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SEMI-ANALYTICAL SOLUTIONS TO HOLLING-TANNER
MODEL USING BOTH DIFFERENTIAL TRANSFORM
METHOD AND ADOMIAN DECOMPOSITION METHOD

A.A. ADENIJI*, M.C. KEKANA, M.Y. SHATALOV

ABSTRACT. This paper summarizes some research findings that show how
the differential transform method (DTM) is used to resolve the Holling-
Tanner model. To confirm the application, effectiveness, and correctness
of the approach, a comparison between the differential transform method
(DTM) and the Adomian decomposition method (ADM) is carried out,
and an accurate solution representation in truncated series is discovered.
The approximate solution obtain using both techniques and comparison
demonstrates same outcome which remains a preferred numerical method
for resolving a system of nonlinear differential equations.
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1. Introduction

The prey-predator model is a system of equations that describes an undeter-
mined number of competitive model which is dynamic in nature. The simple
prey-predator model is among the most popular models, being used to demon-
strate linear and non-linear control system such as the relationship between dif-
ferent species in an habitat and love equation [1, 2]. In the concerned field of sci-
ence and technology, numerous significant physical phenomenons are frequently
modeled by the non-linear differential equations. There are several nonlinear
differential equations that can’t be solved analytically and don’t have an ex-
act solution, but they can have their solutions approximated numerically. The
approximate solutions to linear and nonlinear real-world problems have been
determined by researchers using a variety of numerical methods. Examples of
methods used include the differential transform method [3, 4, 5, 6], multi-stage
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differential transform method [6, 9, 10], Adomian decomposition and Laplace
Domitian decomposition method [7, 8], Runge-Kutta methods family [11, 12].
Throughout time, the simple Lotka-Volterra has developed some limitations.
To address this limitation, a logistic growth component was developed to de-
scribe the quadratic models, namely the feeding saturation effect. Yet, contrary
to what may be expected, the quadratic term’s inclusion aids in understand-
ing whether the connection in the model is one of commensalism or parasitism.
Among this models with such ability is the Holling-Tanner model [13, 14], helps
to understand the dynamics and its characteristics. One of the application of
the Holling-Tanner model to epidemiology is the influence of transmissible dis-
ease, under the assumption that it spreads among the prey species only[15]. The
mathematical features and dependability of this model, which describes true eco-
logical models including symbiosis, parasitism, mutualism, and commensalism,
are well recognized. To mention a few, Canadian lynx and snowshoe hare [16],
sparrow and sparrowhawk [17]and mite and spider-mite [18] interactions.

The Holling-Tanner model will be explored in this work utilizing the differential
transform method (DTM) and the Adomian decomposition method (ADM) to
obtain numerical approximations to the nonlinear differential equations. Differ-
ential transform method (DTM) was first introduced [19] to solve problems in
electric circuit. DTM (as known) has applications to investigate ODE and PDE
problems [20], Zika virus vector population [21], predator-prey models [22]. To
find a solution to initial value problems with linear and nonlinear functions, the
differential transform approach has been presented. This approach uses Tay-
lor’s series expansion as a semi-numerical analytic tool; neither linearization nor
intensive computational labor are used in this process.

The differential transform approach differs from the high order Taylor’s series
method in that it provides a polynomial of various degrees as the form of the
solution. The benefit of using the differential transform approach is the ability
to approximatively solve a closed form nonlinear system of ordinary differential
equations that is impossible to solve exactly but can be approximated using a
series solution. To do this, a semi-analytic technique such as DTM and ADM
would be used to investigate the series solution.

This paper is structured as follows: Section 2 details on the formulation of gov-
erning systems of equations, which describes the interaction between the species,
section 4.1 & 4.2 discussed the methodologies. Under section 5, the numerical
simulations governing the system of nonlinear differential equations and numeri-
cal approximation are investigated using Mathematica® and Maple®. In section
6, the discussion of the numerical solutions was done and the conclusions of the
study are stated.

The goal of this study, in connection to the Holling-Tanner model, is to conduct
a systematic investigation of the numerical comparisons of the approximations
solutions between the differential transform method and Adomian decomposition
method.
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2. Governing systems of Equation

Definition 1. A function f : R®™ — R be defined as nonlinear such that it
does not satisfy superposition principle that is
fler+aza+..) # flz1) + f(z2) +... (1)

The Equation 1, becomes a nonlinear expression by definition. A system of
nonlinear equation contains a set of equations such that

fi(zr, 22, .., xn) =0

fa(z1, 22, ..., 2n) =0

fa(z1,22,...,2,) =0

falzy, 22, .. 2,) =0, (2)
where (z1,22,...,2,) € R™ and each f; is nonlinear real function such that i =
1,2,3,...,n.. In the problem considered, the nonlinear Holling-Tanner model

is a system of first order differential equations. The model does not have an
exact solution and to obtain an approximate solution, we employed the use of
numerical techniques such as DTM and ADM to compute the systematic analysis
using Mathematica® and Maple®.

3. Holling-Tanner Model

The governing systems of equations is considered with maximum possible num-
ber of parameters. Consider the Holling-Tanner model [14] as a special case of
prey-predator model, described by the following system of equations:

. 2.2 3 Ty
Tr = bl.T bg.%‘ bg, b4 T :177 (3)
y?
§="bsy — b, (4)
t=0, I(O) = 2o, y(O) = Yo, (5)
where x = x(t), y = y(t), © = %x(t), gy = %y(t), t be time and by,--- ,bg are

positive parameters, z(t) is used to represent the size of the prey population
at time ¢, y(t) represent the predator population at time ¢. Initial conditions
for this system are t = 0,2(t = 0) = 29 > Oand y(t = 0) = yo > 0. The
Holling-Tanner model conceptualize the prey equation from the Lotka-Volterra
model, but for the predator it assumes a logistic-like term, in which the predator
carrying capacity is directly proportional to prey density.
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4. Methodology
The numerical methods of solution are described in details in this section:
4.1. Differential Transform Method. Consider the following definitions:

Definition 2. Arbitrary function f(x) is expressed and expanded in Taylor’s
series at point z = 0 in Equation 6

[e.°]

o= 5[5 )

n=0

Definition 3. The differential transform of f(z) is defined in Equation 7

=4[]

Definition 4. The differential inverse transform of F(z) with respect to Equa-
tion 7 is represented in Equation 8

flx) =) a"F(k) (®)

It can be denoted that Equation 8, f(x) can be written as a finite series repre-
sentation and represented in Equation 9
Fa) =) (x—0)" F(k) 9)
n=0
where n is convergence of natural values.
If X (k) and Y (k) are the differential transformed functions of x(t) and y(t) with
time ¢, the following properties shows as follows:
(1) If X(k) = DJx(t)], Y(k) = D[y(t)], with constants ry,rs are indepen-
dents of time ¢ and k, we obtain D [riz(t) £ roy(t)] = 11 X (k) £ r2Y (k).
(2) By convolution, if 2(t) = D~'[X (k)] and y(t) = DY (k)], and we
assume v(t) = z(t)y(t), then D[z(t)] = D[z(t)y(t)] = X (k) @ Y (k) =
> X(R)Y(k—r)
k1=0
The differential transform method has properties that engages with inverse trans-
form to obtain series solution for numerical approximation. This properties are
studied according to [23],[24], the theorems are formulated from Equation 7 and
Equation 9 and represented in the Theorem below:

Theorem 5. If y(t) = u(t) £ v(¢), then Y (k) = U(k) £ V (k).

Theorem 6. If y(t) = “ then Y (k) = (k + 1)U(k + 1).

Theorem 7. If y(t) = ) then Y(k)=(k+1)(k+2)U(k+2).

dt2
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Theorem 8. If y(t) = au(t), then Y (k) = aU (k).

Theorem 9. If y(t) = T4 then Y (k) = "M Uk +n) = (k+ 1)(k +
2)...(k+n)U(k +n).

Theorem 10. If y(t) = u(t)v(t), then Y (k) = Zk: U(k1)V(k — Eq).
’I’L:kl
1 k=n

Theorem 11. If y(t) = t", then Y (k) = §(k—n) when 6(k—n) = { 0 ktn

Theorem 12. t) = e, then Y (k) = %’f

(t)
(t)
Theorem 14. If y(t) = sin(vyt + «), then Y (k) = ‘};—T sin (5 + w).

Theorem 13.

Ify
If y (14 t)*, then Y (k) = mm=bl(montl)

Theorem 15. If y(t) = cos(yt + «), then Y (k) = “k—],c cos (T + w).

The proofs are available in [24],][25]. The theorems above is used in transforming
either a linear or nonlinear system ordinary differential equations and to obtain
series solution to system of ODE’s that has no exact solution. In this paper, we
are considering the Holling-Tanner model which comprises of nonlinear terms
and requires huge effort or impossible effort to obtain the closed form solution.
To obtain the closed form of the Holling-Tanner model is unobtainable, hence the
reason we employ the differential transform method to obtain an approximate
solution been expressed into series solution.

4.2. Adomian Decomposition Method (ADM). In mathematical biology
problems are modeled as system of nonlinear differential equation. To obtain
the analytical solution of system on differential equations is not an easy task. In
early 1980, George Adomian introduced a semi-analytical method for approxi-
mating nonlinear differential equation both for partial differential equations and
ordinary differential equations. The method was named Adomian decomposition
method. The solutions to these differential equations are obtained in a form of
series solutions.
Given

Ly+ Ny=p (10)
where L = % is the order of derivative function which is integrable , N is a
nonlinear operator, y is a dependent variable and p is integrable non homoge-
neous function.

L 'Ly=L"'p— L7'Ny. (11)
L1 represent integration and with initials conditions, L' Ly will give an equa-
tion for y including these conditions resulting in

y(t) = g(t) = L' Ny. (12)
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where ¢(t) represent the function from the integrating p and using the initial
conditions.
The resulting function is expressed in a series form:

y(t) =Y v (13)
1=0

Assuming yo = g(t) and the following terms are determined by repetitive for-
mula. Nonlinear terms are expressed as series of polynomials, A,. The nonlinear
terms are expressed as

Ny=3 4. (14)
i=0
Finding the Adomian polynomial, a parameter value,y, is introduced into ex-
pression.
1 d =
A= 5 iN[ZV y} (15)
il dry 4
=0 =0
thus

y(t) =g(t) = L' A (16)
0

5. Series Approximation

This section gives the results, computational analysis, and implementation of
the algorithm in Mathematica® with its inbuilt functions, the exact solution
can’t be obtained for the model considered which necessitate the reason for the
numerical approximate solution. The series solution is obtained using the differ-
ential transform method and Adomian decomposition method.

5.1. Differential Transform Method (DTM). In section 4.1, we discussed
about the properties and theorems of differential transform method to obtain
numerical approximation to nonlinear systems of ODE whose closed form solu-
tion is unobtainable. An autonomous systems is assumed which is independent
of ¢

Consider the an autonomous system of ODE in Equation 17

Y’ =BY,
Y (0) =Yp. (17)
where B is m X m matrix.

Theorem 16. Let Y (k) be the k' differential transform of y(¢) and B* be the
k" of matrix B.
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The solution to the system is obtained from Equation 17 to be represented as
follows:

y(t) = f:Y(k)t’“ = iY(O)t’“ (18)
n=0 n=0

Proof. Engaging Theorem 2, to the Equation 17, the transform procedure is
obtained as follows:

Y' =B-Y,
then
(k+1)Y(k+1)=B-Y(k);VK =0,1,2,...
_B-Y(k)
Y(k+1) =0T (19)

Equation 19 is used to obtain the parameters Y (1),Y(2),Y(3),...
when £ =0,k =1,k =2 in Table 1,

TABLE 1. Values of Y (k), when £ =0,1,2

B-

Y(1) = 3;(0) Y(2) = % " BY(K) Y(3) = g ] % “BY(K)

By assuming the procedure for k = j in Table 1, we obtain Equation 20 as
BI
=X (0), (20)

O

X ()

where B7 is the power of matrix and Equation 18 is obtained. We shall present
the numerical analysis of differential transform method to the Holling-Tanner
model. Consider the Equation 3 - Equation 5

Ty
by + z’

T = blz — b2132 — bg
2
§=bsy — bg -,
x
t=0, x(0)=10, y(0) =5,
with the parameters by = 0.2,b5 = 0.01,b3 = 0.05,b4 = 1.0, b5 = 0.0623 and bg =
0.0223, with respect to Equation 7, we introduce the application of Theorems

and the operations of differential transform to the Holling-Tanner model, we
have the following,
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k
X(k+1)= T i ) 0.2- X (k) —0.01 - klz::OX(kl)X(k — k)
| kfjoX(kl)Y(k — ki)
- 005 1.0+ X (k) ’ 2D
Y(k+1)= CES) [0.062 - Y (k)]
Y Y)Y R
k1=0
— 10.0223 - 50 , (22)

where X (k) and Y(k) are the differential transform of x(t) and y(¢) and the
initial conditions are expressed as X(0) = 10 and Y (0) = 5 With respect to
the Equation 8 using the differential inverse transform, the approximate series
solution to Holling-Tanner model is obtained as

k
a(t) =Y X(k)t, (23)
n=0
k
y(t) =Y Y (k) (24)
n=0

For computation, Maple® was used to generate both the series solutions for
the prey z(t) and predator y(¢) population. Likewise the values of parameters
X(1),Y(1),X(2),Y(2),X(3),Y(3),X(4),Y(4) are obtained. From Equation 21,
substitute the value(s) of k = 1,2,3 to obtain the series solution and expressed
as follows

X =-2570 (25)
Y1) = % (26)
X@)=- (o 121.0) 27
Y(2) = ;% (28)

X(3) = __Tatls (29)
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Y(3) = e (30)

(14 —lg)
X = (o + 1.0) (31
y() = 4 IE“‘ (32)

Let the following be represented as

71 =0.01000000000¢ (zf — 19.020 + 5.0yo — 20.0)
7 =0.0001000000000yq (620.0z¢ — 223.0y)
75 =0.005000000000(2.02321 — 16.0232,
+ 5.022y; — 38.0z921 + 5.020y1 + 5.02190 — 20.021)
7% =0.00005000000000 (620.0z3y1 — 446.0z0yoy1 + 223.0z1y7)
r3 =0.003333333333(2.02)20 + xix? — 14.0232>
+ 5.003ys + 3.02227 — 54.023 20+
10.0x(2)y2 + 3.0.1'03’3% + 5.02120Y1)

I3 =5.0x0x2y0 — 5.0z%yo — 58.0x2xg + 5.0z0y2 + :cf + 5.0x1y1
+ 5.022y0 — 20.022

74 =0.00003333333333(620.023y2 — 446.023y0y2 — 223.018y7
+ 446.02021Y0y1 + 223.02022y5 — 223.0233)

r4 =0.002500000000(—112.02322 — 78.0x320 + 2.021 29
+ 8.0x12920 — 10.02021 2270 + 2.Oméx1x2+
8.0x3x1m2 + 12.03:(2)961;102 — 10.0x122y0 + 10.0z120Y2
—20.0z3 + 5.0333331312 + 5.Ox(2)a:2y1 + 5.0x%x3y0)

N :(5.0x0x§y1 + 10.0x9x2y1 + 10.0z0x3y0 + 2.036(5);103 — 12.096%3:3
+ 5.0z0ys — 68.0x3x3 + 15.023ys + 5.023y0 + 15.022ys3
— 5.022y; + 5.020y3 + 5.0219 + 5.022y1 + 5.02390)

74 =0.00002500000000(620.025ys — 446.0x3yoys — 446.0x3y1 o
+ 446.02x571yoye + 223.02371y7)

I}, =(446.02329y0y1 + 223.023x3y5 — 446.0202TY0y1
— 446.0z0x 1 T2y7 + 223.0232)
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From Equation 25 - Equation 32, the corresponding values obtained are as fol-
lows:

X (1) =0.7727272727, Y (1) = 0.2542500000,

X(2) = — 0.006576681065, Y (2) = 0.007200839775,

X(3) = — 0.002084609146, Y (3) = 0.00007009529776,

X (4) =0.00002426688503, Y (4) = 8.730936000 * 105 (33)

Therefore, from Equation 9, the series solution to Equation 3 - Equation 5 using
the differential transform method is obtained as

() =10 + 0.7727272727t — 0.006576681065(t)?

— 0.002084609146(t)* + 0.00002426688503(¢)* (34)
y(t) =5 + 0.2542500000¢ + 0.007200839775(t)?
+ 0.00007009529776(%)* + 8.730936000 x 10~%(¢)* (35)

5.2. Adomian decomposition method (ADM). This section provides the
Adomian decomposition method procedure to the initial value problem by inte-
grating Equation 3 and Equation 4 which yields

t t t
_ _ 290 Ty
l‘(t) =x0 + b1 /O xdt b2/0 xdt b3/0 <b4 n :L') dt (36)

t t 2
y(t) =yo + bs / ydt — bﬁ/ Y at (37)
0 o T

Applying the ADM algorithm with the representation in Equation 38

szmn, yzzyn (38)
n=0 n=0

The nonlinear terms are evaluated as

x2:iHn(gj07...,l'n),

n=0
2

¥y _
;—gn(wa--meyOw--ayn)
Ly
by +x

:Pn(x()a"'a'rnvy()a"'ayn) (39)

Hy =10 lwan)?] (40)
A=0

n=0
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> (\y,)?
1 d" —
Gn Tl dwn e (41)
| > (W)
n=0 A=0
Pt | (42)
' Z ()‘nxn)
n=0 A=0

The nonlinear terms G, H,,, and P,, are the Adomian polynomials that replaced
Equation 38 to Equation 42 into Equation 36 and Equation 37

ix(t) x0+b1/tixndtb2/ > H, dt—bg/ ZP dt (43)
n=0 0 n=0 n=0 n=0

oo t 0o
S y(t) =yo + bs / S yudt — b / S gt (44)
n=0 0 n=0 0 n=0

The Adomian Polynomials

Hy =x2 (45)
(46)
H1 :2{17()$1 (47)
Hy =22 + 2:03 (48)
Hj3 =2x129 4+ 22023 (49)
2
Gy =% (50)
Zo
2 a2
Gy = $0y0y12 YoT1 (51)
Lo
Gy :x%yg — 2T0T1YoY1 z—?)xoxzyg + QCE%yon (52)
0
.
Gy =——7 (53)
Lo

Let

2 9 2 2. 9 2 2
r=—x1Y5 + 2ToT122Yy — THT3Yp + 2ToT1YoT1 — 2T5T2Y0Y1
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J 21‘(2)»’61:9% - 296%1‘1y0y2 + ngylyo + 2xgyoy3

as represented in Equation 53

ZoYo
P, =
O by 420
ZoYo
P =
! b4 —|— ZTo

23ya + birayo + bizoys — baziyo

Py =

(bg + )3
bazoz1y1 + bazoxayo + ba223ys
(bs + x0)3
d+v
P3=——
3 (by + o)*

Let

d =byzyo — 2b37122Y0 — 2baToT172Y0 + biT3Y0 + 263707390

+ by rayo — bjriys — bazoziys + biTey:s

v =2b5w0xay1 + baxgways + biz1ys + 203x0w 1y + baziT1ys
+ b3zoys + 3b3wdys + 3bardys + vgys

as represented in Equation 57.
Taking n = 0 and n = 1, we obtain:

t t t
T :bl / Iodt - b2/ Hodt - bg/ Podt
0 0 0
t t
Y1 =b5/ Yodt — be/ godt
0 0

t t t
To :bl/ l‘ldt — bg/ Hldt - b3/ Pldt
0 0 0
t t
Y2 :b5/ y1dt — bG/ gadt
0 0

and

(60)

(61)

By Equation 43 - Equation 44 and Equation 58 - Equation 61, we obtain the
representation of recursive formulas as expressed in Equation 61 - Equation 62
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t t t
Tn41 =b1 / JCndt - bg / Hndt - bg / Pndt (62)
0 0 0

t t
Yna1 :b5/ Ypdt — bg/ gndt (63)
0 0

where the initial value problem in Equation 3 - Equation 5, the values for the
b—parameters are assumed to have the following values by = 0.2,by = 0.01,b3 =
0.05,b4 = 1.0,b5 = 0.0623 and bg = 0.0223 with initial condition as xo = 10, and
yo = b the following series solution is obtained

2(t) =10 + 0.772727t — 0.00657668(t)? — 0.00208461(t)?

+0.0000242669(t)* (64)
y(t) =5 + 0.25425t + 0.00720084(1)% + 0.0000700953(¢)>
+8.73094 x 1073(¢)* (65)

6. Discussion and Conclusion

The paper highlights the numerical solutions of holling-tanner model where
a well established method i.e differential transform method and Adomian de-
composition method is introduced. We obtain a numerical approximation of
Holling-Tanner model whose closed form is un-obtainable by employing two
semi-analytical methods; differential transform method and Adomian decom-
position method. An approximate solutions was obtained in a series solution,
and it’s concluded that numerical computation and approximations executed
by both methods are accurate and efficient procedure to solve nonlinear sys-
tems of ordinary differential equations with no exact solution. Applying this
semi-analytic methods to the Holing-Tanner model have shown that the meth-
ods considered gives good results, show efficiency in accuracy and convergence.
Conclusively the DTM and ADM investigation shows that the techniques are
reliable, effective for nonlinear problems as the same series representations was
obtained in both cases.
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