Honam Mathematical J. 45 (2023), No. 3, pp. 503-512
https://doi.org/10.5831/HMJ.2023.45.3.503

¢-METRIC SPACES AND ASYMPTOTICALLY LACUNARY
STATISTICAL EQUIVALENT SEQUENCES

SAIME KoLANcI, MEHMET GURDAL, AND OMER Kigr*

Abstract. In the present article, we introduce the concepts of strongly
asymptotically lacunary equivalence, asymptotically statistical equiva-
lence, and asymptotically lacunary statistical equivalence for sequences in
g-metric spaces. We investigate some properties and relationships among
these new concepts.

1. Introduction and Preliminaries

The notion of statistical convergence was studied at initial stage by Fast [10].
The publication of the paper affected deeply all the scientific fields. When we
focus on the statistical convergence in the literature, we meet Bagar [3], Belen
and Mohiuddine [4], Mursaleen and Bagar [20], and so many other researchers
(see [2, 6, 7, 8,9, 12, 13, 14, 15, 18, 19, 24, 25, 26, 27, 28]).

The idea of convergence of a real sequence was extended to statistical con-
vergence as follows:

A real number sequence u = (ug) is said to be statistically convergent to
the number z if for each € > 0,

1
lim—[{k <n:luy — 2| >e}| =0,
n n

where the vertical bars indicate the cardinality of the enclosed set. x is called
the statistical limit of the sequence (uy) and we write st — limu, = . The
main idea behind statistical convergence was the notion of natural density. The
natural density of a set A C N is denoted and defined by

§(A) =limL [{k € A: k< n}|.

Clearly, 6(N\ A) +§(A) =1 and A C B implies §(A) < §(B). It is obvious
that if A is a finite set then §(A) = 0.

Pobyvanets defined asymptotically equivalent sequences and asymptotic reg-
ular matrices in 1980. Li [16] and Marouf [17] investigated the links between
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the asymptotic equivalence of two sequences in summability theory and offered
several versions of asymptotic equivalence. In [17], two nonnegative sequences
u = (ug) and v = (vy) are said to be asymptotically equivalent if

lim— =1
k U
and this is denoted by u ~ v. Afterwards, Patterson [22] expanded these con-
cepts by proposing an asymptotically statistical equivalent analog of these defi-
nitions and natural regularity conditions for nonnegative summability matrices
in 2003. In Patterson’s study: Let u = (ux) and v = (vg) are two nonnegative
sequences. These sequences are said to be asymptotically statistical equivalent
of multiple x provided that for every ¢ > 0,
> s}‘ =0

{kgn:

and this is denoted by u L o Simply asymptotically lacunary statistical

equivalent if x = 1. Moreover, let S* denote the set of © and v such that

S®
u ~ v.

Uk
— -z
Uk

1
lim —
non

Lacunary statistical convergence is one of our study’s additional primary
themes. The concept of lacunary statistical convergence was introduced by
Fridy and Orhan [11] in 1993. A lacunary sequence is an increasing integer
sequence 6 = (k) such that kg = 0 and h, = k. — k,—1 — 00 as r — o0.
The intervals I, = (k,_1,k,] are determined by 6 and the ratio is determined
qr = kfil . Let 8 = (k,.) be alacunary sequence. The number sequence u = (ug)
is a lacunary statistically convergent (or Sy—convergent) to z if for every e > 0,

1
1imh— Hk el :|uy —z| > e} =0.

In this case we write Sy — limuy,, = x and the set of all lacunary statistically
convergent sequences is denoted by Sy.

Patterson and Savag [23] adapted the definitions in Patterson’s paper [22]
to lacunary sequences in 2006.

Definition 1.1. Let 6 be a lacunary sequence and the two nonnegative se-
quences u = (uy) and v = (vy) are said to be asymptotically lacunary statistical
equivalent of multiple x provided that for every ¢ > 0,

{ke[r: 25}‘20.

SJ?
This situation is denoted by u ~ v and simply asymptotically lacunary statis-

tical equivalent if x = 1. Moreover, let S§ denote the set of w and v such that

=
U~ .

Uk
— -z
Uk

1
lim —
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Definition 1.2. Let 6 be a lacunary sequence and the two nonnegative
sequences u = (uy) and v = (vy) are said to be strong asymptotically lacunary
equivalent of multiple x provided that

N{C
This situation is denoted by u ~ v and strong simply asymptotically lacunary

N,
equivalent if x = 1. Besides, let Nj denote the set of u and v such that u ~ .

Finally, we review generalized metric spaces. The idea of distance function
may be generalized in a variety of ways. The G-metric space notion, which
Mustafa and Sims [21] has investigated, is one of them and is a distinct gener-
alization of the ordinary metric. Distances between three points are the metrics
in this space. In 2018, Choi et al. [5] presented new definition, called the g-
metric, for a clear generalization of the ordinary metric. In this space, g-metric
of degree z determines the distance between z + 1 points. This definition is
provided below.

Definition 1.3. Let X be a nonempty set. A function g : X*t! — Rt is
called a g—metric with order z on X if it satisfies the following conditions:

(g1) g (wg,u1, -+ ,u,) =0 if and only if ug = u; = -+ = uy,
(g2) g (ug,ug, -+ ,u,) =g (up(o),up(l),~~~ ,up(z)) for any permutation p on
{Ovla"' 7Z}a
(gB)g(uO7u1,"' auz) Sg(UOavla"' avz) for all (U(),"' auz),(v07"’ avz) S
X with {u; :i=1,--- 2} C{vri=1,---,2},
(g4) For all UQ, U1,y 5 Us, Vo, V1, " - ,Ut,’l,UEX with s +t+1=2
g(U/Oauh"' , Us, Vo, V1, " " 7Ut) Sg(U/Oauh"' y Ug, Wy -+ + + ,’LU)
+g(1]071]17"' s U, Wy e - ,U)).

The pair (X, g) is called a g-metric space.

In 2022, Abazari [1] extended these concepts by presenting statistical con-
vergent and statistical Cauchy analogs of these definitions and their properties
in g-metric spaces. Let z € N, A € N* and

A(n) = {iluiQf" uiz S n: (i17i27' o 712) S A}7
then
2!
5. (4) = lim = [ A(n)
is called z-dimensional natural density of the set A.

Definition 1.4. Let u = (u,) be a sequence in a g-metric space (X,g).

Then (u,,) is statistically convergent to x, if for all € > 0,
Z'

,.z |{(i1ai27"' aiZ) ENZ :i15i27"' aiz Snvg(xauin"' auiz) 25}' 207

lim —
non

and is denoted by ¢gS — limu, = x or u, g—S> x.
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2. Main Results

In this section, our aim to give notions of asymptotically statistical equiva-
lent, lacunary statistically convergence and asymptotically lacunary statistical
equivalent in g—metric spaces as a result of researches above. Afterwards, the-
orems expressing the relationship between these definitions will be presented.

Definition 2.1. Let (X, g) be a g-metric space, two nonnegative sequences
u = (un) and v = (v,) are said to be asymptotically statistical equivalent of
multiple x provided that for every € > 0,

2L , Uiy Uiy u;
{llazQa"'azzgn:g( ; s zaz 25
Uil Uiz Uiz

lim —
n n?

This situation is denoted by u % v and simply asymptotically statistical

equivalent if x = 1. Moreover, let gS* denote the set of u and v such that

gS*
u T~ .

=0.

Definition 2.2. Let (X, g) be a g-metric space, u = (u,,) be a sequence in
this space and 6 = (k,) be a lacunary sequence. The sequence (u,) is said to
be lacunary statistically convergent to x provided that for every ¢ > 0,

o2l :
hinﬁ i1, i, iy € I i g(x,usy, -+ ,u;,) > e} =0.
T
This situation is denoted by ¢Sy — limu,, — x or u, g—se> x. The set of all

lacunary statistically convergent sequences is denoted by ¢Sy.

Definition 2.3. Let (X, g) be a g—metric space, u = (u,) be a sequence
in this space and 6 = (k,) be a lacunary sequence. The sequence (u,) is said
to be gNy—statistically convergent to x provided that

.2
h{nE Z g(z,uiy, - u;,) =0.
11,82, 582 €1

. . . . . gN,

This situation is denoted by gNy — limu,, — x or u, 978 x. The set of all
gNy-statistically convergent sequences is denoted by gNy.

Definition 2.4. Let (X, g) be a g—metric space, two nonnegative sequences
u = (u,) and v = (v,,) In this space and § be a lacunary sequence. (u,) and
(vy,) are said to be asymptotically lacunary statistical equivalent of multiple x
provided that for every € > 0,

.2l . . Uiy Ug, Us
hmZ’{zl,m,---,zzel,.:g<,,~-~, x| >e
T hr Viy Uiy (Y

z

=0.

SCC
This situation is denoted by u 92 v and simply asymptotically lacunary sta-

tistical equivalent if v = 1. In addition, let ¢gS§ denote the set of u and v such
g
that u °~° v.
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Definition 2.5. Let (X, g) be a g—metric space, two nonnegative sequences
u = (u,) and v = (v,,) In this space and § be a lacunary sequence. (u,) and
(vy,) are said to be strongly asymptotically lacunary equivalent of multiple x
provided that

.2 Uiy Ujy Us.,
hmﬁ E g(,,~-~, ,x | =0.
r Uiy Uiy U

r .o .
11,02, iz €1y =

N{L‘
This situation is denoted by u 92 v and strongly simply asymptotically lacu-
nary equivalent if x = 1. Furthermore, let gNj denote the set of u and v such

N,
that u '~ v.

Theorem 2.6. Let (X,g) be a g-metric space, two nonnegative sequences
u = (uy) and v = (v,) in this space and 0 be a lacunary sequence. Then

(i) If (uy,) and (v,,) are strongly asymptotically lacunary equivalent of mul-
tiple x, then (u,) and (v,) are asymptotically lacunary statistical equivalent
of multiple x.

(ii) If (uy,) is bounded and (u,) and (v,,) are asymptotically lacunary statis-
tical equivalent of multiple x, then these sequences are strongly asymptotically
lacunary equivalent of multiple x.

(iii) 95§ Nl = gN§ N Lo, where Lo, is a set of bounded sequences.

x

Proof. (i) If e >0 and u 9% then

z! Uiy Uiy U,
72 g\ —H—>H , L
hz ( Viy iy v
11,02, i €lr
z! Wy, Uy U;
S SR
z
h o . Vi, Uiy v;
11,02, iz €l

(2, e )

P ReT [T
Vi ' Vig v,

2 ’ Uiy Uiy Ui
Zgﬁ {7'17227"'7ZZ€IT19< ) sy , L 25 .
T Uiy Uiy (%

95
Therefore v "~ v.

o
(ii) Suppose (uy,) and (v,) are in £oy and u X’ v. Then we can assume that

Uz, Uj U; .. .
g<1,2,~-, = x| < M for all 41,40, - ,1,.
Vi Uiy Vi

z
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Given € > 0

2! Uiy Uiy U
E g Vs ) v ) ) v )

T i, is €y o b

_ 2! Uiy Uiy ('

= 7 g\ —H y L

hr .o i Viy Uiy (U
/Ll)lz)”. )ZZGI’V'
Ujy Uiy ug
it B

2! Uiy Uiy Us,
+ 7z E g ) [ » L
h o Vi Uiy v
11,82, 82 €1

Uiy UG ug
gl w52 o ) <e
Vi) Vi i

| . ) )
z! .. . U (7 Ui,
SM‘{’L1722a"'7zzel’r“:g(“7ZZ)"'a 171:)25}‘—’—5'

Uil '02'2 (O

(iii) It is clear from () and (7). O
Theorem 2.7. Let (X, g) be a g—metric space, two nonnegative sequences
u = (up,) and v = (v,) in this space and 6 be a lacunary sequence with
o S .
liminfg, > 1. If u °X w, then (u,) and (v,) are asymptotically lacunary
statistical equivalent of multiple x.
Proof. Suppose first that liminf g, > 1, then there exists a § > 0 such that
z z x
qr > 149 for sufficiently large r, which implies % > ( ) ) CIu R v, then

T+
for every € > 0 and for sufficiently large r, we have

2 ‘ Uiy Uiy U
kz{llazb'";lzgkr:g( ’ s, > €
T Uiy Uiy Vi,
20 .. . Uiy Uj Ui
27 Zl,’LQ,"',ZZEIrIg Jaia"'a z’x > €
kz Vi, Viy Vi,

1) 2l w;, U U;
> —— ) 2044000 4, €T o2 2= > el
<1+6 hi 1,02, s bz r-g 'U1;17Uz‘27 7Uiz7 = )

this completes the proof. O

Theorem 2.8. Let (X, g) be a g—metric space, two nonnegative sequences
u = (up) and v = (vy,) In this space and 0 be a lacunary sequence with

e
limsupgq? < oo. Ifu Y v, then u = (uy) and v = (v,) are asymptotically
statistical equivalent of multiple x.

Proof. If limsup ¢Z, then there exists B > 0 such that ¢> < B for all » > 1.

S(I‘/
Let u *% v and & > 0. There exists no > 0 such that for every j > ng
| . ) .
z! Uiy U U
A= i1 49, -+ i, € 1;: otz 22 p ) >
J ¥ { 1,02, s bz i g v, ) s, ) ) v;. ’ =

J

<eE.
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We can also find M > 0 such that A; < M for all j =1,2,---.
any integer with k,_1 < n < k., where r > ng. Then we have

509

Now let n be

2! Uj, U
— {ilai27"'aizgn:g(“7127"'7 37)26}’
n Uiy Uiy
z! Uiy, Uy Uu;
ST {ilaiQa"'aiZSkr:g(“ —2 127:5)25}
ki1 i Vi i,
z! Ui, U u;
= — {ihig,---,izeh:g(“,” z 96)25}
r—1 Uiy Uiy Vi,
| . . .
j' {ihizw",izEIz:g(u“,% Ui I)ZsH
r—1 Viy Uiy Vi,
z! o . Uu; Uu;
++T Zl,ZQ,"',ZZGInOIg L 5" y ZZ,ZL' >¢€
r—1 Uiy Vi,
z! Uu; Uu;
~ {i17i27"' 7iz€In0+1:g<“; ) Zz’$> >6}‘
r—1 Uiy Vi,
2 ws w
+ i+ P {i17i2,"',iZ€Irig(“ ) ZZ,JJ)ZEH
ki Vi, Vs,
2V kP ) U Uj
= 7.z 11,22, ,10 €l 7177 ) z7$ >e
ki 1 kY { b FEd (Un Vi, B
z! (]{12 —]{il)z Uiy Ug Uq
22 M Wig, i€l ig 2, 2 2 g ) > e
z 1 (kQ _ kl)z 1 2 z 2 g 'Uil 'Ui2 'Uiz il
2l (kng — kng—1)° { . . Uiy Ui
+ ..+ 11,22, 4,1 el ' g 71a72
ki_y (Kng = kng—1)” o Viy Vi
2l (kng+1 — kng)” { . . Usy  Us U
+ 11,22, ,1 el 19 717 27' ) z’x
kifl (kno-‘rl - kno)z : not Uiy Uiy Vi,
2! (k'r - krfl)z Uy Ug Uq
i1,02, i, € I, L 2. =) >
+ ...+ Ko (b —krr) 1,22 P ' g e, Vi, Vi 2
k k)* kno — kno—1)°
Zl A + ( 2 — 1) A2 4t ( no no 1) Ano
kr 1 r—l
k — k. )? kyr —kr_1)®
+ ( no+1 o) An0+1 NI ( T . T 1) Ar
r—1
{SupA } it (kz — kl)z Tt (kno - knofl)z
jz1 f—l
{sup A; } ( K1 — kno)z + o+ (ke — k‘rl)z)
Jj=no kf 1
< Mk:f + k3 —kf —l—z -1—|—k‘flo — ki1 L. (kaOJrl — ki, -]:Z c+kZ —kf1>
r— r—
kz k* — k? k#
=M +e-L Z"°+1§M%+5B.
7‘ 1 k"rfl r—1
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Since kZ_; — 0o as n — oo, it follows that

| . . )
"z ZlaZ27"'7ZZSn:g Lajv"'a Zz,m 25 — 0.
n Vi, Uiy Vi,
This completes the proof. O

Theorem 2.9. Let (X,g) be a g—metric space, u = (u,) and v = (vy,)
are two nonnegative sequences in this space and 6 be a lacunary sequence with

. S s
1 <inf ¢, < sup ¢, < oo. Then u '~ v=u’" v.

x

Proof. The proof can be easily obtained from Theorem 2.7 and Theorem
2.8. O

3. Conclusion

The concept of g-metric was first investigated in 2018 by Choi et al. [5].
Statistical convergence in g-metric spaces was studied by Abazari [1]. Even
though certain features in g-metric spaces have been examined, it is yet open
to explore further properties of asymptotically equivalent sequences in g-metric
spaces. So, the main results of the present paper fill up the gap in the exist-
ing literature. Some of the results presented in this article are analogous to
the researches in the relevant topic, but in most situations the proofs follow
a different approach. Therefore, it can be said that we have achieved more
comprehensive concept.
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