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DECOMPOSITION OF SPECIAL PSEUDO PROJECTIVE
CURVATURE TENSOR FIELD

MOHIT SAXENA*, PRAVEEN KUMAR MATHUR

ABSTRACT. The aim of this paper is to study the projective curvature ten-
sor field of the Curvature tensor Rékh on a recurrent non Riemannian space
admitting recurrent affine motion, which is also decomposable in the form
R;', wh=X%Yjpp, where X* and Y}y, are non-null vector and tensor respec-
tively. In this paper we decompose Special Pseudo Projective Curvature
Tensor Field. In the sequal of decomposition we established several prop-
erties of such decomposed tensor fields. We have considered the curvature
tensor field Ré.kh in a Finsler space equipped with non symmetric con-
nection and we study the decomposition of such field. In a special Pseudo
recurrent Finsler Space, if the arbitrary tensor field w; is assumed to be a
covariant constant then, in view of the decomposition rule, ¢} behaves as
a recurrent tensor field. In the last, we have considered the decomposition
of curvature tensor fields in Kaehlerian recurrent spaces and have obtained
several related theorems.
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1. Introduction

Curvature tensor R; &p ON & recurrent non Riemannian space admitting recur-
rent affine motion is decomposable in the form R;- h= X i Yin where X * and Yien
are a non null vector and tensor respectively. Saxena, M [11] discussed special
structure. Singh, B. B [7] and Ramhit [5] introduced a recurrent Finsler space
whose curvature tensor is decomposable in the form H;kh: X Y;rn. Kowalski,
O [6] studied curvature of the diagonal lift and obtained several results.

In present paper, we introduce a Special Pseudo Projective Curvature Tensor
Field, and subsequently we decompose it. In the sequel, we established several
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properties of such decomposed tensor fields. In the later section we have con-
sidered the curvature tensor field R;kh(x,y) in a Finsler space equipped with
non symmetric connection and studeied properties of its decomposition. In the
last section, we have considered the decomposition of curvature tensor fields in
Kaehlerian recurrent spaces and have obtained few related theorems.

2. SPECIAL PSEUDO PROJECTIVE TENSOR FIELDS

The special pseudo projective tensor fields have been defined by Kumar, A
[2] as

Tj(x,y) = PWj + HH} (1)

where )
P . rys 2
(e.y) = — GG, @)

is a scalar function positively homogeneous of degree one in its directional argu-
ments, here W and H are (1, 1) tensor field, and G is a tensor field
also we have,

Hry) = 3)

with the help of (1) two more tensor fields Ty, ;(z,y) and T, ;(z,y) have also
been defined by Kumar, A [2] as

Ty y(x,y) = PWy,(z,y) + HHj y(2,y) + %{athWIiJl +OhHH}, ) (4)
and
Ty (x,y) = PWjy(@,y) + HHjj y + 0. PW5, + 0. hHHj,,
+ %{ampwjz + 0 POsWiy + Oy HH ; + 03, HO<» H ;}. (5)
The following identities have also been obtained by Kumar, A [2] as
Ty = OuPWi; 5 + Oy HH,
- %{51[,1PW§J — OyHH]; + 0pHo<is H;y — 0;HO<= Hj ;}  (6)

and
Tinsay + Treny + Tienry = Einks + Qinka (7)

where Ej,, ; and Qi ; each contain 24 terms including P(z,y), H)(z,vy),
Wi (x,y) and their derivatives. We have the following definitions which shall be
used in the later discussions.

Definition 2.1. A Finsler space Fj, is said to be special pseudo recurrent of first
order if the special pseudo projective curvature tensor field T}, ;(x,y) satisfies
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Tlth(k) (z,y) = MT s (z,y) (8)

3. GENERAL DECOMPOSITION OF SPECIAL PSEUDO
PROJECTIVE CURVATURE TENSOR FIELD

We consider the decomposition of a special pseudo projective curvature tensor
field T%,,(x,y) as

Tyn = V5 érn (9)
together with
VA = dj, (10)
where w; and ¢y, are arbitrary tensor fields and d; is a decomposed vector field
in the recurrent Finsler space F,.

In view of (9), the equation (4) takes the following form

bhidng) = OuPWiy + O HH,}, ;y + ;{&UPWQ — 1 PWj) + 0 PO<i> W),
—0y PO« Wiy + Oyp HH)) — 01 HH}) + 0 HO<1» Hjy — 0y HO<1 Hj, } (11)

Transverting (11) by A; and thereafter noting the equation (10) we get

+3[hH3<l>H;] - 8'[jltﬂ.3<l>H;il]}7 (12)

similarly in view of the equation (5) and (10), we get

Vi (Andik + Ajdrn + Akdny) = Elikhj + Hlikhj (13)
On multiplying (13) by A; and then using (10) we get
di(An@jk + Ajdrn + Mednj) = Xi(Ejpn; + HQlrnj) (14)

Theorem 3.1. In view of the decomposition given by (9), the identities for the
special pseudo projective curvature tensor fields in a special pseudo recurrent
Finsler space are respectively given by (12) and (14).

Now we multiply (9) by A; and use (10) thereafter to get

AT, = djdrn. (15)
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Transverting (14) by v, and thereafter using (10), and the fact that
Yn) = 0 we get
di(Pndm — 2MypAn) = AT (Efpgj + Qiiny) (16)

where
My, = Ypbu (17)

At this stage we use (15) and (17) in (16) and subsequently get
A A Tiin = Aiwgn(Elikhj + kahj) + 2d; M [ Ap) (18)
Thus we Have the following theorem

Theorem 3.2. In a special pseudo recurrent Finsler space under the decompo-
sition rule (9) the special pseudo projective tensor field always satisfies (17).

Differentiating (9) with respect to X™ we get

Tfkh(m) = i) Prn + 1/)§¢kh(m)- (19)
If w; be assumed to be a covariant constant then in view of (14), (11) gives
ATl = 05 bren(m)- (20)

In view of the decomposition rule (9), (20) gives
Preh(m)—Aménsvi = 0- (21)
Since 1/); is an arbitrary non zero tensor field, from (19) we get,
Okh(m) = AmPkn (22)

Theorem 3.3. In a special pseudo recurrent Finsler space if the arbitrary tensor
field, ¢} given in (9) is assumed to be a covariant constant, then in view of the
decomposition rule (9), ¢rn behaves as recurrent tensor field.

4. DECOMPOSITION OF CURVATURE TENSOR FIELD
R;kh(x,y) IN A FINSLER SPACE EQUIPPED WITH NON
SYMMETRIC CONNECTION

Definition 4.1. An F, is saild to be an R — & recurrent Finsler space of
first /second order (Pandey, H D [4]) when the curvature tensor field R; w(ZY)
satisfies.

i L = ARy (23)
or

R;kl +Ism = Clst;l-kl (24)
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respectively. Hence As(x,y) and agp(z,y) are recurrence vector and recurrence
tensor fields respectively. Transverting (23) and (24) by Y7 and noting the facts
that R;lej =R, ,Y I, =0 as have been given in [1], we get

;@l I = /\ngcl (25)
21 lom = astzl (26)
We now consider a Finsler space F}},, in which the curvature tensor field Rj- Kl 18

decomposable. Since the curvature tensor R;»kl is a mixed tensor of rank 4, it
may be written either as a tensor product as a vector and tensor of rank 3 or as
a tensor product of two tensors each of rank 2. In the first case, the possibilities
of its form are as follows.

Rj'kl = Xiwjkl (27)
R;kl = Xﬂ/};ﬂz (28)
Rjp = Xptbyy (29)
R;’kl = sz;-k (30)
While in the second case the possibilities are as follows
Rl = Pjtw (31)
Rj = Pl (32)
;‘kl = PIWJ'Z (33)
Out of all these possibilities, we propose to take up the possibility given (27)
only. In (27) the vector field X* satisfies
NX=1 (34)
where as the tensor P} appearing in (31) satisfies
PN =d; (35)
where d; is a decomposed vector field. Transverting (29) by 3/, we get
Rip(@,y) = X' (36)
where we have taken into account the facts given by
Y =1 (37)
Orn = Vikn. (38)
Differentiating (29), ®-covariantly with respect to X¢, we get
e L= X" T Ly, T (39)

using (23) in (29), we get
)\st‘kl = X" T + X'k T (40)
again using (29) in (40). we get
N X T1s = X T Lhyen + X', T 1. (41)
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Now assume the decomposition vector X° is a covariant constant, then from
(41), we immediately get

X' Ast¥jur — ¥jm 1) = 0. (42)
Since X* is an arbitrary vector, we use (42) to get
ikl Lo = Astja- (43)
Transverting (43) by Y7 and using (37) thereafter, we get
U TLs = Astp- (44)

With the help of (43) and (44), we can therefore state:

Theorem 4.2. In an Rt —recurrent F* of first order, if the decomposition vector
X' is assumed to be a covariant constant then the decomposition tensor fields
Yiki(x,y) and Yr(z,y) behave like I-recurrent tensor fields.

Differentiating (29), ®-covariantly with respect to X* and X™, we get

R;"kz M lom = X" T gmtin + X' i T sm (45)
using (24) and (29) in (45), we get
am X Vi = X Pjp T, (46)
where, we have assumed that X" is a covariant constant.
Vrt Flom = X' Qom - (47)

With the help of (46) and (47) we can state the following theorem:

Theorem 4.3. In an RT—recurrent F* of second order, the decomposition field
Y (z,y) and Yy (z,y) behaves like second order recurrent tensor fields if the
decomposition vector X' be assumed to be a covariant constant.

In view of communication formula (18), differentiating (47) with respect to
Y7, we get
(31asm)¢kh - Olsm(a.ﬂ/}kl) = (@Wl +Ism) +Ism - 7;[} +Ism(5jF§¢m)

_(6pwkl +Ismaprkm)yi - wkl +Is’majrém + 6j¢klrém (48)

At this stage, if we assume that the space is affinely connected (in an affinely
connected space F¥, 9,7 = 0), then, from (48), we have

(O10sm)Vrt + asm (O19m1) = (D590m1 TIg) T L + (Obi TIHTL,,  (49)

We now assume that the recurrent tensor ag,,(x,y) is homogeneous of degree

one in its directional arguments and thereafter making use of (43) in (49), we
get

(6.1asm)'¢k:l + O‘snﬂﬁjkl = )\s)"mwjkl + )\7'¢kl)\£m- (50)
Transverting (50) by Y7, and then using (37), we get
(2asm)\s)\m)¢kl = AkalF;ij (51)

Thus, we can state the theorem:
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Theorem 4.4. In an affinely connected recurrent F , if the recurrence tensor
is assumed to be homogeneous of degree one in its directional arguments then
(51) necessarily holds.

In view of commutation formula (18), commutating (47) with respect to the
indices s and m and thereafter using (26), we get

(Qsm — ms) ki + (0590kn) Rly, = i "IN g = Vin i — YriRign (52)
Making use of (27) and (37) in (52), we get
(sm — Qms)Ukh + (Vrkhih + VksmWrh + VhemWir)Ti — Ar Ny, Ukn =0 (53)
Thus we have the following theorem:

Theorem 4.5. In the recurrent F, of second order, under the decomposition

rule (27) the recurrence tensor field asm(x,y) behaves like a symmetric tensor
field provided

(VrkhVrn + Yrsm®rn + YhsmWir) X' = A NJ i (54)
holds, differentiating (47) @ - covariantly with respect to X*, we get
(Yrn TLom) T = asm TLivg + asmton T (55)

Commutating (55) with respect to the indices m and j and thereafter using the
commutation formula (18), we get

{(asm +Ij - asj +Im)¢kh + ("/}kh +Ijasm - wkh +Imasj)}
= trn "L TLNJ, — (Othrn "INy — Yrrtorn T LR,
—trn LR — kn TRy, (56)
Making use of the provisions of theorem (23) in (56) and the fact that the
recurrence vector is independent of direction, we get
205 [m T Lt 4 2M[jacssMPkh — AmrhQr;
= YrnQrs Nj — (O0rn)Nij Ry i — Nithen Ry
—AnYin R, ; (57)
Now using equation (24), (38) and (37) in (57), we get
wkh{Qas[m +Iij2)\[j04<s>m,] - arijTm + asmj}
= _XT)\s{wrkh'(/}mj + whmjz/)kr + wrhwk:mj} (58)

Thus we can state that

Theorem 4.6. In the recurrent Finsler space F}' equipped with non-symmetric
connection, in view of the decomposition, rules given by (28) and (37), (57)
necessarily hold.
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5. DECOMPOSITION OF CURVATURE TENSOR FIELD IN A
KAEHLERIAN RECURRENT SPACE

The Riemann Christoffel curvature tensor, R" , satisfies the identity

ik
Rl]k’ + R;l]” + RZU =0 (59)
The Bianchi identity for a Riemann Christoffel curvature tensor in K,(LC) is given
by
RM 4+ RM 4+ RP (60)
It is well known that the Riemann curvature tensor and the Ricci tensor satisfy
the identity

Ukn ikngj injk —

Rijin = Rjri — Rikj (61)

The holomorphically projective curvature tensor is given by Gonul [9]

Pl = Riji o (Rindj — Rixdi' + S F}' = SpFj' + 255 F) - (62)
Where,
We can briefly write (62) as
l]k] = R’L]k +E 1jk (64)

Where EZ . has been identified as equal to the second member on the right hand
side of (62). We now give the following definition.

Definition 5.1. A Kaehler space is said to be the Kaehlerian recurrent if its
curvature tensor field satisfies

R'L]kn :u’nRiL]k (65>

where p,, is a non zero recurrence vector field.
We consider the decomposition of the recurrent curvature tensor thj & in the
form

Rl = PrQjn. (66)
Where P/* and Q. are two non null tensor fields such that
punPlt =0 67

(
un P =1 (68
Qijk = Pnk — Hkj (69
The non null vector field di is called a decomposed vector field. We now use (66
in (59) and get

)
)
)
)
PlQj, + Pthki + PlQi; = 0. (70)

We transverse (70) by uy, and use (67) thereafter to get
d;iQjk + djQri + drQi; = 0. (71)
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At this stage, we make use of (66) and (65) in (60) and get

PP1aQjk + 1iQka + 11Qaj] = 0. (72)
Multiply (72) by p, and using (67) thereafter, we get
di[ptaQjk + 1 Qra + 111 Qa;] = 0. (73)
Since d; is a non null recurrence vector field, we therefore get
taQjk + 11 Qra + prQa; = 0. (74)

Thus we can state:

Theorem 5.2. Under the decomposition rule (67) the Bianchi identities assume
the forms as have been given by (71) and (74).

Using (65), we can have
Riks = psRix (75)
and
Ra = jaR. (76)
Using the equations (65), (61) and (75), we shall have
pa R, = piRjk + pj Rik. (77)
We now multiply (77) by up, and use (68) thereafter to get
iRy = diQjn. (78)
In view of (77) and (78), we get
palij, = piRjk + i Rix = diQ k- (79)
Thus, we state:

Theorem 5.3. In view of the decomposition rule (77) the tensor fields R?jk,
Rji, and Qi are connected by (79).
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