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ABSTRACT. In this paper, we have determined the degree of approxima-
tion of function belonging of Lipschitz class by using Deferred-Generalized
Norlund (Dg.Npq) means of Fourier series and conjugate series of Fourier

series, where {pn} and {gn} is a non-increasing sequence. So that results
of DEGER and BAYINDIR [23] become special cases of our results.
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1. Introduction

Many researchers like Leindler [7], Rhoades [21], Agnew [22], Qureshi and
Neha, [20], Khatri and Mishra [4], Mishra et al. ([9], [11], [12]) Mishra and
Mishra [10], Deepmala et al. [3], Nigam [18], Nigam and Sharma [19], Lal ([6],
[8]), Khan [5], Chandra [1] have studied the degree of approximation of functions
belonging to various Lipschitz classes by using summability methods of Fourier
series and conjugate series of Fourier series. Working in similar direction Mishra
et al. ([14], [15], [16], [17]) have determined the degree of approximation of con-
jugate of function belonging to Lipschitz class by Cesdro-Norlund product means
of conjugate series of Fourier series . Later on DEGER and BAYINDIR. [23] es-
tablished the trigonometric approximation of functions belonging to Lipschitz
class by Deferred-Norlund (D%.N,) product means . Now, we are using more
general method to determine the degree of approximation of functions belonging
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to Lipschitz class which reduces to the results of DEGER and BAYINDIR, [23]
as particular cases.

2. Definitions

Definition 2.1. Let a function f is 27 periodic and Lebesgue integrable in [0, 27]
with n? partial sums s, (f). Then,

1 n
(2.1) sn(fix) = iao—i—Z(akcoskx—&—bksinkx), nenN

k=1

with S()(f;x) = %a(].
The conjugate series of Fourier series (1.1) is given by

(2.2) S.[f] = Z(ak sin kx — by cos kx).

k=1
A function f € Lipa, if

flx+1t)— flz)=0(t*]) for 0<a <1, t>0.

The Lo,-norm of function f : R — R is defined by

[ flloc = sup|f(z)|,z € R.

The L"-norm of function is defined by
1/r

27
1l = (/ If(:r)lrdx) Q<reoe

The degree of approximation of function f : R — R by a trigonometric
polynomial t,, of order n under sup norm ||.||o is defined by Mac.Fadden [13].

[tn = flloo = sup{[tn(z) — f(2)], = € R}
and the degree of approximation of function E,,(f) of a function f € L" is defined
by
En(f) = minl|tn(z) — f ()]

We use following notations through out the paper
G2(t) = flz+1) = 2f () + flz — 1)
G2(t) = flw+1) = flz—1)

and
flz) = - L b (t) cot(t/2)dt.

27T 0
If f € L" , then f exists for almost all z.
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Let {p,} and {g¢,} be a non-negative sequence of real line. The transformation
given by

1 n
tfy = E an—qullsl/(f; 1‘)
v=0

is called the generalized Norlund mean (N, p,, g,,) of the sequence s, (f; ) where
R, = an,qu, Vn >0 and R, — o0, as n — 00.
k=0

In the special case in which the generalized Norlund mean N, reduces to
the familiar C* mean with a N,, mean define (C'.N,,) summability. Thus the

(C*.N,,) and (C'.N,,) means are given respectively by the transformations

1 n - k
(2.3) LN = DR D pevausy (F30),
k=0 v=0

and
1 n k
24 {eN i — . —v 1/~1/ ;

The Fourier series of f is said to be (C'.N,,) summable to s(z) if
toN — s(z) as n — oo.

We can easily seen that (C'.N,,) method is regular.

In this paper, we have determined the degree of approximation for the func-
tions belonging to the Lipa, (0 < «a < 1) class using Deferred-Generalized
Norlund (Dg.N pq) means of Fourier series and conjugate series of Fourier series,
where {p,} and {¢,} is a non-increasing sequence.

3. Definition of Deferred Cesaro mean and its product with
Generalized Norlund means in Lipschitz class

The Deferred Cesaro means is defined as following.
Let 8 = (a,) and v = (b,,) be sequence of non-negative integers with conditions

(3.1) A, < by; n=12.3,...
(3.2) lim b, = +oo
n—oo

The Deferred Cesaro means, Dg determined by g and ~

v
Dg =

Where (si) is a sequence of real or complex numbers.
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Taking into deferred Cesaro means Deferred generalized Norlund (D}.Np,)
means which the product of Dg means with a N, mean are defined by trans-
formation

Dg‘Npq

D}.Npq
tn

(:2) Ly
f;ZL' :tn =
W—Bkzﬁﬂ

k
<R]:1 Zpuqk—usu(f; $)> .
v=0

and similarly; (Dg.Npq) means of conjugate Fourier series are given transforma-
tion

~D7.N, ~D7.N, 1 7
P == g 5

k
<Rk1 Zpuqkfl/gu(f; .’IJ)) .
k=B+1 v=0

This results related to trigonometric approximation of function belonging to Lip-
schitz class by the Dg.Npq means of it’s Fourier series. The second result states
the degree of approximation to conjugates of function belonging to Lipschitz
class by the Dg.Npq means of conjugate series of Fourier series.

4. Lemmas
We prove following lemmas for the proof of main theorems.

Lemma 4.1. If R,, is positive and R,' > R;}_l for every n > 0. Then for

0< B <y <o 0 <t<m. and for any n, we have

v —1y.
Z R[;lei(n—k)t _ O(t )a ) 6
k=p O(tilRﬁ )1 B Z T
Where T = [t~!] denotes the integer part of 1/t.

Lemma 4.2. Let {p,} and {q,} be a non-negative sequence and {an} € £F
with noy, = O(1), For == <t <.

y—B
We have
. 1 e sin (k — v+ 1/2)t ( 72 )
. S EE— vik—v . =0
(4) 27(y — B) k:%;l R Vz:(:)p K sin(t/2) v—8 T
B eSS I I
. S EE— vk—v . =0
(i) 21(7 — ) kgl Ry l;)p Qk sin(t/2) v—8 T
Proof (i) -

1 il u sin (k — v+ 1/2)t
PRI Ry pugr .
2n(y = B) k;ﬁﬂ K 1;) sin(t/2)
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T k .
1 _ sin(k—v+1/2)t
G R ! Pvdk—v .
27(y — B) k:%;l k UE_;O k sin(t/2)

1 il r sin (k — v+ 1/2)t
tloo—= RS pugrw .
2n(y = B) k;ﬂ k VZ::O sin(t/2)
=M + M,

By Jordan’s inequality we can write (sin(¢/2))~' > ¥; for T <t<m

Therefore,

T

IA

1 e 1
Mios s 2 B maegny

k=B+1 v=0

1 T - k
= m Z Rklgpu%—u

k=p+1

1 T - k
EECER IR

k=p+1 v=0

1 T
= — 1
2t(y = B) k;BH
1

2t(y— B)

=0 (z757) =0 (75)

1 . -
—_— E R;* E Puqr—psin(k —v+1/2)t
2t(v = B) k=T+1 ) v=0

- (o) [ 2

Zpuqk,y Z R 'sin(k—v+1/2)t
Let us divide in to two part of the last sum. Thus we have

My, =

v=0 k=141

T+1 0%
1
My < —— | ) _ Pk R 'sin(k—v+1/2)t
2t(y = B) ;O k;—l *
1 Y 2
‘o Polk—v R 'sin(k—v+1/2)t
2t(y - B) v;rl k::zrﬂ *
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= m (M21 + M22)

First of all let us estimate Ms;. By elementary calculation , we have

T7+1
My, < Zpu% 5 Z R 1 1(k V)t zt/2
k=141
T74+1
— Zpu% . Z R 1 1(k v)
k=141
Therefore by lemma (4.1) we get
T7+1
(4.2) Mo <Y pugr—vO (TRL) = RrnO(TR L) = O(7)

Now, let us consider the second sum. Taking into account of Abel transfor-
mation. We obtain

Y
> R sin(k—v+1/2)t

k=v
y—1 k Y
=3 (AR D sin(k—v+1/2)t+ R;' Y sin(k —m + 1/2)t
=v m=0 m=0
v—1
—R;M> sin(k —m+1/2)t
m=0

Where AR = R;' — Ry,

by using S e = O(t)

For k > 0, and then {R,} is non-decreasing sequence, we have

.
Z R 'sin(k — v+ 1/2)t

k=v

<Z]AR iy

! Z sin(k —m +1/2)t

m=0

Zsm —v+1/2)t Zsmk m+ 1/2)t

m=0

(4.3) (Z’AR )|+ Ry +R> o(t) (Ry* + R, Y.
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Owing to (4.2) and (4.3) we get

.
M, = O( ) ( )+ > pugr-rO(7) (R§1+RJI)>
T v=1+1
-2 v
= O( > + Y gk (RT'+ RS
v B v=71+1
- O(T ><1+Rlzpuqk V+Zp”% ”)
v ﬁ v=71+1 v=1+1
= < ><1+1+ Z ow)
v=71+1
By considering with na = O(1) and 7 = [t~1] we write

Mo

) (2 )
0(5)e+on-nam)
(

-
7_2 ,7_2
7—B>+O<7—5w_ﬂa”0

2
0(775+T>

Lemma 4.3. The following statements are satisfied-

O

; 1 U 1 sin(k—v+1/2)t\|
01576 = 5 k;ﬂ( Zpqu v Sm(tm )‘ =0 ([1/4])
. 1 i 4 u cos(k—v+1/2)t\|

(ZZ)- 27’(’(’}/ — ﬁ) k:zﬁg_l (Rk; I;)pl/qk—u sm(t/2) ) ‘ =0 ([1/t])

foro<t<m/(n+1).

Proof:- Since sin(t/2) > t/x. for 0 < t < 7/(n + 1). (Jordan’s Inequality).
We have-

1 il e sin (k — v+ 1/2)t
2m(y - B) 2 (R’“ D Potis sin(t/2) ) ‘

k=p+1 v=0
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1 Y
: 2m(y — B) kgl (R Zpu% ¥ |sin( t/2)|>
B 7/t
= 27r(’yﬂ)kzﬁ;_1< ZPVQIC l/)

1 u 1
ECE A RN e

1

= %20(7).

The proof of the case (ii) runs along the same as that of (i).

5. Main Theorems

Theorem 5.1. Let (p,) and (g,) be a non-negative sequence and o, € £3 with
nay, = O(1). If f € Lipa, then the degree of approximation by the Dg.Npq means
of Fourier series is given by

D}.Npq B8)7%); 0<a<l.
tn — 0o — tn = o
| f@)]| O;;Ié)zﬂ ' { lg(’y 5))7 o
k B+1 v=0
Proof:- since
k B+1 v=0
We have
D} Npq
tn” T (fi2) — fl) == Z R Zpk v (s (fi2) — f(2))
k B+1 v=0

Where s, (f;x) is the partial sum of Fourier series of f.
On the other hand , we know that

DY .Nypq sm v+1/2)t

sn” (f;2) = £ 277/ $a( sin(t/2) 2
where ¢, (t) = f(x +t) — f(x —¢t).
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Therefore we write

D .Npq

tn” " (fr2) = f(2)
_ 1 2 _ u SlIl (v+1/2)t
CEERR Zpk‘”q”< [ oo™ ) 0

k=B+1
sin(v + 1/2)t
- [Te S R T2,
27r 27 (y — ) Myt = sin(t/2)
4 1 i sin(k — v +1/2)t
= be(t)i R_1 Pvdk—v . dt
| o053 > n(i/2)
Let us divide into two parts the integral. Thus we have
D NP‘I
(f;z) = f(x)
[ prreem ™ 1 V & sin(k — v +1/2)t
- |:/(.J +~/(7r/('y7ﬁ))} $a(t) 27(y — B) k:zjﬂ1 By ;}pquf,, sin(t/2) o
L+ 1

Firstly let consider Iy

m/(y=B) 1 i e sin(k — v +1/2)t
|11|§/O |62 (2)] 27— B) Z (Rk Zpuq’f—”> sin(t/2) dt

k=p+1 v=0

Since f(z) € Lipa, we know that ¢, (t) € Lipa. Therefore, from lemma 4.3 -(i)
we have

Y

©/(v=B) 7T/t
/0 ¢ (1)] =B > 1fat

k=B+1

n/6=8) .
- 0(/ st 0 Ol dt)

m/(v—8)
(5.1) -0 < JAE 1dt> = 0((v~B)™)

Now let us consider I5. By using Lemma 4.2-(i) and ¢,(t) € Lipa we obtain

T 2
L| = O(/ t“( u —i—T)dt)
n/v-8) \V =B
iy 7_2 ™
o) e dt| +0 ¢ rdt
w/(—B) \TV—B /(v—B)

|11
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— o) +0(13)

Hence we get

1 1 T a2, JO(y—=05)""); 0<a<l
2= (v — 5)/ 'yﬂ)t dt{O(w>; a=1

(v—8)
and .
B=[  eld=o( -5,
m/(v=B)
Taking into account 1/(b, — a,) < (%) for sufficiently large values of n

and combining the last results, we obtain

|12|:{g((76>”‘); 0<a<l

log(n—=p) \ . _
(T—m ) a=1

(5.2)

According to (5.1)and (5.2), we have

O((r=8)""); 0<a<i1
D Npq )
tn” - f‘ = |Il JrI2| = { log(wv—=p5) \ .
O( (v=B) )’ a=1

Therefore,

D}.Npq B)7%); 0<a<l.
t - o = t D3N ‘_
[t f@)ll S ML { (zogw f)) a=1

Next theorem is related to approximation of conjugate of functions belonging
to Lipschitz class by the generalized Deferred-Nérlund mean of conjugate series
of Fourier series.

Theorem 5.2. Let {p,} and {q,} be a non-negative sequence and {a} € £
with na = O(1). If f € Lipa with 0 < a < 1.Then the degree of approximation
of the conjugate function f by the(Dg.Npq) means of the conjugate series of
Fourier series is given by

_DY.N, f(m) _{O((’y—ﬁ)“); 0<a<l.

12" = f(@)]loo = O(M). 1
0B ) °=

Proof:- We know that
5,00~ F = o [T outy =
where ¢, (t) = f(z +t) — f(z — ).

Therefore the proof is done similar to the theorem (5.1) taking into account
Lemma (4.2)-(ii) and Lemma (4.3)-(ii).
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Remark 5.1. If we consider {g,} = 1 in these results then, the results of
DEGER and BAYINDIR [23] become the particular cases of our results.
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