of subordinations
by certain univalent functions in the open unit disk associated with a family
of linear operators. We also discuss our results with those for functions which
preserve starlikeness of the general integral operator and so state a new result as
special cases. Further, we remark that our results presented in this paper can be
applied to various differential and integral operators with a suitable recurrence
relation.
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