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MOMENTS OF ORDERED RANDOM VARIATES FOR
TRANSMUTED POWER HAZARD DISTRIBUTION
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ABSTRACT. This article studies some moments characteristics of general-
ized order statistics for transmuted power hazard distribution. It unifies the
earlier results considered by several authors. The characterization results
are also outlined at the end.
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1. Introduction

Generalized order statistics (gos) is defined as follows:
The random variables (r.v.) X1y m.k, Xommn ks » Xnm,m,k are n gos from an
absolutely continuous distribution function (edf) F'(.) with probability density
function (pdf) f(.), if their joint pdf takes the following form (see, [1]).

n—1

H% <H (%)]’"7(%)) [F(2n)]* f(@n), (1)

=1
for F71(0) <@y <mp < - <, < FH(1).
where v, =k+(n—j)(m+1)>0, Vej 1<j<n, m>-1andk>0.
In view of (1), the pdf of r*" gos is given as in [1].
Cro1 = _ .
Ix (rinm, k) (T) = (7,_711),)[51(33)]% Yf(@)gn HF(z)], —co<az<oo. (2)
The joint pdf of r*" and s'* (1 <r < s <n) is given as in [2].
Cs 1 -1
. . . m TF
fX(1.n,m,k),X(s.n,m,k)(xa y) (7" — 1)| S — 7 — 1) [ ({E)] f(‘r)gm (CL’)

X [hn(F(y) = hin(F@)]* " HE@)] 7 f(y), —co<z<y<oo, (3)
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where
T _(l_l)erl _1
Crfl = H’Vﬁ hm(x) = { mtl m #
iy —log(l1—z), m=-1
and

Im () = hm(z) — hin(0), z€10,1).
For a comprehensive study of gos and its variants. See [3, 4] for details.

2. Transmuted Power Hazard (TPH) Distribution

[5] introduced the Power Hazard (PH ) distribution. The edf and pdf of PH
distribution are given, respectively by

F(z) = 1—e‘%+1x“1, z>0,aa>0A>—-1 (4)
flx) = az)‘e_ﬁlm“l, x>0,a>0,A>-1 (5)

This distribution represents an extension of several probability distribution pre-
viously existed in the literature, namely Rayleigh, exponential, Weibull, Linear
hazard rate (LHR) distribution.

The PH distribution is very simple and got more recognition due to its hazard
rate properties (increasing, constant and decreasing). These features enable this
distribution to be used in several areas, namely, reliability, survival analysis, life
testing and others.

The generalizations of existing distributions are used to get a more flexible and
accurate model. Several techniques are available. One of them is a quadratic
rank transmutation.

The cdf of TPH distribution is defined as,

e

N 2
F@)=u+eﬂﬁ—aﬁﬂ““)—9@—eﬁﬁ““), —1<9<1.  (6)
The pdf of the TPH distribution is given as,
f(x) = agre s [1 +6—20 (1 — e_%ﬂxprl)} (7)

where a;, A and 6 are scale, shape, and transmuted parameters, respectively.
Putting § = 0 in (6), we get PH distribution. The result attained in this paper
is valid for transmuted exponential, transmuted Rayleigh, transmuted Weibull
and transmuted linear hazard distribution depending upon the parameters. For
more information and basic properties of quadratic rank transmutation, one can
refer [6].

The pdf and, cdf of TPH distribution are associated as

A+1 > . a 'z
e x)—0 2| — ] = 8
(Fa) -0 (555) & ®
The application of moments of gos is thoroughly well-known in statistical sci-
ence since its emergence. For instance, they are handy in modeling, inferences,
decision making, reliability theory, and among others relying upon the specific

[1—F(z)] =
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parameters. Several recurrence relations for moments of gos from many distri-
butions have been reported by several authors. For example, see [7, 8, 9, 10, 11,
12, 13, 14] and many others are obtainable in the literature.

The moments properties of the TPH distribution have not been reported in the
literature. This article represents the moments of gos from TPH distribution
based on recurrence relations. Characterization results are also presented.

3. Single Moments

Theorem 3.1. If X ~ TPHD(«a, A\, 0) and p > 0, then the single moments of
hgos is given by (1 <r <n),

A+1\ p 1 i
P _ D »

EX7 o mil = EX7 1nmk]+(a>% Xmmk_gz (/\+1>

%(k UCT 1 p+i p+i

——— { F|X EIX 9

z"yTCr 1= 1){ [ rin,m,k— 1] [ r—lm,m,k— 1]} (9)
where

Ypth—1) = (k = 1) 4+ (n —p)(m +1)

and

Croik-1) = Z Vp(k—1)-
j=1

Proof. From, [15], we have

pcr—l
¥ (r = 1)!

The relation (10) can be expressed as

E[anmk

| - E[X?

r—l:n,m,k] =

/0 T F () g [F (@) de. (10)

pCir— X i = 1
BIXE =B i) = sy [ o P@P@P g1 (P
Now using (8) we have
P P _ pcr—l
E[Xr n,m, k] E[Xr—lzn,m,k:] - ’Y'r(r _ 1)| X

[F ()] g [F(2)]dr

(A1) r-o 2 (535) %
= (M) Eoe [T er et @)

—9i<—2>i( X ), Pt [ R Pl
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or

_(A+1\ pCr i
( a >’Yr(r_1) [ 7nmk 92 <)\+1) X

PYr(k=1)Cr-1Cr—1(e-1) /°° prie 1o e (k1) 1
F Yr Ia d
Y (k—1) 1 J Cr—1(k—1)(r — 1)! v ()] G [F(2)ldz

JCr—1 a \" Y1) Cro

= _ 7 n,m, k —0 Z 1|
ary(r 1) A+1) ilyCr_yg-y)
pCr_1(k—1)

’VrCrfl(kfl)(r —1)!

/Oo P T F)|rte-0 gr = P ()] da.

Now considering (8), we have

A+1
( ) E[Xflnmk]
a )

o] A
e Yr(k=1)Cr—1 { pti pti }
—0 E -2 EX — F|X
izo( ) ()\ ¥ 1) Z.!’Yrcr—l(k—l) [ r:n,m,krfl] [ rflzn,m,krfl]

or

E[XP

rnmk]

A+1
= E[Xf—l:n,m,k] + (a) ,y anlm k -0 Z (

e Cro1
i1 Cr_1(k—1)

(BT i) = BT ]} (11)

Hence, the theorem.
O

Theorem 3.1 can be easily reduced for relationship of order statistics and k-upper
record values by choosing (m =0,k = 1) and m = —1.

TABLE 1. Remarks based on single moments.

S. No. o) A 0 Distribution Author
1 - 0 — | Transmuted exponential | [16]
2 - 0 0 Exponential [7]
3 - - 0 Power hazard [13]
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4. Product Moments

Theorem 4.1. If X ~ TPHD(«a, \,0), further suppose that p,q > 0 and 1 <
r < s <mn, then,

A+1\ ¢q
[Xf" m,k? Xg:n,m,k:] = E[X’IZ'):TL,"L,k’ Xg—117l7m7k] + ( o ) fyi
s

© Vs Cs—1
E[X? -0
[ rin,m,k’ s 1nmk Z <>\+1) (i!'YSCs—l(k—l)
xE[X?

q p q
rin,m,k—1" Xs:n,m,krfl - Xr:n,m,kfl’ Xsflzmm,kfl} (12)

Proof. From, [15], we have,

Xy ]
rnmk’ s l:in,m,k

%(T_fclir_l / / Py @ @) @)

[ (F(y)) = han(F () [F(y)] dydz. (13)
The above relation can be written as
E[an m,k> Xg:n,m,k] - E[Xf:n,m,k7 ngl:n,m,k]

— qCS 1 - Ooxp q—1 T m r—1 T
- e Y f(@)[F (@) [ ()]
X[l (F(y)) = b (F (2))]°~
Now using (6) in (14), we have

S, [ @Eere e
<l (F(3) — b (D)

(5t rw-oSen (55) 4

_ </\+1> qCis_ 1Z
a ) ys(r=Ds—r—1)!
/ / Pyt~ f(@) f(y)[F ()] g [F ()]

Kl (F () = hon (F()))* )] ldydxfez " (5

Z',yg(’r(icsslrl / / Qip q+i— 1f )[ ( )]m r— 1[F($)]
X[l (F(y)) = o (F ()] HF ()]~ dyda

N
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or
_ (At ¢ P q—1 '
_( a ),YSE[Xrnmlesnmk _GZ ( ) x
qCS 1 P q i—1 m_ r—1 T
N ——1 / | e @@ )
X [P (F(2)) = hin (F(y)]* " E(y)] " dydz
A+LY ¢ P q—1 i
:( a )A/SE[Xrnmk:’Xsnmk:_GZ (}\+1) X
qvs(k —1)Cs—1Cs_1(k—1) Pyl
(is7s(k = 1)Coqgemny(r = Dl(s =7 — 1)! / / f(e)
X[F (@)™ gy I @)][n (F(y) = hon (F (2))]" "7 HF (y)] ¢ dyda
where
Vsk—1) = (k= 1)+ (n—s)(m +1)
and

Co1(k-1) = Z'Yq(k—l)-
q=1

Now using (13) again, we have

E[sz‘)nmk’Xg:n,m,k] E[anmk7Xg 1nmk] =
)\ + 1 q 1 ‘
R E[X? X -0
( o )’}/g [ rn,m,k’ snmk Z <)\+1) X
Vs(k—1 C
| ( ) {E[sz*)n m,k—1 Xg:n,m,k—l] - ‘E[‘va:n,m,k—l7 Xg—lzn,m,k—l]}
Y Co_1(k—1)
Hence the theorem. (]

Theorem 4.1 can be easily reduced for relationship of order statistics and k-upper
record values by choosing (m =0,k = 1) and m = —1.

TABLE 2. Remarks based on product moments.

S. No. o A 0 Distribution Author
1 - 0 — | Transmuted exponential | [16]
2 - 0 0 Exponential [7]
3 - - 0 Power hazard [13]
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5. Characterization

The characterizations of TPH distribution is derived in the following theo-
rems.

Theorem 5.1. Let X ~ TPHD(a, \,0), then the necessary and sufficient con-
dition for a r.v. X is that,

B sl = BTl (57) LB 030 (35
1=0
Vr(k—1 Cr—l i i
x DT pxrt ) — BIXP) (15)

i Cr_1(k—1)

Proof. From (9), necessary part follows. If the relation in (15) is complied. Then
the terms in (15), can be rearranged as,

pCr1 /OOxP*1[F(:c)]%gf{l[F(x)]dx

¥(r =1 o
B (AZ H) e [ @) e
_GZ </\+ 1>i Z'w]:(c;r_ll); /OOC aP T F (@) g F ()] da
vfzf’"_‘i). / o E @) g [F (@) de
— = [ e @)
(5 oo (i) =5

e [ e @ )

F(z) — { (A ;‘ 1> flz) — oi(—w’ (60‘“) :;H dx = 0.(16)

Using Miintz-Szdasz generalized theorem (see, [17]) to (16), it gives.

F(”C)_OH) 02 <A+1)fl
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Theorem 5.2. Under the condition illustrated in Theorem 4.1, then the follow-
ing expression holds,

A+1 q
o

E[an m,k? X.g:n,m,k:] = E[Xf:n,m,k7 Xg—lzn,m,k] + < ~

E[XP

i
Vs(kfl)cs—l
) -0 A X
rin,m,k s 1nmk Z ()\+1> <Z!’YSCS—1(]C—1)>
{E[Xf:n,m,k—D Xg:n,m,k—l] - E[Xf:n,m,k—l’ Xg—l:n,m,k—l]} (17)
Proof. From (12), the necessary part follows. For the sufficient part, consider
(13) as
E[an m,k? Xg:n,m,k] - E[Xf:n,m,kV Xg—lzn,m,k]
qos—l R qg—1 m r—1
= F
ST | [ evti@irera e
X[l (F(y)) = han (F (2))]°~

Now using above relation with (8), we have

qCS 1 * > D q 1 m, r—1 T
e e @EE)e )
<[ (F(9)) — o (F (&))"~ [P ()] dydn

oo o0
qul m r—1

=T oDGoro, [ Y@@ R

THE ()] dyda

X[hm(F(x)) - hm(F(IIZ))]Siril[F(y)]’Ys—1% «

()00 (52,) o

9Cs-1 Y R yi~! m =1 [
~s(r — 1Y S—r—l'/o /m x f(z ()} 9Im F(x)
X[ (F(y)) — han (F(2))]°~ 1[15@)}%—1

F(y){@?) fﬁi <A+1)ii’,}] dydz = 0. (18)

Applying Miintz-Szdsz generalized theorem to (18), we obtain,

(o) 4]

or

F(y) =
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6. Conclusion

Some moments properties of gos from TPH distribution is derived. The results
outlined in this manuscript can be applied to evaluate the moments of any model
of gos. The characterization results are also derived.
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