
J. Appl. Math. & Informatics Vol. 41(2023), No. 5, pp. 923 - 935
https://doi.org/10.14317/jami.2023.923

EXISTENCE AND UNIQUENESS OF SQUARE-MEAN

PSEUDO ALMOST AUTOMORPHIC SOLUTION FOR

FRACTIONAL STOCHASTIC EVOLUTION EQUATIONS

DRIVEN BY G-BROWNIAN MOTION

A.D. NAGARGOJE∗, V.C. BORKAR, R.A. MUNESHWAR

Abstract. In this paper, we will discuss existence of solution of square-

mean pseudo almost automorphic solution for fractional stochastic evolu-

tion equations driven by G-Brownian motion which is given as

c
0D

α
ρΨρ = A(ρ)Ψρdρ+Φ(ρ,Ψρ)dρ+Υ(ρ,Ψρ)d ⟨ℵ⟩ρ + χ(ρ,Ψρ)dℵρ, ρ ∈ R.

Furthermore, we also prove that solution of the above equation is unique by

using Lipschitz conditions and Cauchy-Schwartz inequality. Moreover, ex-

amples demonstrate the validity of the obtained main result and we obtain
the solution for an equation, and proved that this solution is unique.
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1. Introduction

Some results on the problem of existence and uniqueness of the square-mean
pseudo almost automorphic mild solutions for fractional differential equation and
stochastic evolution equations driven by G-Brownian motion have been discussed
by some authors which can be found in [2, 5, 6, 1, 4]. The main purpose of
this article is to discuss the existence and uniqueness of the square-mean pseudo
almost automorphic mild solutions for the following stochastic evolution equation
of fractional order driven by G-Brownianmotion (G-SEEF, in short)

c
0D

α
ρΨρ = A(ρ)Ψρdρ+Φ(ρ,Ψρ)dρ+Υ(ρ,Ψρ)d ⟨ℵ⟩ρ + χ(ρ,Ψρ)dℵρ, ρ ∈ R. (1)
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where A(ρ) : D(A(ρ)) ⊂ L2
Υ(Ω) → L2

Υ(Ω) is densely closed linear operator, and
satisfies Acquistapace-Terrani conditions ℵρ is a one dimensional G-Brownian
motion, the functions Φ,Υ and χ : L2

Υ(Ω) → L2
Υ(Ω) are jointly continuous.

Definition 1.1. Riemann–Liouville definition [7, 9, 8, 3]: For α ∈ [n−1, n)
the α - derivative of f is

Dα
a f(x) =

1

Γ(n− α)

dnx

dtn

∫ α

a

f(x)

(t− x)α−n+1
dx

Definition 1.2. Caputo definition[7, 9, 8, 3]: For α ∈ (n − 1, n) the α -
derivative of f is

C
aD

α
t f(t) =

1

Γ(α− n)

∫ t

a

f (n)(τ)

(t− τ)α−n+1
dτ

2. Preliminaries

Proposition 2.1. If ηρ ∈ M2
Υ(0, T ), then

E

(∫ T

0

ηρdℵρ

)2

= E

(∫ T

0

η2ρd ⟨ℵ⟩ρ

)
≤ ι−2E

(∫ T

0

η2ρdρ

)
.

Lemma 2.2. Let ϕ(ρ, ν) ∈ SPAA(R × L2
Υ(Ω),L2

Υ(Ω)), and ν, υ ∈ L2
Υ(Ω)). If

there exists a positive number L such that,

E ∥ ϕ(ρ, ν)− ϕ(ρ, υ) ∥2≤ L ∥ ν − υ ∥2, ρ ∈ R

then ϕ(ρ, ν) ∈ SPAA(R,L2
Υ(Ω)) for any ν ∈ SPAA(R,L2

Υ(Ω)).

Definition 2.3. An Fρ progressively measurable process {Ψρ}ρ∈R is called a

mild solution of the stochastic evolution equation of fractional order driven by
G-Brownianmotion, if it satisfies the equation

Ψρ = ψ(ρ, s)Ψς +
1

Γ(−α− n)

∫ ρ

ς

ψ(ρ, r)Φ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

ς

ψ(ρ, r)Υ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

ς

ψ(ρ, r)χ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr

(2)

for any ρ ≥ ς and ς ∈ R.

For our convenience and further use we consider following assumptions:
(H1) The evolution family ψ(ρ, ς) generated by A(ρ), and there exist M ≥ 1
and δ > 0 such that

| ψ(ρ, r) |≤ Me−δ(ρ−r), ρ ≥ r.

(H2) The functions Φ(ρ,Ψ) : R × L2
Υ(Ω) → L2

Υ(Ω),Υ(ρ,Ψ) : R × L2
Υ(Ω) →

L2
Υ(Ω) and χ(ρ,Ψ) : R × L2

Υ(Ω) → L2
Υ(Ω) are square-mean pseudo almost
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automorphic process in ρ ∈ R. Moreover, Φ, Υ and χ satisfy the following
Lipschitz conditions for some positive constants L1, L2 and L3 such that

E | Φ(ρ, ν)− Φ(ρ, υ) |2≤ L1E | ν − υ |2,

E | Υ(ρ, ν)−Υ(ρ, υ) |2≤ L2E | ν − υ |2,
and

E | χ(ρ, ν)− χ(ρ, υ) |2≤ L3E | ν − υ |2,
for ν, υ ∈ L2

Υ(Ω) and ρ ∈ R.

3. Main results

Theorem 3.1. If the assumptions (H1) and (H2) be satisfied then the equation
G-SEEF (1) has a unique square-mean pseudo almost automorphic mild solution
Ψ ∈ SPAA(R;L2

Υ(Ω)) provided that

3M2L1

δ2
+

3σ−4M2L2

δ2
+

3σ−2M2L2

2δ
< 1.

which can be explicitly expressed as follows:

Ψρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Φ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Υ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)χ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr,

for each ρ ∈ R.

Proof. As ψ(ρ, r) = ψ(ρ, ς)ψ(ς, r), and hence we have

Ψρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Φ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Υ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)χ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr,

(3)

⇒ Ψρ = ψ(ρ, ς)Ψς +
1

Γ(−α− n)

∫ ρ

ς

ψ(ρ, r)Φ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

ς

ψ(ρ, r)Υ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

ς

ψ(ρ, r)χ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr
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∀ρ ≥ ς and ς ∈ R, and hence Ψρ given by (3) is a mild solution to (1).
Now for any Ψρ ∈ SPAA(R;L2

Υ(Ω)), define

ℸΨρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Φ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Υ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ t

−∞

ψ(ρ, r)χ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr.

Claim-I: ℸΨρ ∈ SPAA(R;L2
Υ(Ω)).

From (H2), for any Ψ,Y ∈ L2
Υ(Ω)) and all ρ ∈ R, by using the Lemma 2.2,

we conclude that Φ(ρ,Ψρ),Υ(ρ,Ψρ), χ(ρ,Ψρ) ∈ SPAA(R,L2
Υ(Ω)). So, there

exist ϕ, κ, ζ ∈ SAA(R,L2
Υ(Ω)) and γ, β, φ ∈ SBC0(R,L2

Υ(Ω)) such that Φ =
ϕ+ γ,Υ = κ+ β, χ = ζ + φ. Hence,

ℸΨρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)(ϕ(n)(r,Ψr) + γ(n)(r,Ψr))

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)(κ(n)(r,Ψr) + β(n)(r,Ψr))

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)(ζ(n)(r,Ψr) + φ(n)(r,Ψr))

(ρ− r)−α+1−n
dℵr

=
( 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ϕ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ζ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr

)
+
( 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)γ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)β(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)φ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr

)
Define

ΠΨρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ϕ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r
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+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)h(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr,

ΛΨρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)γ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)β(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)φ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr.

Claim 2: If Ψρ then ℸΨρ is square-mean pseudo almost automorphic.
For this it is sufficient to prove that ΠΨρ ∈ SAA(R,L2

Υ(Ω)) and
ΛΨρ ∈ SBC0(R,L2

Υ(Ω)). Thus, the following verification procedure is divided
into three steps.
Step 1. If ρ ∈ R, then we have

E | ΠΨρ −ΠΨρ0 |2= E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ϕ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ζ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr −

1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ϕ
(n)(r,Ψr)

(ρ− r)−α+1−n
dr

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)κ
(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ζ
(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr |2

≤ 3E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ϕ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ϕ
(n)(r,Ψr)

(ρ− r)−α+1−n
dr |2

+ 3E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)κ
(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r |2

+ 3E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ζ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ζ
(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr |2 .
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Then, let θ = r − ρ+ ρ0, we can get the following relation

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ϕ(n)(r,Ψr)

(ρ− r)−α+1−n
dr − 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ϕ
(n)(r,Ψr)

(ρ− r)−α+1−n
dr |2

= E | 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, θ)ϕ
(n)(θ + ρ+ ρ0,Ψθ+ρ+ρ0)

(ρ− r)−α+1−n
dθ

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ϕ
(n)(r,Ψr)

(ρ− r)−α+1−n
dr |2

= E | 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, θ)(ϕ
(n)(θ + ρ+ ρ0,Ψθ+ρ+ρ0)− ϕ(n)(r,Ψr))

(ρ− r)−α+1−n
dr |2 .

Let {ρn} be an arbitrary sequence of real numbers, with ρn → ρ0 as n→ ∞. As
ϕ ∈ SBC(R,L2

Υ(Ω)) then we have

| ψ(ρ0, r) | E | ϕ(n)(r + ρn − ρ0,Ψr+ρn−ρ0
)− ϕ(n)(r,Ψr) |2→ 0, n→ ∞,

⇒| ψ(ρ0, r) | Eϕ(n)(r + ρn − ρ0,Ψr+ρn−ρ0
)− ϕ(n)(r,Ψr) |2

≤| ψ(ρ0, r) | (1+ ∥ ϕ(n) ∥∞),

for every n sufficiently large. It is easy to note that∫ ρ0

−∞
| ψ(ρ, r) | (1+ ∥ ϕ(n) ∥∞)dr

1

ξ∗
< +∞.

Then, by the Lebesgue dominated convergence theorem, we have

lim
n→∞

∫ ρ0

−∞
| ψ(ρ0, r) | E | ϕ(n)(r + ρn − ρ0,Ψr+ρn−ρ0

)− ϕ(n)(r,Ψr) |2= 0.

As {ρn}, be arbitrary sequence then we have

lim
ρ→ρ0

∫ ρ0

−∞
| ψ(ρ0, r) | E | ϕ(n)(r + ρ− ρ0,Ψr+ρ−ρ0

)− ϕ(n)(r,Ψr) |2= 0.

Together with all above estimations, we obtain

lim
ρ→ρ0

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ϕ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ϕ
(n)(r,Ψr)

(ρ− r)−α+1−n
dr |2= 0.

Let
〈
ℵ̃
〉
ι
= ⟨ℵ⟩ι+ρ−ρ0

− ⟨ℵ⟩ρ−ρ0
for each ι ∈ R. Then it is easy to verify that〈

ℵ̃
〉
ι
is the quadratic variation process of the G-Brownian motion and identically
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distributed like ⟨ℵ⟩ι. As ι = r − ρ+ ρ0 and by using Proposition 2.1 we have

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)κ
(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r |2

= E | 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, ι)κ
(n)(ι+ ρ− ρ0,Ψι+ρ−ρ0)

(ρ− r)−α+1−n
d ⟨ℵ⟩ι+ρ−ρ0

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(t0, r)κ
(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r |2

= E | 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, ι)κ
(n)(ι+ ρ− ρ0,Ψι+ρ−ρ0)

(ρ− r)−α+1−n
d
〈
ℵ̃
〉
ι

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)κ
(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r |2

= E |
∫ ρ0

−∞

ψ(ρ0, r)(κ
(n)(r + ρ− ρ0,Ψr+ρ−ρ0)− κ(n)(r,Ψr))

Γ(−α− n)(ρ− r)−α+1−n
d
〈
ℵ̃
〉
r
|2

≤ ι−4E |
∫ ρ0

−∞

ψ(ρ0, r)(κ
(n)(r + ρ− ρ0,Ψr+ρ−ρ0)− κ(n)(r,Ψr))

Γ(−α− n)(ρ− r)−α+1−n
dr |2 .

The Cauchy–Schwarz inequality shows that

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)κ
(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r |2

≤ ι−4

∫ ρ0

−∞
| ψ(ρ0, r) | dr

1

ξ∗
.

∫ t0

−∞
| ψ(ρ0, r) | E | κ(n)(r + ρ− ρ0,Ψr+ρ−ρ0)

− κ(n)(r,Ψr) |2 dr
1

ξ∗
.

By an analogous arguments performed as above, we can show that

lim
ρ→ρ0

∫ ρ0

−∞
| ψ(ρ0, r) | dr

1

ξ∗
.

∫ ρ0

−∞
| ψ(ρ0, r) | E | κ(n)(r + ρ− ρ0,Ψr+ρ−ρ0

)

− κ(n)(r,Ψr) |2 dr
1

ξ∗
= 0.

Then, we obtain

lim
ρ→ρ0

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)κ
(n)(r,Ψr)

(ρ− r)−α+1−n
dρ ⟨ℵ⟩r |2= 0.
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As ι = r − ρ+ ρ0 then by using the proposition 2.1, we get

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ζ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ζ
(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr |2

= E | 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, ι)ζ
(n)(σ + ρ− ρ0,Ψι+ρ−ρ0)

(ρ− r)−α+1−n
dℵι+ρ−ρ0

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ζ
(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr |2

= E | 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, ι)ζ
(n)(ι+ ρ− ρ0,Ψι+ρ−ρ0)

(ρ− r)−α+1−n
dℵ̃ι

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ζ
(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr |2

= E |
∫ ρ0

−∞

ψ(ρ0, r)(ζ
(n)(r + ρ− ρ0,Ψr+ρ−ρ0)− ζ(n)(r,Ψr))

Γ(−α− n)(ρ− r)−α+1−n
dℵ̃r |2

= E
∫ ρ0

−∞

| ψ(ρ0, r) |2| (ζ(n)(r + ρ− ρ0,Ψr+ρ−ρ0)− ζ(n)(r,Ψr)) |2

| Γ(−α− n)(t− r)−α+1−n |2
d
〈
ℵ̃
〉
r

≤ σ−2E
(∫ ρ0

−∞

| ψ(ρ0, r) |2| (ζ(n)(r + ρ− ρ0,Ψι+ρ−ρ0)− ζ(n)(r,Ψr)) |2

| Γ(−α− n)(t− r)−α+1−n |2
dr
)
.

≤ ι−2

∫ ρ0

−∞
| ψ(ρ0, r) |2 E | (ζ(n)(r + ρ− ρ0,Ψr+ρ−ρ0

)− ζ(n)(r,Ψr)) |2 dr
1

ξ∗
.

For shake of simplicity Let Γ(−α − n)(ρ − r)−α+1−n = ξ and | Γ(−α − n)(ρ −
r)−α+1−n |2= ξ∗.
By an analogous arguments performed as above, we can show that

lim
ρ→ρ0

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)ζ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr

− 1

Γ(−α− n)

∫ ρ0

−∞

ψ(ρ0, r)ζ
(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr |2= 0.

Hence,

lim
t→ρ0

E | ΠΨρ −ΠΨρ0
|2= 0,

which implies that ΠΨρ is a stochastic continuous process.
Step 2. As ϕ, κ, ζ ∈ SAA(R,L2

Υ(Ω))then for every sequence of real numbers

{rpn}n∈N a subsequence {rn} such that, for some stochastic processes ϕ̃, κ̃, ζ̃ :

R→ L2
Υ(Ω)), we have

lim
n→∞

E | ϕ(n)(ρ+ rn,Ψρ+rn)− ˜ϕ(n)(ρ,Ψρ) |2= 0
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and
lim
n→∞

E | ˜ϕ(n)(ρ+ rn,Ψρ+rn)− ϕ(n)(ρ,Ψρ) |2= 0,

lim
n→∞

E | κ(n)(ρ+ rn,Ψρ+rn)− ˜κ(n)(ρ,Ψρ) |2= 0

lim
n→∞

E | ˜κ(n)(ρ+ rn,Ψρ+rn)− κ(n)(ρ,Ψρ) |2= 0,

lim
n→∞

E | ζ(n)(ρ+ rn,Ψρ+rn)− ˜ζ(n)(ρ,Ψρ) |2= 0

and
lim
n→∞

E | ˜ζ(n)(ρ+ rn,Ψρ+rn)− ζ(n)(ρ,Ψρ) |2= 0,

∀ρ ∈ R and Ψ(.) ∈ L2
Υ(Ω)). Let

Π̃Ψρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r) ˜ϕ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r) ˜κ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r) ˜ζ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr.

Claim 3. ΛΨρ ∈ SBC0(R,L2
Υ(Ω)).

By Step 1, we have ΛΨρ is stochastically continuous process. As γ, β, φ ∈
SBC0(R,L2

Υ(Ω)) and the exponential dissipation property of ψ(ρ, r), it gives
ΛΨρ is stochastically bounded and therefore ΛΨρ ∈ SBC(R,L2

Υ(Ω)). Hence, it
is sufficient to prove that

lim
T →∞

1

2T

∫ T

−T
E | ΛΨρ |2 dρ 1

ξ∗
= 0.

By the Cauchy–Schwarz inequality and Lipschitz conditions in (H2), we eval-
uate the first term of the last inequality, as follows,

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)(Φ(n)(r,Ψr)− Φ(n)(r,Yr))

(ρ− r)−α+1−n
dr |2

≤ M2E | 1

Γ(−α− n)

∫ ρ

−∞
e−δ(ρ−r) (Φ

(n)(r,Ψr)− Φ(n)(r,Yr))

(ρ− r)−α+1−n
dr |2

≤ M2

∫ ρ

−∞
| e−δ(ρ−r) | dr 1

ξ∗
.

∫ ρ

−∞
| e−δ(ρ−r) | E | Φ(n)(r,Ψr)− Φ(n)(r,Yr) |2 dr

≤ M2L1

δ

∫ ρ

−∞
e−δ(ρ−r)E | Ψr − Yr |2 dr 1

ξ∗
.

According to ∫ ρ

−∞
e−δ(ρ−r)dr

1

ξ∗
=

1

δ
,
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we have

EE | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)(Φ(n)(r,Ψr)− Φ(n)(r,Yr))

(ρ− r)−α+1−n
dr |2

≤ M2L1

δ2
sup
r∈R

E | Ψr − Yr |2 1

ξ∗
.

(4)

Moreover according to ∫ ρ

−∞
e−δ(ρ−r)dr

1

ξ∗
=

1

δ
,

we get,

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)(Υ(n)(r,Ψr)−Υ(n)(r,Yr))

(ρ− r)−α+1−n
d ⟨ℵ⟩r |2

≤ ι−4M2L2

δ2
sup
r∈R

E | Ψr − Yr |2 1

ξ∗
.

(5)

Additionally according to∫ ρ

−∞
e−2δ(ρ−r)dr

1

ξ∗
=

1

2δ
,

we have

E | 1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)(χ(n)(r,Ψr)− χ(n)(r,Yr)

(ρ− r)−α+1−n
dℵr |2

≤ ι−2M2L3

2δ
sup
r∈R

E | Ψr − Yr |2 1

ξ∗
.

(6)

By equations (4), (5), and (6), it follows that,

E | ℸΨρ − ℸYρ |2≤
(M2L1

δ
+
ι−4M2L2

δ2
+
ι−2M2L3

2δ

)
sup
r∈R

E | Ψr − Yr |2 1

ξ∗
,

and, therefore,

E | ℸΨρ − ℸYρ |2SPAA≤
(M2L1

δ
+
ι−4M2L2

δ2
+
ι−2M2L3

2δ

)
| Ψ− Y |2SPAA

1

ξ∗
.

Consequently, when

3M2L1

δ
+

3ι−4M2L2

δ2
+

3ι−2M2L3

2δ
< 1,
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ℸ has a unique fixed point Ψρ in SPAA(R,L2
G(Ω)) such that ℸΨρ = Ψρ. Namely,

Ψρ =
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Φ(n)(r,Ψr)

(ρ− r)−α+1−n
dr

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)Υ(n)(r,Ψr)

(ρ− r)−α+1−n
d ⟨ℵ⟩r

+
1

Γ(−α− n)

∫ ρ

−∞

ψ(ρ, r)χ(n)(r,Ψr)

(ρ− r)−α+1−n
dℵr,

for all ρ ∈ R, which shows that the G-SEEF (1) has a unique square-mean
pseudo almost automorphic mild solution. □

4. Application

Now we will discuss the application of our main theorems. Let U ⊂ Rn, which
is a bounded subset, with boundary ∂U ∈ C2 and is locally on one side of U .
Consider the following system

c
0D

α
ρΨ(ρ, ϱ) = A(ρ, ϱ)Ψ(ρ, ϱ)dρ+Φ(ρ,Ψ(ρ, ϱ))dρ+Υ(ρ,Ψ(ρ, ϱ))d ⟨ℵ⟩ρ

+ χ(ρ,Ψ(ρ, ϱ))dℵρ, ρ ∈ R,
(7)

n∑
i,j=1

ni(ϱ)πij(ρ, ϱ)
c
0D

α
ϱi
Ψ(ρ, ϱ) = 0, ρ ∈ R, , ϱ ∈ ∂U , (8)

let n(ϱ) = (n1(ϱ), n2(ϱ), ..., nn(ϱ)) be the outer unit normal vector. Then, we
define the family of operators A(ρ, ϱ) as follows,

A(ρ, ϱ) =

n∑
i,j=1

∂α

∂xαi

(
πij(ρ, ϱ)

∂α

∂xαi

)
+ c(ρ, ϱ), ρ ∈ R, ϱ ∈ U ,

ℵρ is a two-sided standard one-dimensional G-Brownian motion associated with
the filtration Fρ = ι {ℵu − ℵϱ, u, ϱ ≤ ρ}, ⟨ℵ⟩ is the quadratic variation process
of the G-Brownian motion ℵ. In addition, πij(i, j = 1, 2, ...., n) and c satisfy the
following assumptions.
(H3)
(1) As i, j = 1, 2, ...., n then πij = πji Moreover, πij ∈ Cµ

b (R,L2
Υ(C(U)) ∩

Cb(R,L2
Υ(C1(U)) ∩ SPAA(R,L2

Υ(L2(U))) for all i, j = 1, 2, ...., n,

c ∈ Cµ
b (R,L2

Υ(L2(U))) ∩ Cb(R,L2
Υ(C(U)) ∩ SPAA(R,L2

Υ(L1(U))) for some µ ∈
( 12 ].

(2) As for (ρ, ϱ) ∈ R× U and η ∈ Rn then ∃ a positive number δ, such that
n∑

i,j=1

πij(ρ, ϱ)ηiηj ≥ δ | η |2,

If the above assumptions hold then ψ(ρ, s) satisfying (H1) . For ρ ∈ R, we
define an operator A(ρ) on L2

Υ(L2(U)) by
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D(A(ρ)) =

Ψ ∈ L2
Υ(L2(U)) :

n∑
i,j=1

ni(.)πij(ρ, .)
c
0D

α
ϱi
Ψ(ρ, .) = 0, on ∂U


andA(ρ)Ψ = A(ρ, ϱ)Ψ(ϱ) for all Ψ ∈ D(A(ρ)). Thus, assumptions (H1)–(H3)

are satisfy and hence system (7) -(8) has a unique square-mean pseudo almost
automorphic mild solution, provided M is small enough.
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